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PREFACE. 


THIS  edition  is  intended  for  teachers,  and  for  them  Cftdy.  The 
publishers  will  under  no  circumstances  sell  the  book  except 
to  teachers  of  Wentworth's  Algebra ;  and  every  teacher  must  con- 
sider himself  in  honor  bound  not  to  leave  his  copy  where  pupils 
can  have  access  to  it,  and  not  to  sell  his  copy  except  to  the  pub- 
lishers, Messrs.  Ginn  &  Company. 

It  is  hoped  that  young  teachers  will  derive  great  advantage 
from  studying  the  systematic  arrangement  of  the  work,  and  that 
all  teachers  who  are  pressed  for  time  will  find  great  relief  by  not 
being  obliged  to  work  out  every  problem  in  the  Algebra. 

G.  A.  WENTWORTH. 


Ui 


AI.GEBTIA. 


£X£RCISE    1. 

When  0=1,  6  =  2,  c  =  3,  d=4,  e  =  5,  /=0: 

1.  9a  +  26  +  3c-2/  o  cf 
=  9  +  4  +  9-0  ''•  S 
=  22.  ^ 

"2* 

2.  4e-3a-36  +  5c  « 

=  20-3-6  +  15  ""^• 

=  26.  , 

10.  ^±^ 

3.  8aJc-Jcrf  +  9c<fe-<fe^  c*-6« 
=  48-24  +  540-0  ^  5*  +  2 
=  564.                                                             °°  3«  -  2» 

^125  +  2 
4   4ac     8&C     5cc?  "   9  —  8 

*    &         d         «  =127. 

=  6  +  12-12 


3&c2<; 


fcj  .|^a  _  ft^ 


5.  7e  +  bed 2^  +  4* 

zac 


=  35  +  24-20  ^«^^p7* 

=  39.  „     8  +  ^>^ 

4  +  16-8 

6.  abc^  +  Jcrf«  -dea^+f  =  6. 

=  18  +  96-20  +  0 
=  94.  ^^       e.-* 


e«  +  e</  +  rf* 
5»-4» 


7.  c*  +  6c»6»  +  M-4e'6-4e6» 

=  625  +  600  +  16-1000-160  -^^^4« 

~  125  -  64 

g    8a«  +  35'     4c«  +  65«     c'  +  ci^  '     25  +  20  +  16 

8  +  12     36  +  24     .-  +  16 
■^      4      ■*"       5  25  13.   100  +  80  +  4 

=  5  +  12-  =100  +  20 

=  16.  =120. 
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14.  75  -  25  X  2  20.  3a;  +  Ty  -«-  7  +  a  X  y 
=  75-50  =9  + 35  ^7  +  2x5 
=  25.  =9  +  5  +  10 

=  24. 

15.  25  +  5  X  4  -  10  +  5 

=  25  +  20  —  2 

=,43  21.  6b-8y-^2yxb-2b 

=  60-40-^100-20 

16.  24-5x4^-10  +  3  =60-1-20 
=  24  -  20  ^  10  +  3  =  39|. 

=  24-2  +  3 

^^-  22.  {6b-Sy)^2yxb  +  2b 

17.  (24-5)x(4^10  +  3)  =(60-40)^-10x10  +  20 
Ll9x{i  +  3)  =20-.100  +  20 

=  19  X  V^  =  20J. 

=  64{.  23.  66-(8y-2y)x6-26 
18   :ciy  +  4ax2  =60- (40^  10)  X  10- 20 

^  it  7^1 «  =60-40-20 

=  15  +  16  _fx 

=  31.  ~  "• 

19.  a;y-15J^5  24.  66-s-(6-t/)-3a;  + ftxy-^  10a 
=  15--ifft  =60-^(10•-5)-9  +  150-^20 

=  15-30  =12-9  +  7} 

=  - 15.  -  10}. 


Exercise  2. 

1.  Express  the  sum  of  a  and  b.    a  +  6. 

2.  Express  the  double  of  j:.    2x. 

3.  By  how  much  is  a  greater  than  6?    a  —  6. 

4.  If  a;  be  a  whole  number,  find  the  next  number  above  it. 

X  +  1. 

5.  Write  five  numbers  in  order  of  magnitude,  so  that  x  shall 
be  the  middle  number. 

0?  — 2,   a  — 1,   X,   0?  +  1,   a;  +  2. 

6.  What  is  the  sum  of  a;  +  a?  +  a;  + written  a  times? 

ax. 

7.  If  the  product  is  xy  and  the  multiplier  x,  what  is  the  multi- 
plicand ? 

xy  -i-  X  =  y. 
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8.  A  man  who  has  a  dollars  spends  b  dollars;  how  many 

dollars  has  he  left? 

a  —  b. 

9.  A  regiment  of  men  can  be  drawn  np  in  a  ranks  of  b  men 
each,  and  there  are  c  men  over ;  of  how  many  men  does  the  reg- 
iment consist? 

ah  +  c. 

10.  Write,  the  snm  of  x  and  y  divided  by  c  is  eqnal  to  the 
product  of  a,  6,  and  nt,  minus  six  times  c,  and  plus  the  quotient 
of  a  divided  by  the  sum  of  x  and  y, 

c  x-^y 

11.  Write,  six  times  the  square  of  n,  divided  by  m  minus  a, 
plus  five  b  into  the  expression  c  plus  d  minus  a. 

12.  Write,  four  times  the  fourth  power  of  a,  diminished  by 
five  times  the  square  of  a  into  the  square  of  6,  and  increased 
by  three  times  the  fourth  power  of  6. 

Exercise  8.  • 

1.  +  16  +  (- 11)  4.  -  7  +  (+  4) 
=  16-11  =-7  +  4 
=  5.  =  -  3. 

2.  -  15  +  (-  25)  5.  +  33  +  (+  18) 
=  _  15  -  25  =33  +  18 

=  -40.  «51. 

3.  +  68  +  (-  79)  6.  +  378  +  (+  709)  +  (-  592) 
=  68-79  -  378  +  709  -  592 

=  -  11.  =  495. 

7.  A  man  has  $5242  and  owes  $2758.     How  much  is  he 

worth? 

f  5242  +  (-  f  2758)  =  $5242  -  f  2758  =  ?2484. 

8.  The  First  Punic  War  began  b.c.  264,  and  lasted  23  years. 
When  did  it  end? 

-  264  +  (+  23)  =  -  264  +  23  =  -  241 ;  i.e.  241  b.c. 
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9.  Augustus  Caesar'  was  born  B.C.  63,  and  lived  77  years. 
When  did  he  die  ? 

-  63  +  (+  77)  =  +  14 ;  i.e.  14  a.d. 

10.  A  man  goes  65  steps  forward,  then  37  steps  backward, 
then  again  48  steps  forward.  How  many  steps  did  he  take  in 
all  ?    How  many  steps  is  he  from  where  he  started  ? 

65  +  37  +  48  =  150.        65  -  37  +  48  =  76. 

Exercise  4. 

1.  5a5  +  (-5a6)  6.   7a6  +  (-5a6) 
=  5a5  — 5a6  =7ab  —  bab 
=  0.                          ,  =2ab. 

2.  8 mo;  +  (-2771a:)  7.   120my  +  (- 95my) 
=  8ma;  — 2maj  =120my  — 95my 
=  6  mx.                                               =  25  my. 

3.  -13mng-{-(-1mng)  8.  -33a6«  +  (lla6«) 
=  -  ISmng  —  7mng  =  -  33a6'  +  11  ai* 
^  -  20  mng.  =-22a&«. 

4.  -5a;«  +  (+8a;»)  9.  -  75 iw  +  (+ 20 a:y) 
=  -5a;»  +  8a»  =-75a:y  +  20a:y 
=  3  aj*.                                                   =  —  55  xy. 

5.  25my»  +  (-18my2)  jq.    +  15  aV  +  (-aV) 
=  25my*  -  18my*  =  15aV  -  aV 

=  7my\  =14aV. 

11.  5a  +  (-36)  +  (+4a)+(-76) 
=  5a-36  +  4a-7o 

=  9a- 106. 

12.  4a«c  +  (- lOxyz)  +  (+  6a'c)  +  (- 9a;yz)  +  (- lla'c)  +  (+  20a;y2) 
=  4a*c  —  lOajyg  +  6a^c  —  9xyz  —  lla'c  +  20a:y2 

=  —  a^c-\-  xyz. 

13.  Sx^y  +  (-  4a6)  +  (-  2mn)  +  (+  5a2y)  +  (-  a^y)  +  (-  4a;»y) 
=  3  a;*y  —  4 ai  —  2mn  4-  5 a;*y  —  a^y  —  ^7?y 

=  3  s^y  —  4  a6  —  2mn. 

Exercise  5. 

1.  5a  +  36+    c  2.     7a-46+    c 

3a+36  +  3c  6a  +  36-5c 

ct  +  36  +  5c  —  12a +  4c 

9a  +  96  +  9c  a-    6 


teachers'  edition.  5 


3.       a-^    b-c  7.    ar*-2a^-f3a^ 

»*  +    a:*  +    X 
4a:*  +  5a:' 

+  2a:*  +  3x-4 
~3j*~2j~5 

8.  a»+naJ»-3a'6-    &> 
2a=»-i;a&»  +  5a»6  -7i' 

g^-    oi^ +26^ 

4 a»  -Vaft*  +  2 a»6  f  ">  -  7 />» 

9.  2ai  +  2a«x-   3aj^ 
Uab-aa^x  +  lOas^ 

—  8a6  —  5a'^j -4  gj^ 

(yab-da^x  -i-    7ax^-\-aj^ 

6.  rr»-   4ar»+   5x-   3       10.       c* -3c»  +  2c»-4c -f  7 

2c*  f  3c»  +  2c»  +  5c-|  0 
-4c*  -4c'  -f) 

—  c*  +    c  i  8 


6. 


a  + 

6-c 

-a  + 

6  +  c 

a  — 

6  +  c 

a  + 

6-c 

2a  +  26 

a  + 

26  +  3c 

2a- 

6-2c 

-a  + 

b-    c 

—  a  — 

b  -\-    c 

a  + 

6  +    c 

a- 

-26  +  3c+4d 

-2a  +  36-4c  +  5d 

+  3o- 

-46  +  5c 

-6d 

—  4a4 

.56_4c4-7<i 

-2a  +  26 

+  10d 

rr»- 

-   4ar»  + 

5x- 

3 

23r^- 

-14a:«- 

14x  + 

5 

—    a:'+    9a;*  + 

x  + 

8 

2x»- 

-   9x«- 

8x  +  10 

11. 

3x»- 

XV  +  XZ- 

—  Sa:*—    xy  —  xz  +    Oyz 

6a:*  -6y-62 

4y2 

—     5  7/2    \-  3  2* 
-4x' -h     V*+     37/2    f   32* 

-2xy  -2y*  +  lly2  i  02*-()y-6z 

12.      m5-3m*n-6m'n« 

—  5m*n+    Tri^r? -^    rn^n^ 

+  7m'n*  +  4m*7i'  —  3mn* 

—  2m*  n*  —  3mn*  +  4n* 
3  m*  +2m7i*  +  27i* 

2m^  +  7m*n -    n^ 

6  m*—    m*  n  +  2  ?n''  7i*  f-  3  ?w*  ?i*  —  4  mn*  +  T;  n* 


Exercise  6. 

1.  +25-(+16)  3.  -31-(+58) 
=  25-16  =-31-58 
=  9.  =-89. 

2.  _50-(-25)  4.   +107-(-93) 
=  -50  +  25  =107  +  93 

=  -  25.  =  200. 
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5.  Home  was  ruled  by  emperors  from  B.C.  SO  to  its  fall,  a.d. 
476.    How  long  did  the  empire  last? 

476  -  (-  30)  =  476  +  30  =  506 ;  i.  c.  506  years. 

6.  The  continent  of  Europe  lies  between  36°  and  71°  north 

latitude,  and  between  12°  west  and  63°  east  longitude  (from 

Paris).    How  many  degrees  does  it  extend  in  latitude,  and  how 

many  in  longitude? 

71--(+36)  =  71-36  =  35. 
12-(_63)=12  +  63«75. 


Exercise  7. 

1.  5a;  — (—4a;)  8.  —  4a^  — (— 5ary) 
=  5a;  +  4a;  =  — 4a;y  +  5a:y 
=  9a;.  =a!y. 

2.  -3a6-(+5a6)  9.  8aa;-(-3ay) 

=  —  3ab  —  5ab  =8aa;  +  3ay. 

=  —  Sab. 

10.   2ab*y-(+ahy) 

3.  3a6«-(+10a52)  ==2aPy~aby. 

=  3  db^  — 10  ah^  -  -     ^  ,     ,-  ,.      ,    o  ,v 

~      *^'  =9a;2^5a^_8aji 

4.  15m2a;2-(-7m«a;*)  =6^- 

=  ^^"^^^2  "^  "^^'^  12.   5ar»y-(-18a^y)  +  (-10a;«y) 

--22m»a;2.  =5^  +  ISa;^/- 10a;«y 

6.   _7ay_(_3ay)  =  ISai^y. 

=  -7ay  +  3ay  13.   vj aa?  -  (- as?)  -  {-v  2^aT>) 

=  -^ay.  =17aar»  +  oa;'-24aar» 

6.  17aar»-(-24ar»)  =-6aaJ». 

=  17aar^  +  24aaf*  14.  -  3a6 +  (+ 2wia;)-(-4ma;) 

=  41  oar*.                 .  =-3a6 +  2ma;  +  4ma; 

=  —  3  a6  +  6  mx. 

7.  5a«a;-(-3a«a;) 

=  5a2a;  +  3a*a;  15.  3a-(+ 2Z») -(-4c) 

=  8a2a;.  =  3a -26  + 4c. 


Exercise  8. 

1.  6a-26-    c  2.   3a-2&  +  3c 

2a-26-3c  20-86-    c 

4a  +2c  a  +  66  +  4c 
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3.   7a;*-8x-l  6.  :^-Zxy-   y»+y2-2z» 

5a:»-6a;-H3  a:»  +  2jy-3y»         -2g»  +  r)jg 

—  5xy-H2y*+yz  —bxz 

7.  a«-3a«6  +  3a6«-    6» 
~a»  +  3  tt»  6  -  3  tt//»_f    ft» 

8.  ar»-r)jy  f    arz -y*  f  7yz  f  2=- 

a^—   xy  -    xz        -f  2vg  i  3r^ 

-    aa:  +  2a'  -  4.ry  *  2j-2 -y'H-5y3—    c* 

9.  2aa:*  +  3a6x--46*x  +  126» 

as?  ~  ^ahx  —  blf^  X  \-bx^-~x^ 


2x»^ 

-2x- 

-4 

4. 

4a:*- 
a:*- 

-3x» 

-2x»- 

-2x2^ 

-2x»  + 

7x  + 
7x~ 

9 
9 

3a:*- 

-    x3 

— 

14x  + 18 

5. 

2x2- 
x»- 

■2ax  +  3a» 
■    ax  +    a* 

ax*  +  7a6x  +    b'^x  +  126*  -  6r*  +  ar* 


10.  Gx»-7r'y +  4.ry»-2y»-   r>x^  +    xi/ -    4v*^2 
8x^-7x»y+    xy*-    .r  +    9x2-    xy  f    (>i/'    -4 

-2x»  +3xy*-    y»-14x2  »  :!.ry  -I0y2  fG 

11.  a*^    ft* 

+4a»6-Ga2  62-f  4ay 

a*_    i*-4a'6  +  Ga^^>2_4^^ 

2a*-2M-4a86  t-Ga^i-'  f  4aZ»» 


-   a*+    M  -8tt6' 

12.  x'y'  — 3x2y' +  4xy*—    3/* 

x»y2  -  3x2y»  i  Sxy*  i-  3y5  j.  >  __"  2x*y 

ar»y2-3x2y»  +  4xy*-    y* 

—  4;fy*-4t/^  -    .7^  <  2x*y 

X»y2-3.r2y»  -'''^y*-       •^''  »  -•r*y 

x'y'  — 3x^y*  +  8x1/*  +  3y^  f    a^  -  2x*y 

-8xy*--8y*-2x*  +  4x*y 

13.  a26«-    a26c-8a62c-a2c-2.+    abc^-(M^(^ 

-f  2a2  6c  -  5ab^c  +  2a6c2  -  nZ^^c* 

a^b^-Sa^bc-'Sab^c-d'c^-    abc'-    ^(? 

14.  12a  +  36-5c-2^=69  16.   2x2-y2-2xy+    z* 
IQq-    6  +  4c-3<^  =  45  x2-?/2  +  2x?/-    z^ 

2a  +  46-9c+    (i=24  x*         -4xy  +  222 

15.  b  —  a. 

2a'-6a25+6a62_263*  17.     \^ac  \-    ^cd-  ^ 

d?-1a?b -36=^  -7ac-    9c(Z+  8 

o»+    a2&  +  6a62+    i^  19ac  +  17cd-17 
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18.  -   6a2  +  2a6-3c" 

4a^  +  6<x6--4c' 

-10a«-4a6+    c« 

19.  9a:y-4aj-3y +  7 
8xv  — 2g+  3y  +  6 

a;y--2a;  — 6y  +  1 


22. 


3a^  +  2a;y—    y^ 
-   ar'-3ary  +  3y« 

4a^  +  Sicy  —  4y* 
3^^  +  4gy  —  5v' 

a*  +    xy  -\-    y* 
23.  a^-hy^ 


+  eg'  —  c?y* 

ax^  —  6y*  —  ex*  +  c?y* 
20.  —  a*  6c—    aJl?c-\-    ah(?~  abc 

a:^bc+    a¥c-    abc^+  abc   24.   ox  4-    hx -^    hy  +  cy 
-2 a' he -2 ab^c  +  2 ab(^-2 abc  ox-    bx-    by  +  cy 

2bx  +  2by 

26.   5x2  +  4x-4y +  3y« 

5x'-3x+3y+    y* 

7x-7y  +  2y» 


21.  7x2-2x4-4 
2x2  +  3x-l 
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28. 


5x^  —  5x  +  5 

26.  a'62_,.i2a6c-9ax» 

4ab'^  —  6acx  -f  3a'x 

a^b^  +  12a6c  -  9ax*  -  4a6=»  +  6acx  -Sa^x 

29.    2x2 -2y«-    ^^ 
2x2  +  3y2-    2? 

-5y2 
-x2-2y2-|.32» 
ic2-3y2_32a 


a' 

— 

2ab  + 

c2- 

-362 

2a^ 

— 

2ab 

+  362 

a" 

+  c2- 

-662 

a" 

+ 

&'  + 

C2 

+     cP 

b^  + 

C2 

+     cP 

a* 

+ 

b^- 

C2 

-  (P 

a' 

— 

b^  + 

C2 

+  ^ 

3a2 

+ 

262  + 

2c2 

+  2(^2 

62  + 

C2 

+    d^ 

a* 

+ 

62- 

C2 

-    cP 

a* 

— . 

62  + 

C2 

+  c? 

-a* 

+ 

62  + 

C2 

+  cp 

a* 

+ 

262  + 

2c2 

+  2(^2 

3a2 

+ 

262  + 

2c2 

+  2(? 

a* 

+ 

262  + 

2c2 

+  2cP 

30.  -2a3+    a2c  +  2ac2 


+ 

a^- 

a2 

c  — 

ac2 

— 

a' 

+ 

ac2 

a»- 

2a2 

c  + 

3ac2 

— 

a» 

+ 

ac2 

2a2 


2a»-2a2c  +  2ac2 


Exercise  9. 


1.   (a  +  6)  +  (6  +  c)-(a  +  c) 
=a+6+6+c— a— c 
=  26. 


2.  (2a-6-c)-(a-26  +  c) 
=  2a  — 6  — c  — a  +  26  — c 
=  a  +  6  — 2c. 
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3.   {2x-y)-{2y-z)-{2z-x) 
=  2x  —  y  —  2y-{-z  —  zz-\-x 
=  Zx  —  6y—z. 


4.   (a-aj-y)-(6-a:+y)+(c+2y) 
^a—x—y  —  h  +  x^y-^^c^-iif 


6.  (2a:-y  +  32)  +  (-a;-y-42)-(3a;-2y-f) 
=  2x  — y  +  3z  — X  — y  — 42  — 3x+2y  +  z 
^-2x. 

6.  (3a  -  6  +  7c)  -  (2a  +  35)  -  (56  -  4c)  +  (3c  -  a) 
=  3a-6+7c-2a-36--66  +  4c+3c-a 

=  -96  +  14c. 

7.  l-(l-a)  +  (l-a  +  a«)-(l-a  +  a«-a«) 
=  l-l+a  +  l-a  +  o*-l  +  a-a*  +  a? 
=  a  +  a'. 


8.  a -{26 -(3c 4- 26) -a} 
=  a-{26-3c-26-a} 
=  a  — 26  +  3c+  26  +  a 
=  2a  +  3c. 


9.  2a-{6-(a- 
=  2a-l6-a+26} 
=  2a  — 6  +  a  — 26 
=  3a-36. 


10.   3a-{6+(2a-6)-(a-6)} 
-^  3a  —  {6  f  2a  —  6  —  a  +  6} 
=  3a-6-2a+" 


6  +a-6 


=  2a-6. 


11.   7a-[3a-{4a-(5a-2a)}l 

=  7a  — [3a-{4a-r)a  +  2aj 
^  7a  — [3a  — 4a  +  5a--  2a 
=  7a-3a4  4a  — 5a  {-2a 


=  5a. 


12.   2a;  +  (y  -  32)  -  [(3a;  -  2y)  +  z]  +  6a;  -  (4y  -  3z) 
=  2a;  +  y  —  32  — [3a;  — 2y  +  2] -f  6x  — 4y'-f  32 
=  2a:  +  y  — 32- 3a;  +  2y  — 2  H-5a;  — 4y  -f  32 
=  4  a;  — y  —  2, 

18.  {(3a-26)  +  (4c-a)}-{a-(26-3a)-c}  +  {a-(6-5c-a)} 
=  {3a  — 26  +  4c  — a}  — {a  — 26  +  3a  — c}  +  {a  — 6  +  5c  +  a} 
=  3a  —  26  +  4c  — a  —  a  +  26  —  3a  +  c  +  a  —  6  +  5c  +  a 
6  + 10c. 


14. 


a-[2a  +  (3a-4a)]-5a— {6a-[(7a  +  8a)-9a]} 
=  a-[2a  +  3a-4a]-5a-{6a-[7a  +  8a-9a]} 
=  a  —  2a  — 3a  +  4a  — 5a  — {6  a  —  7a  —  8a  +  9a} 
=  a  —  2a  — 3  a  +  4a  — 5a  — 6a  +  7a  +  8a  — 9a 
=  — 5  a. 


15.   2a -  (36  +  2c) -[56  -  (6c  -  66)  +  5c- {2a -(c  + 268] 
=  2a-36-2c-'~'      ----- 


=  2a-36-2c- 

=  2a-36-2c-56  +  6c 

=  4a-166-2c. 


c  +  2h)] 
56- 6c  +  66  + 5c-{2a-c-26}J 
56  — 6c +  66 +  5c  — 2a +  C  + 26] 
66-5c  +  2a-c-26 
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16.  a  -  [26  +{3c  -  3a  -  (a  +  b)]  +  {2a  -  (6  +  c)}] 
=  a-r26-}-{3c-3a-a-i}  +  {2a-6-c{] 
=  a  — [26-f3c  — 3a  — a  — 6  +  2a  — 6  — c] 

=  a  — 26  — 3c+3a  +  a  +  6  — 2a  +  6  +  c 
=  3a-2c. 

17.  lG-x-[7x-{Sx-{9x-3x-6x)}] 
=  lG-x-[7x-{Sx-{dx-3x-hQx))] 
=  16-a;-  '7x-\Sx-dx-[-3x-6x}] 
=.  16  —  a;  — '7a;  —  8a;  +  9a;  -  3a;  +  6a;] 

=  16  —  a;  —  7a;  +  8a;  —  9a; -f  3a;  —  6a; 
=  16 -12a;. 


18.   2a-[36  +  (26-c)-4c  +  {2a-(36-a^^)] 
=  2a-[36  +  26-c-4c  +  |2a-(36-c  +  26)}J 
=  2a-[36  +  26-c-4c  +  {2a-36-f-c-  2b}] 
=  2a-[36  +  26-c-4c  +  2a-36  +  c-26] 
=  2a-36-26  4-c4-4c-  2a  +  36-c+26 
=  4c. 


19.  a  -f26  +  {3c-3a- 
=  a-r26-f-{3c-3a 


(a +  6)}  + 2a -(6  + 3c)] 
=  a-r26  4-{3c-3a-a-6  +  2a-6-3c] 
=  a-[26  +  3c  — 3a-a-6  +  2a-6-3c] 


--rt-26 
-3a. 


20.  a  -  [5  6  -  {a  -  (3  c  -  3  6)  +  2  c  -  (a  -  2  6  -  c|}] 
=  a-r56  — {a  — 3c  +  36+  2c-a+  26  +  c}] 
=  a-[56  — a  +  3c  — 36  — 2c  +  a  — 26  — c] 
=  a  — 56  +  a  — 3c  +  36  +  2c  — a+26  +  c 
«=a. 


Exercise  10. 


1.  2a-36-4c  +  rf+3g-2/ 
=  (2a-36)-(4c-rf)+(3c-2/') 
=x(2a-36-4c)  +  (rf+3e-2/). 


2.  a  — 2a; +  4?/ -32-26 +c 

={a  -  2x)  +  (4v  -  32)  -  (26  -  c) 
=(a-2a;  +  42^)-(3«  +  26-c) 


3.  a!^  +  3a*-2a»-4a2  +  a-l 

=  (a^  +  3a*)  -  (2a»  +  4a2)  +  (a ~  1) 
=  (a*  +  3a*  -  2a8)  -  {ia"  -  a  +  1). 


4.  -Za-2b  +  2c-5d-e~2f 
=  -  (3  a  +  2  6)  +  (2  c  -  5  (/)  -  (e  +  2 
=  -  (3a  +  26  -  2c)  -  (5c?  +  e  +  2/ 


6.  oa;  —  6y  —  C2  —  6a;  +  cy  +  a2 

=  (ax  —  by)  —  (cz  +  bx)  +  (03/  +  az) 
=  (ax  -  by  —jcz)  —  {bx  —  cy  —  az). 
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6.   2a:*-3ar*y-»-4x'y*-5aj»y*  +  aw*-2y* 
=  (2a*-3ar*y)  +  (4r  "      "  "     ' 

=  (2x*-3a;*y  +  4a^ 


=  (2^-S^y).:(4,^-5^.;^-^2^) 


(1.)  2o-36-4c  +  d  +  3c-2/=(2a-36-4c)  +  (d  +  [3e-2/]). 

(2.)  a-2a;  +  4y-3z-26  +  c  =  (a-2a:  +  4y)-(32+[26-c]). 

(3.)  a*  +  3a*-2a>-4a»  +  a-l=(a*  +  3a*-2<^-(4a»-[a-l]). 

(4.)  -3a-26+2c-5d-e-2/=-(3a  +  26-2f)-(r>d  +  [<  +  2/]) 

(5.)  ax  —  by  —  cz  —  bx  +  cy  +  az^  {ax  —  Jy  —  a)  —  (bx  —  [ey  -»-  oz]) 

1(6.)  2ar^  -  '6x*y  +  4 a:«y' - 6aV  +  ay* - 2y*  =- (2aj* - 3x*y -f  4 j»y«) 

-(5««y-~(x/-2/]) 

8.  2aa:  — 6ay +  462  — 46x  — 2ca:  — 3ey 

=  (2a  -  46  -  2c)x  -  (Ga -I- 3c)y  +  4  62. 

9.  ox— 6x  +  2ay  +  3y  +  4a2  — 36z  — 22 

=  (a  -  b)x  +  (2a  +  3)y  +  (4a  -  36  -  2)z. 

10.  ax  — 26y  +  5c2  — 46a;  —  3cy  +  02  — 2cx  — ay  4  462 
=  (a  — 46  — 2c)x  — (a  +  26  +  3c)y  +  (a  +  46  +  5c)«. 

11.  12aa:  +  12ay +  46y  — 1262-15CX  f  Gry +  3c2 

=  (12a  -  I5c)x  +  (12a  +  46  +  Gc)y  -  (126  -  3c)2. 

12.  2ax-36y  — 7c2  — 26a:  +  2cx  +  Scz-2cx  —  ry  —  cz 
=  (2a  -  26  +  2c  -  2c)a:  -  (3 6  +  c)y  -  (7c  -  8c  +  c)2 
=.(2a-26)x-(36  +  c)y. 


ExEKCnSE    11. 

1.  -17x8  =  -136.  4.   -18x-5=+90. 

o    12  8  X  25 

=  -i2.8xlOO-^4  =  -320.        5.  43  X -6  =  -258. 

gg  6.  457x100-45700. 

2961 

1316  7.  (_358-417)X-79 
1645  =_775x-79 

18.0621  =  61225. 

8.  (7.512  -  {-  2.894})  X  (-  6.037  +  {13.963}) 
=  (7.512  +  2.894)  X  (-  6.037  +  13.963) 
=  10.406  X  7.926 
=  82.477956. 
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9.  13x8x-7  11.  -20.9 


10. 


=  104x- 

-7 

-1.1 

=  -  728. 

209 
209 

-38 
9 

22.99 
8 

-342 
-6 

183.92 

2052 


12.  -  78.3  X -0.57    =44.631; 

1.38  X -27.9 38.502; 

44.631  X  -38.502=  -1718.382762. 

13.  -2.906  X  -2.076=  6.032866 ; 
6.032586  X  -1.49  =  -8.98895544 ; 

■8.98895544  X    0.89  =-8.0001703416. 


Exercise  12. 


1.  6ox-2a  =  -12a«.  • 

2.  5 mn  X  9 m  =  45m*n. 

3.  3  aa;  X  —  4  6y  =  —  12  ahxy. 

4.  —  8  cm  X  c?n  =  —  8  cdmn. 

5.  —*lahx2ac  =  —  \^a?hc. 

6.  5  m'a?  X  3  mx^  =  15  rn^oi?. 

7.  5a"»X-2a»  =  -10a«+». 

8.  3  aV  X  7  aV  =  21  a^a:*. 

9.  7ax-46  =  -28a&; 
-28a6x-8c  =  224a6c. 

10.  8  a6*-' X  3  ac  =  24  a^J^c ; 

24  a^h^c  X  -  4  c2  =  -  96  a'ft V. 

11.  27a6 

—  39  mp 

243 

81 

—  1053  dbmp 
18ap 

8424 
1053 

-  18954  a26mp2 

12.  6a&y 
2&V 

12a&53/« 

—  5  a?y 


13. 


3ma'^ 

21  mV 
—  2mq 

—  42  m*qoi? 


14. 


3pfl« 
6pV 


-18 


g* 


— 144^*5* 

15.  2  a^m'a:*x3  am^ic2=6  a^m^ofi ; 
6  a^m®ic®x4  a^ma;^=24  a^m^a^. 

16.  6ar«3/23>< _93.2y222^_.542.Y25. 
-54a;5y325x3a:*2/2=-162a^y*2«. 

17.  3aa;X  2amx  —  4ma;X  6* 
=  —  24  d^h^m^x^. 

18.  7am2x362n2 

=  21  aft^m^n* ; 
21a&2m2n2x-4a6 

=  -84a263.w2n«; 

==- 84:  a^b*mV; 
-84a*6*mVx-262n 

=  168  a*b^mhi* ; 
168a*68mVx-mn« 

=  - 168  a*b^m^n\ 

19.  2a62x-5a26  =  -10a»&'; 
-10a»68x-3a6  =  30a*6*; 
30a*6*x7a=210a56*. 
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Exercise  13. 

1    (4a*-36)x3a6  4.  (a»x-5aV +  ai*  +  2x*)x  oA 

=  12a»6-9a6*.  =a*x>y-5aVy +  a*x»y  *2ax*y. 

2.  (8o«-9a6)x3a« 
=  24a*-27a»ft. 

3.  (3x«  _  4y»  +  52»)  X  2x»y  6.  (-9a»+3a»6»-4a«6»-6»)x  -3aA* 
=  6x*y-8x»y>  +  10x«y2».  =27a«6*-9a46*-i-  12a»6'+  3a^. 

6.  (3x»-2a:«y-7xy»  +  y*)x-5x«y 
=  -  15x*y  +  lOxV  +  35z»y»  -  5i»y*, 

7    (-4xy»+5x«y  +  8x»)x-3x«y     a  (-3  +  2aft  +  a»6»)  x -«* 
=  12x»y" -  15«*y»-  24x»y.  =  +  3a*  -  2a»6  -  a«6». 

9.   (-z-2a»*  +  5x*y2»-6x»y«  +  3x»y»z)X-3x»v3 
-  3a:»y2«  +  6x*y/-  15x*y^2»  +  18a*y»«  -  9a«y*2*. 


1. 

x»-4 
x»  +  5 

a?*-4x* 
+  5x»-20 

-a^ 

Exercise  , 
5. 

6. 

7. 
8. 

.14. 

2x-y 
X  +  2y 

2x»-    XV 

+  4jiv-2v* 
2x»  +  3xy-2y* 

2x»  +  4x»+8x  +  16 
3x  -6 

6x*+  12x»+  24x»  +  4Sx 
-12x^-24x»-48x- 

2. 

a?*+    x»-20 

y-6 

y  +  13 

y*-  6y 

+  13.y  -  78 

-<»r, 

3. 

y»+   7y-78 
a»-x* 

6x* 

x'  +  x*  +  x-  1 

X    -1 

-9ti 

a^  +  a*x'  +  a*x* 
—  a^x*  —  a*x* 

x*  +    r*  +  x*—    X 
_    a:»-x»_    x  +  1 

X*                   -2x  +  l 

x»-3ax 
X  +3a 

x»-3ax« 

+  3ax*-9a«x 

x»              -9a*x 

4. 

a« 

«*  +  a!y  +  y" 

X  -y 

y* 

x»  +  x»y  +  xy* 
-x*y-xy»- 
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9.       26»  +  3a6-a»  11.  a^  +  ab  +  b* 

—  66  +7a  a  —b 


-iOb^-Wab^+   ban  a^^aH+ab^ 

+  14a6'+21a'6-7a^  -a^6-a6^-y 

-106»-     ab^  +  26an-1a^  a?                    -6» 

10.   2a +  6  12.  a»-a6  +  6« 

a+  26                     .  a  +6 


2a'' +    a6    .  a»-a«6  +  a6« 

+  4a6  +  26^  +a^6-a6«  +  6« 

2a«  +  5a6  +  26»  o»  +6» 

13.  2a6-56« 
3a«-4a6 


6a»6-15a»6» 

-   8ag6«  +  20a6» 

6a»6-23a2  6»  +  20a6» 

14.  _a»  +  2a«6-6» 
4a»  +  8a6 

-4a'^  +  8a*6- 402  68 

-8a*6 +1Ga»6'''-Ha6* 

-4a5  -4a2  6»  +  16a«6»-8a6* 

16.  a«  +  a6  +  6« 

a*  -  a6  +  6« 


a*  +  a»6  +  o2  6« 

+  a»6-a«6«-a6» 
+a'6''  +  ay  +  6* 

a*  +a»6«  +6* 

16.  a»-3a«6  +  3a6«-6» 
o^-2a6    +6«     

a5-3a*6+    3a3  62-      a«6» 

-2a*6+    6a»62-   6a2  6»  +  2a6* 

+      a»6»-    3a«6»  +  3a6*-6ft 

aft  -  5a*6  4-  10a»6»  -  10a«6»  +  6a6*  -  6* 

17.  a;  +  2y  — 32 
a;  — 2y +  32 

a?  ■{■  2xy  —  3xz 

—  2xy           —  4y*+    6y2 
+3a;2 +    6y2  — 92* 

a«  ~4y«  +  12y2-922 
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3jc*  — 4ay -t-  yz 


6x*  +  9z»y  +  12  j»/ 

-8j»y-12j*p-16V 
-r2j*y2  4-3ry';  ^  i^z 

6j?*+    x»y  -16iy*-^2*»y2  +  3jy»2-4y»« 

19.  J*  +  ly  +  y* 


ar*  +  j;»y  +  z»y« 

+  a**  +  jc*yz  +  *y»x 

ar*  +  x*y  -^  ac^y*  -r  jf*2  +  *"yz  +  xy*«  -r  «*2*  -r  xy^*  r  y*J* 

20.  a*+6*  +  c»-aA-ck;-6c 

a" +aA*-r-ac^  — a*ft  —  o*c—    oAc 

— gg* ^a^e—    abc  —h^th^c-<^ 

a»  -3a6c  +  i»  -rc» 

21.  a;*-ary +  y»  +  x  +  y +  1 
r  -»-    V  —  I 

JT*  —  jc*y  +  xy*  +  j:*  +    ay  +  r 

+  a:*y  — ay*  +    ay         +y*-ry*-y 

.-a:*->-    ay-x  -y^-y-l 

a^  +3xy         -ry"  —1 

22.  x»  +  4j»  +  5x-24 
j*-4g  ^11 

z*  +  4a^+    5x»-24a» 

-4a^-16a»-20x»-    %x 

+  llx»  +  44x»^    .V»x-264 


+  151X-264 


23.  a»-4a*  +  ll»-24 

g*4-4x  +5 

x*-4x*-hllx»-24x» 

+  4x*  -  16x»  +  44a«  -  9t?x 

a*  -41X-120 

24.  a:*  +  2a*  +  a*-4x-ll 
a-»-2x  -»-3 

a*  +  2x*+    ar*-4x»-llx* 

-2a*-4x*-2x»+    8x»  +  22x 
-fSar^  +  ex*^   3x'-12x-33 

a*  +10X-33 
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25.  ari-5a;*  +  13ar»-r»-a; 
x^-2x  ~2 

x^  —  dafi-i-lZx^—      SE^—      3? 

~   2ar^  +  10a^-2Gg»  +  2g'  +  2a; 

x' -  7a:«  +  21  ar^  -  17ar*  -  25 a^  +  4x»  +  2a? 

26.  a:»-2a:«  +  3a;-4 
4ar»  +  3a^  +  2a;  +  l 


4a;«-8x6  +  12a:*-16ar» 

+  3ar^-   6a:*+    9a:»-12a:» 

+    2a:*-   4a;*  +    Gx^-Sx 
+      a;*-    2a:2^3a. 


-4 


4a*-6x6+    8aj*-10ar»-    8x2-5a;--4 


27. 


5a*    -ZaH  +2a»6«+a6« 
5a»6  +  3a^^>'^-2a5»   +6* 

25aT6-15a«62  +  10a*6»+  5a*  6* 

+  15a«62-    9a»6»+  6a*6*4-3«365 

•  -10a*6»+  6a*6*-4a»65_2a2  6« 

+  5a*6*-3a»6*  +  2a'»&«  +  a6T 


250^6 


-   9a56»  +  22a*6*-4a3  6* 


+  aV 


28. 


40^2/  -8a*y«  +  16ay-32ay* 
a^y''  +  4a*y*  +  4a'v* 

4a^V-   8aiV  +  16aV-32aTy« 

+  16a"2/*  -  32a»i/*  +  64a72/« -  \2^a^y^ 
+  16a»t/^  -  32a^v«  +    Q^a^y^  -  128a»y« 

4aiV+    8a"y*  -    64aV-128aV 


29.   3m»     +9m«n  +9mn2   +3n» 
2m^n  —  6m*n'  +  6m^n'  —  2mn* 

Qrri'n  +  18m®n'  +  18m^n^  +    6m*n* 

-  18m«ri2  -  54m5n»  -  54m*n*  -  18m»n* 

+  18m*n'  +  54m*n*  +  54m'n*  +  ISm^n* 

-    6m*n*-18m3n'^-18m»n«-6mn' 


Qrn'n 


-ISm^n^ 


+  18m'n* 


—  Qmri^ 


30.     6a!^b  +  3a'6*-2a6*  +  &• 

4a*    -2ay   -36* 

24a»6  +  12a«6*-   8a*65  +  4a*6« 
-  12a«6* 

-18a5  5*  ' 


6a»6T  +  4a»ft8_2a6'> 

-9a^68  +  6a69-36w 


24a96 


-  26a5  6*  +  4a*6«  -  6a»6^  -  Sa^js  +  4a6»  -  36i« 


o» 
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31.   a;- 3  32.  a;*-a;  +  l 

x—1  a:*  +  X  +  1 


♦>?«'' 


6iTi^' 


I 


a;* 

-3a; 

-    X  +3 

-4a;  +3 
+  1 

a;» 

-4a;»  +  3a; 
+    a^-4a;-|-3 

a;» 
a; 

-3a;*-    x  +  3 

+  3 

a* 

-3a;»-      3^-\-3x 
+  3a;»-    9a;»-3x 

+  9 

ac*  — a;'  +  a;' 

+  ar*  — a;'  +  a; 
-t-a;*  — g  +1 

a^         +«*         + 1 
ar*-a;«4-l 

a^  +  a;*-|-a?* 
^  ST  —  a?*  —  at* 

+a;*-t- j*+  1 

a;*         +a*         +1 


a;*  -10a:*  +9 


33.  a*  +  aft -I- 6* 
a*  -  a6  +  6* 


a*  +  c^b  +a}b'^ 
-a»6  -a*6*-a6* 


a* 
a* 

-a*  6* 

+  a*6» 
+     6* 

+ 

6* 

a« 

+  a«6* 
-a«6* 

-a*  6* 

-a*6« 

+  a*ft«  +  5» 

a*  +a*6*  +6» 


34.  4a»-4a*6+a6* 
1  4a*  +  3a5  -f  6* 

I  16a*    -16a*6  +    4a»6» 

^  +12a*6  -12a»6*  +  3a*6' 

+    4a»y-4a*y4-a5* 

16a»    -   4a*ft  -   4a»6*-    a«6»4-a6* 
2a*6  +  &» 


32a^6-   8a«6*-   8a*6»-2a*6*  +  2a»6* 
-f  16an»  -  4a*M  -  A.a^V'  -  a*^  -f  a6^ 

32aT6-   8a«6=«+    8a*6»- 6a*6*- 2a3  6*-a26«+ a6' 
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35.  X  -\-  a 
x-\-2a 


x^  +      ax 

4-  2ax    +    2o' 

x*+  3aa;    +    2a* 

X  —  Za 

—  3ax*   —   Qg^a;  —6a* 

a:*  —    7a2.T  -6a' 

g;  —  4a 

ar*-  Va^x*-    ea^x 

+28 a' a;  -4aar>+    24a* 

x*-  7a2a:2^22a'a;  -4aa:3_^    24a* 

X  +  5a 


a:*-    7a*ar'  +  22a'x2-4ax*+    24a*x 

-  20a*ar^  -  SSa'ar'  +  5ax*  +  110a*x  +  120a^ 
ar*  -  27a2ar»  -  ISa'x*  +  ax*  +  134a*x  +  120a* 
x*+    aa?*-27a2x*-13a'x2+134a*x  +  120aS 


36.     81a*-9a2  62  +  6*  37.  y^~yz~2z^ 

9a^  +  6^ y^  -f  yz  -  2^' 

729a«  -  81  a* 62  +  Qa^ft*  y*  _  v^^  _  2r/222 

+  81a*6'^-9a'^6*  +  6«  +^^2-    y«02_2y23 

729 a«  +6*  -  2.7=^2* +  2y2»  + 42* 

2/*  -5y222  ^4^ 


27a3  +  6' 

27a«-6»  „2 


y^-2yz-z^ 


729  a«  +    27a»6»  3gjl^2y2  -  y^ 

-    27 aH^-h^  y*~2fz-    y^z^ 
T2da^                    -6«  2y^z-Ay^s?-2y:^ 

729 gg  +  5« -    y^z^  +  2yz^+    2* 

531441a"- 729  a« 66  ^4  -63/222  +   2* 

4-729a«6«-6"  y*  -5y222  +4z* 

531441  ai2  -6"  _      2^2  _^^ 


38.   3a2    _a6-362 
a26-262 


3a*6-a3  62_  3^2^,8 


-6a2  62  +  2a5'  +  66* 


3a*6-  a'i*  -  3a2  63  -  6a^b^  +  2ab^  +  66* 

-2a6*-66* 


3a*6  -  a»62  -  3a263  -  60*62  +  2a6«  -  2a6*  +  66*  -  66* 
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39.  a-\-b-c 
a  —  b  +  c 


a^+ab—ac 

-ab       -6*+   be 
+ac       +   bc—c^ 

—a+b+c 

-c^^ab^—2abc-\-ac^ 

■i-a^b-b^         r2b^c     be* 

a+64-c 
-a*+  a26*-2a26c+  aV+a»6-aA»+a»cf  aVc^-  abc'-iu^ 


40.   a  +  6  c  \-  d  a  \  c 

b  +c  a+  d  !^  ~  ^l 

06  +  6*  ac  \-  ad  ah  f  6c 

-i-  ac  +  bc  +  cd  I-  d^  nd     rd 

ab  -\- 1^  -\-  ac  -V  be  ac  +  ad  +  cd  4-  ^i"  fi6  }  he-  ad  —  cd 

(ah  +  6*  +  a«  +  6c)  —  (ac  4-  arf  +  c^/  f  rf')  -  (a6  f  6c  -  ad  -  cd) 
=  ab  +  b^-^ac  +  bc  —  ac  —  ad  —  cd  —  d^—ab-bc  \-  ad  \-  cd 
=  6»  -  d\ 


41.   a  +  6  +  c  +  ef 
a4-6  4-C  +  rf 


a'  +    a6  +    oc  +  oti 

+    a6  +  6^  +    6c  -I-    6c? 

+    ac                     +    6c  -^  c"^  \-    cd 
'     +  ad ■\-    hd         -f     cd  f  (/* 

a»  +  2a6  +  2ac  +  2ati  +  6=»  +  26c  +  26cZ  +  c*  +  2cc/  +  </» 


a  —  6  —  c  +  c? 
a  —  b  —  c  ^-  d 


a*  —    a6  —    ac  +  ad 

—    ab  -^  b'^  -\-    he  —    bd 

—    ac                     +    6c  +  c'  —    cd 
+  ad —     bd         ~    cd  +  d^ 

a'-2ab-2ac-\-2ad+b*  +  2bc~-2bd  +  <^-  2cd  4-  d^ 
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a~b  +  c  —  d 


a*  —    a6  +    ac—  ad 

—    db  -\-b*—    bc^    bd 

-\-    ac                     —be  -\-  <?  ^    cd 
—  ad -\-    bd         —    cd  -\-  d^ 

a»  -  2ab  +  2ac  -  2ad  +  6«  -  26c  +  26rf  +  c«  -  2cc?  +  ci» 

a  -{^b  —  c  —  d 
a  ^-b  —  c  —  d 


+  4d« 


42.   (a  +  6  +  c)*  -  a  (&  +  c  —  a)  —  6  (a  +  c  -  6)  —  c  (a  +  6  —  c) 
^a'^^'t^-\-c^-\-2ab-^2ac-\-2bc-ab-ac-\-a^-ab-bc->rb'^-ac-bc-ir(? 
=  2a24-262+2c^ 


43.   (a  -  6)  a;  -  (6  +  c)  a  -  {(&  -  a;)(6  -  a)  -  (6  -  c)(6.+  c)l 
=  aa;  —  6.r  —  ab—ac  —  \(b'^  —  bx-\-ax~  ab)  —  {b'^  —  c^)j 
=  ax  —  bx  —  ab  —  a^  —  U)^  —  bx  -{■  ax  —  db  —  b"^  -\^  (?) 
=  Qjc  —  bx  —  ab  —  ac  —  o*  +  bx  —  ax  +  ab  +  b*  —  c^ 


=  -  ac  -  c*. 


44.   {m-\-n)m  —  {(m  —  rif  —  {n  —  m)  nj 

=  m*  +  mn  —  {m'  —  2mn  +  n'  —  n^  +  mri) 
=  m^  +  mn  —  m*  +  2mn  —  ti'  +  n*  —  mn  " 
=■  27nn. 


45.  (a-6  +  c)a-{a(c-a-6)-[6(a  +  6  +  c)-c(a-6-c)]} 
=  a'  -  2ab  +  2ac-2bc  +  b^ +  (^  -{{ac-  a'  -  ab) 

-  [{ab  +  6^  +  be)  -  {ac  -be-  c*)]} 
^  a^ -2ab  -^  2ac-2bc  ^h^  +  <? - X{ae -a^-  ab) 

—  [ab  +  6*  +  6c  —  ac  +  6c  +  c*]} 
=  a»  -  2a6  -H  2ac  -  26c  +  6^  +  c» 

—  {a^  —  d^  —  ab  —  ab  —  b^  —  2bc  +  ac  —  c*} 
=  a»  -  2  a6  +  2  ac  -  2  6c  +  6*  +  c^  -  ac  +  a* 

+  a6  4-  a6  +  6*  +  26c  —  oc  +  c* 
=.2a-  +  26^  +  2c=». 
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46.  {p'  +  q^)  r-(p^  q){p  {r~q}-q{r  -p}) 
==plr  +  q^r-(p  +  q)i^{j>r-pq}-\qr~pq}) 
=plr-\-q^r-{p-hq){pr-pq^qr+pq) 
==p^r  •\-^r  —  (p-\-q)  (or  -  qr) 
=p^r  +  q^r--{]^r~(fr) 
=p*r  +  q^r—p^r  +  q^r 
=  2q^r. 

=  9ar*y»-13a:«y*4-42/«-{3an^-2y^}|3^y+3V-V-^V  +  ^y'} 
=  9x*y»-13ar»yH4y«-{W-13>yH4y«f  ^^ 

=  9ar*y»-l5a:»y*+4y«-9aj*y*+13«»y^4y<'^       ^ 

48.  a^-{2ab  -  [- (a  +  {6 - c}Xa  - {6  -  c})  +  2ai]  -  46c}  -(6  +  r)« 
=  a2-l2o6-r-(a  +  6-c)(a-6  +  c)  +  2aAl-46c}  -(6  t  c)=' 
=  a'-l2ab  -[-a»  +  62_26c  4-  c*  +  2ai]  -46c}  -  {h  +  rV^ 

=  a2-{2a6  +  a»-62  +  26c-c»-2a6-46c}  -(6  i  <f 
=  a^ -2a6-a»  +  6« - 26c  +  c«  +  2tt6  f  46c - 6*  - 26c -c« 
=  0. 

49.  {ac-(a-6)(6+c)}-6{6-(a-r)} 

=  {ac  —  {ab  —  6'  +  ac  -  6c)}  —  6  (6  -  a  +  c) 
=  ac  —  a6  +  6*  —  oc  +  6c  —  6*  +  a6  —  6c 
=  0. 

50.  5 {(a  -  6)  a:  -  cy}  -  2{a  (x-y)-  6.r}  -  {3aj? -  (5c  -  2a)  y} 
=  5{ax  —  bx  —  cy}  —  2  {ax  —  ay  -  bx]  —  {3 ax  -^ey  i  2 ay} 
=  5ax  —  56x  —  ocy  —  2aj;  +  2ay  h  26j;  —  3aa;  +  r>ry  -  2*tty 
=  —  3  6a;. 

51.  (a;  - 1)^^  -  2)-  3a;  (aj  +  3)  +  2 {(x  +  2)(x  +  1)  -  3} 

=  a^»  -  3ar  +  2  -  3ar2  -  9a;  +  2  {a'-'«  +  3a;  +  2  -  3} 

=  a;2  -  3a;  4-  2  -  3ar^  -  9a?  +  2a;-^  +  Gx  4-  4  -  6 
6a;. 

52.  {(2a  +  6)«  +  (a-26)='}{(3a-26)2-(2a-36)2} 

=  {(4a»  +  4a6  +  6«)  +  (a»-4a6  +  46»)}{(9a2-12a6  +  462) 

-(4a»-12a6  +  962)} 

=  {4a«  +  4a6  +  6^  +  a«  -  4a6  +  462}{9a«  -  12a6  +  46^ 

-4a«  +  12a6-962} 

=  {5a«  +  56n{5a«-56n 

=  25  a* -26  6*. 

53.  4(a-36)(a  +  3  6)-2(a  -66)2-2(a2  +  66«) 

=  4(a»  -  96^- 2(a»  -  12a6  +  Sab'') -  2a«  -  126' 
=-  4a2  -  366*  -  2a«  +  24a6  -  726'  -  2a^  -  1262 
«24o6-1206«. 
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54.  x-2(r»  +  y^f  -  2a;y  (a:  +  y){x  -  y)  -  (a*  -  ff 

=  ar«(a:*  +  2a;y  +  y*)  -  2ar»y«(a?  -  y«)  -  {3?  - // 
=  a;*  +  2ar*y«  +  aV  -  2ar*y*  +  2x*y*  -  ofi  +  2aV -y* 
=  3a:»y*  +  2ar»y'-y«. 

55.  16(a«  +  6»)(a«  -  6«)  -  (2  a  -  3)(2a  +  3){4a«  +  9) 

+  (26-3)(26  +  3)(46«  +  9) 
=  16(a*  -  ¥)  -  (4a»  -  9)(4a«  +  9)  +  (46«  -  9)(46»  +  9) 
=  16a*  -  166*  -  16a*  +  81  +  166*  -  81 
'  =  0. 


1. 


3.  ^- 


4. 


5. 


11. 


% 

Exercise  15. 

• 

+  264  _  gg       6. 

+  4 

345)- 

- 1.23 

-424.35 
345 

9. 

-0.1123 

-61)6.8503 
61 

-  3840  ^  480. 
-8 

793 
690 

1035 

75 
61 

140 

_+_3840^^28. 
+  30          7 

1035 
-11 

122 

183 
183 

-2568^   214. 
+  12 

+  24) -264 
24 

24 

-21.7 

24 

• 

-  49.)  1063.3     8. 

• 

+  43/, 

10. 

-  0.022^ 

98 
83 

-85) 

-3070 
340 

+ 

324)  -  7.1560 
648 

49 

270 

676 

343 

255 

648 

343 

M  = 

A 

iW  =  A 

0.31831  + 

12. 

0.0101321  + 

314159.)- 100000.0 
942477 

314159) 

-3183.10 
314159 

575230 

415100 

314159 

314159 

2610710 

1009410 

2513272 

942457 

974380 

669330 

942477 

628318 

319030 

410120 

314159 

314159 

4871  95961 
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Exercise  16. 


1. 

+  a 

2. 

—  a 

3. 

-«*=      b. 

4. 

-ab     ,     • 
=  0. 

—  a 

5. 

— —  =>  am, 

2x 

6. 

—  6a 

7. 

\Oab     5a 
2bc        c 

8. 

x»            1 

9. 

-12am^g^ 
-2m 

10. 

35  aJc     7  ac 
56rf         rf 

11. 

afta;        x 
5aby     by 

12. 

2V/          9,, 
-3a8 

13. 

—  3  6m.T         3  bm 
4  aa;''            4  ax 

14. 

abc 

15. 

j,y    225  m«y     9m 
25my'        y 

18.  30^  _  _  6j^. 
—  5a:*y  a? 

19    ^  a'm*j:^  ^  4  m  j^ 
5a*m*a:        5  a* 

20.  ^-1^-6  A. 

2j    -_3aW^  _  3 6c»(f« 
-a*b^cd^    "     a« 

22     12am*ny(y*  ^  3  «7n*n 
4  mVp*^  pif 

23.  (4  a'^ftr*  x  10  a^lfiz)  +  5  a»6V 
=  40a*6VH-6aW 

=  8  abH\ 

24.  (21  iy2«  -  3  .Ty«2)(-  2r»y«z) 
=  (7a:yVX-2r»y»2) 

=  —  14  aj*y*2*. 

25.  104  aJV-?-  (9 1  a*6V-s-  7a*6*a!) 
-104a6V4-13ai«j:« 

=  86a;». 

26.  (24a*6»j-^3a2^,«) 

+  (35a«6V2  +  -5a36a;) 
=  (8a»^»x)  +  (-7a'6a;) 
=  a'6a:. 

27.  85a<"«+»-^5a<*-» 
=  17a*"«+»-(^-2) 

=  17a». 

28.  ?i^ 

12a5' 

=  7a«-*-« 
=  7a«-« 


^ 

4 
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Exercise 

17. 

1. 

rc»-7aj  +  12 

X--1 

[ 

6.' 

7x» 
7x» 

-24x«+58x-21 
-  3x« 

7x-3 

x-4 

x*-3x+7 

-4a;  +  12 

-21x»+58x-21 

-4x  +  12 

-21a:»+  9x 

49X-21 
49X-21 

2. 

a:»+    a: -72 

a;  +  S 

> 

i 

a;-8 

-8a; -72 

-8a;-72 

7. 

-1 

-x5 

x-l 

x'  +  x*H-x'+x*  +  x  +  l 

3. 

2.r»-    ar«  +  3aj-£ 

>  2a;-3 

• 

ofi 

-1 

2ar»-3ar» 

X*  f-  .r  +  3 

x^-x* 

2a;*  +  3a;-£ 

1 

x*-l 

2a«-3a; 

a*  — x* 

6a;-9 

x»-l 

6x-9 

X8-X» 

X»-l 
X*  — X 

4. 

6r»+14.T«-  4x+24 

2a;+6 

x-l 
x-l 

3a;*-2a;+4 

-  4a;2-  4a;+24 

-  ix'-Ux 

Sx+24t 

8a;+24 

8. 

.  2a5»  +  ¥ 

a  —  b 

a^  +  ab  —  6' 

5. 

9ar'  +  3a^+    x-l 
9x^-Sx^ 

3  x-l 

a^b-2ab 

»  +  68 

3,tH2x+1 

7  9                V  11 

6x^+    x-l 
6x^-2x 

3a;-l 

3a 

5-1 
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9    ar*-81y*  x  -  3y 

1 

0.  x»- 

X*- 

.V*     a:-y 

3^-3  x»y  x'+3x«y+9xy«+27v" 

3x»y~81v* 

3x»y^9a?v' 

9x»y«-81y* 
9x«y«-27xy» 

27xy»-81y* 
27xy*-81y* 

x*y  x*+j*y+x*y'f 

jy+y* 

x«y»- 

11    a*  +  32fc* 

a +  26 

a*  +  2a*b 

a*  -  2a»6  +  4a*6*  -  8a6»  +  166* 

-2a*6 
-2a*6 

+  326* 
-4a»6* 

4a»6*  +  326» 
4a»6«  +  8a«6» 

IBoAM  326» 
l«a6*  +  32  6» 

12    2a*  +  27a6»-815* 

a  +  36 

2a*  +  Ga'6 

2a»-0a*6  +  l8a6*-2' 

76* 

-6a»6  +  27ai» 
-6a»6-18a«i 

-816* 

180*6=*  + 27  a6»-8U* 
18a*6«  +  54a6» 

-27a6»-816* 
-27a6»-816* 

13.  x*-5x»  +  llx»-12x  +  6 

x*-3.T  +  3 

x*-3x»+    3x* 

x*-2x  +  2 

-2x»+    8x*-12x 
-2x*+    6x*-    6x 

2x*-    6x  +  6 
2x»-    6x  +  6 

14.  x*+    x»-   9x"-16x-4I.T*  + 4x  +  ^ 

x*  +  4x'+    4x*                    x*-3x-l 

-3x»-13x*-16x-4 
-3x»-12x*-12x 

-X*-     ' 
—  X*  —     ' 

ix-4 
4x-4 

2G 


AtGEBRA. 


16.  a:*-13aj«  +  36 


-5r»-19a:*  +  36 
-6g»~253;»-30a 

6a^  +  30aj  +  36 
6a:»  +  30g  +  36 


g*-f5a?  +  6  16.  a:* +  64 


g*  +  4z'+  Sg* 


a^-4x  +  8 


ar»-4aj  +  8 


-4a:»-  8a:*  +  64 
-4ar»-16a:»~32g 

8g»  +  32a;  +  64 
8a:»-H32a-H64 


17.  ar*+    a:»-24ar-35a;  +  57 
7^^23?-   3a» 

-  a;»-21a:*-35aj 

-  a»--   2a:»4-    3a; 

-19a;»-38x  +  57 
-19a;«-38a;  +  57 


a:*  +  2a?-3 


a:*-a;-19 


18,.  1-    x-Za^-T" 

l  +  2a;+    a? 


1  +2a;  +  a:* 


I  -3a;  +  2x«-x» 


—  3a;  — 4a:*  — x* 
-3a;-6ar»-3ar^ 


2a;*  +  3ar»-ar^ 
2a;* +  4ar'  + 2a;* 

-  ar»-2a;*-a;» 

-  a;»-2a;*-a;* 


19.   a;«-2a;»+l 
a;*-2a;*+a;* 


a;*-2a;+l 


a;*+2ar»+3a;*+2a;+l 


21.   4a;»-  a;»+4a; 
4a;*+6a;*+4ar^ 


2a?*+3a;+2 


2ar»-3a;*+2a; 


2ar^-a;*  -2ar»+l 
2a;'^-4a;*+2a;» 

3a;*-4ar»+l 
3a;*-6ar»+3a;* 


2ar»-3a;*+l 
2ar»-4a;*+2a; 

a;*-2a;+l 
a;*-2a;+l 


20.   a*+2a*6*+96* 
a*-2a36+3a*6* 


a*-2a6+36* 


a*+2a6+36* 


2a»6-  a}hH%^ 
2a»6-4a*6H6a6» 

3a*6*-6a68+96* 
3a*6*-6aft»+96* 


— 6a;*— 5ar'+4a; 
-6a;*-9ar'-6j* 

4a:'+6ar'+4a; 
4a;'+6a;*+4a; 


22.  aS-243 
a*-3a* 


a-3 


a*+3a'+9a*+27a+81 


3a*-243 
3a*-9a' 


9a'-243 
9a»-27a* 


27a*-243 
27a*-81a 


81a-243 
81a-243 
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23. 

18ar*-45a:»  +  82a:«-67ar  +  40  Sa^-ix  +  C) 

18ar*-24a:»  +  30x»                      62*-7x  +  8 

-21a:»  +  52a:»-67aj 
-21a»  +  28a*-36a; 

24a^~32x  +  40 
24a«-32a;  +  40 

24. 

aj*-9aj»-6a;v-y*  x*  +  3aj  +  y 

ai^  +  Sa^  -\-a^y           3^  —  3x  —  y 

-  33:*  -  Ua^  -  a:»y  ~  6  jy  -  y* 
-3x»-9a:»            -3art/ 

—  x*V  — 3xv  — y' 


25.  a^-Gx'y +  9a?a:»-4y* 

z*-'3g'y  4-2a:*y* 

—  Sir'y  +  7x*y*  — 4y* 
-3g»y  +  9a:».V*-6j;y» 

-2a:«y«  +  6a!y«-  ly* 
-2g'.V»-f  6a;y»-  i.V* 


a:»-3aT^-f  2.V* 


a:*-3ary-2y' 


26.  rB*  +  ic*y'+y* 

'^  —  g*y  +  g*y' 


3?  —  xy  -^y* 
3?  -\-xy  -^y* 


a?y  +  y* 

a^y  —  a^y*  +  xj^ 

ai^y'  —  xy^  +  y* 

27.   a:*  +  a:'+a:*y-ic'y*-2ay'+y' 
a^  +  a*  —  z*y 


g*  +  ag  — y 


a^  +  xy-y' 


ar*y  +  aj*y  —  a^'y*  —  2a:y*  +  y* 
g*y  +  ^y —    xy* 

—  ac'y*  —    xy'  +  y* 

—  g'y*  —    ay^  +  y* 


28.  2a;*  +    a;y-    ar2-3y»-4yz 

2a:*  +  3gy+    xz 

—  2a!y  —  2arz  —  3y*  —  4yz 
-2xv  -3y»-    yz 


—  2xz 

—  2xz 


—  'Syz 


—  f 


-2* 


-2" 
-2« 


2a;4-3y +  g 


X  -  y  —  2 
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29.  12-38x+82a^-112ar»+106a!*-70ri 

12-20a;+28a^ 

-18x+54a;»-112ar» 
-18a;+30a^-  42ar' 

24a^»-  70rr»+106a;* 
24a:»-  40a;»+  56a;* 

-  30a;»+  50ar*-70.z* 

-  30a:8-f  50a:*-70ar^ 


S-5x+7x* 


4-6a:+8a:»-10iB* 


30.  a* 

a:* 


g*  —  g'y  +  3?y^  —  a!y*  4-.v* 


x'  +  y 


a:r*y  —  ar'y^  +  a;'y®  —  a;y*  +  y* 
a^y  —  ar*y'^  +  a;^.v^  —  xy^  -\-  ^ 


31.    2a:*-7a;»y  +  2a;2y2_2ay»-y* 
2a;*  —    a;^v  +    x^y^ 

-6af^y+    a^y^-2xf 
-6a^y  +  3x^V^-Sxf 

—  23^y^+    oey^  —  y* 
~2a^y^  +    a;?/  —  y* 


2a;^— gy  +  y* 


rs^  — 3ary— y' 


32.   16ar*  +  4a;2y»4-y* 
16ar*-8a:8y  +4ar'y^ 


4  a''  — 2  a?y  +  y' 


4a;2  +  2ary  +y* 


8a:^y  +  y* 

8ar*y  —  4a;'y^  +  2ayy' 

4a^y^  —  2xy^  +y* 
4iX^y^  —  2a^  +y* 

33.  S2a^b-56a*b^+  Sa^b^-4a^b*-ab^ 
S2a^b-4Sa*b^-  8a»6» 

-  Sa*b^+16aW-4a%* 

-  Sa*b^+12a^b^+2a%* 

4:(^b^-6a^b*-ab^ 
4aW-6a^b*-ab^ 


Aa^b+eab^+l^ 


-Sa^+2a'b-ab^ 


34.   l  +  5a;»-6a;* 
l-a;  +  3a;« 


l-aj  +  3a;'« 


l+a;-2a« 


X—    a^  +  3ar* 

-2a:2  +  2ar»-6a;* 
-2a;«  +  2ar»-6a?* 
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36.    1 

-51a»6»-52a*6* 

-l+3a6+    4a«6» 

1 

_l_3a6-13o«6> 

Sab  +  4a»6'»  -  51a»6»  -  52a*  6* 
3a6-9a»6»-12a»6» 

13a»6»-39a»6»-62a*6* 
13a'»6»-39a»6>-52a*6* 

36.   x^y—xy' 

x'^y—23fiy^-\-2a^y^—    (t^y* 


a^y  -  2x^y*  4  2a-y'     y* 


ar*  +  2j:'y  +  2x^y*  +  xy* 


2ic*y'  — 22^^*4-    a;*y*— xy' 
2a^y»-4a:^y'  +  4a;*V*-23:*y* 

2a*y»-3x*y*  f2ar»y*-jry' 
2a:^y*  — 4a;*y*4-43:*y^-2j*v' 

ar*  y*  —  2  a:*  y*  +  2  j:"  y*  -  xi/' 
g*V*-2a-»y^4  2j»v'-jjy^ 


37.    a:«_6a^y+15ar*y«-20ar»y»+15a:«y*-6xy*+/laf-35»y}3xy2  ^ 

gfi-3ar>v4  3a;*y»-     a^y^  |a^-3>y  +  3 ay^-y* 

-3  a:*y+12ar*y»-19  a:3y»+15a^y* 
-3g^y+  9a:*y'-  9ar^y»+  3a:»y* 

3  a^y«-10  aj'y* + 1 2  a:»y*-6  a:y* 
3a;*y'-  9a:»v'+  9a;V-3any> 

—a^y*  +  3a:*y*— 3ary*+y* 
—  a^V*  +  3g'v*-3gy*-}-y* 


38.    aT-2a«6-2a*&*  +  2a»6*-6a*6*-3a6« 
o7_2a«6-a'^6» 


a^ 


,»_2a»6-rt6« 


a*  +  a«6»  +  36* 


a»6»  -  20*6*  +  2a«6*  -  6a?b^  -  3a6« 
a'^6«-2a*y-    aH* 

3a»6*-6a2  6*-3a6« 
3a»6*-6a»6*-3a6« 


39. 

81aj«y-54a*y«             -18  a:»y* +18  zV-1 8  ay»-9y^ 
81a*y -f-27aV +27a:'y^ 


3a;*-fa:'yHy* 


27a:*y-18a:y«-9y» 


-64a:5.y«-27aV-lSa:'y*  -  9a:*y*-18ay»-9y^ 
-54g^y' -18a:»y* -18a!y* 


-27a?y 
-27xV 


-9a:"y* 
-9gV 


-9y» 
-9^T 
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a* 


40.  a*  +  2c^b  +  Sa^b"  +  Sa^  +  166* 

2a36  +  4a'62  +  8a6» 
20^6 +8ay 

4a«6"  +166* 

4a262  +  166* 


a»  +  46» 


a«  +  2a6  +  46» 


41.  - 


aj«  +  21x»y»-24ayi  +  8t/» 
a^  +  3a:^y—    .T*y^ 


g*  +  3  an/  —  y' 


a^  +  3r»y +  8a;2y2-8y* 


-  3a:^y  +    x*y^  +  21  ar^i/*  -  24x3/5  +  Sy^ 
-3a;5y  +  9j*y^-    ^o^y^ 

-  Sx^f  +  24ar»2/3  -  24ayi  +  83/® 

-  8a;*V^  +  24ar^y*  -Sx^y* 


42.    16  a* 
16  a* 


+    80^62  +  96* 
16a«6  +  12a2  6-' 


8ar'2/*-24ay*  +  8y« 
8a:^v*-24a:y'  +  8.V^ 

4a2-4a6  +  36« 


4a'^  +  4a6  +  36» 


16a*6-   4a262  +  96* 
16a»6-16a^6^  +  12a63 

12a2&2_i2a63  +  96* 
12a-^62-12a6»  +  96* 


43. 


44. 


a^ 


3a6c  +  6'  +  c^ 


a'  +  a^  6  +  a^  c 


a  +  6  +  c 


a'^  —  a6  —  ac  +  6^^  —  6c  +  c^ 


—  a'-^  6  —  a-*  c  —  3  a6c  +  63  +  0^ 

—  a?b  —  ab^  —    abc 


a^c-hab'^-2abc  +  b^  +  (r» 


—  a^c              —  abc  —  ac^ 

- 

+  ab'^    —  a6c  +  ac^  +  6^ 
+  a62                        +63 

+  c» 
+  6V 

—  a6c  +  ac^ 

—  abc 

-626  +  03 

-  b^c  -  be 

a(? 
a^ 

-6a6c+863+c* 

a2- 

+  6c2  +  C3 

-2a6-ac+462-26c+c2 

a" 

a»-2  a26-a2c+4  a62-2  abc+ac^ 


a+26+c 


+2  a26+a2c-4  a62-4  abc-ac^  +8  63+c3 

+2a26        -4a62-2a6c        +8  63-4  6^0+2  60^ 


-\-d'c 


—2abc—ae 
—2abc—a>e 


+46'»c-26c2+c3 
+462c-26c2+c3 
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45. 

a»  +  3o«6  4-3a6»  +  6»  +  c» 
a?+    a*b              -\-a*c 

a  +  6  +  c 

a'  +  2a6  +6*  —  ac-6c  +  c* 

2o»6  +  2a6«            +  2abc 

ab*  -a^c-  2abc  +  6*  +  c* 
o6»                       +6»  +  6»c 

-a»c-2adc-6»c  +  c» 
~a*c—    abc           —a<^ 

—  abc  -  6'c  +  ac^  -^  (^ 

—  abc  —  b^c               be* 

oc*  +  b<-*  +  c» 

Exercise  18. 

1. 

a'  (ft  1-  c)  +  b'^  {a  -  c)  +  c^  {a  -  b)  ^-   abc 
a'^lb-k-c)-\-b*ia       )  +  c^ia       )  +  2abc 

a  +  6  +  c 

a  (6  +  c)  -  6c 

-abc       +6»(    -c)  +  <r»(    -b) 
-abc       +6M    -c)  +  c»(    -6) 

2. 

a^  —{a-\-b  +  c)x^-\-(ab-\-ac  +  bc)x-  abc 

^•'-(a  +  6)r  »  ab 

x  —  c 

—  cap         +{ac  +  bc)x  —  abc 

—  cap         +lac  +  bc)x  —  abc 

3. 

aP-2aaP+(a''  +  ab-b'*)x-a^b-\-ab^ 
aP  —    a^"^  +  fta:^ 

X  —  a  +  6 

x2-(a  +  6)x  +  a6 

-(a  +  6)x2  ^(^2  _^  ab-b'^)x-  d^b 
-ia  +  b)aP-\-(a^         -b*)x 

+  a62 

+  a&x  — a*6  +  a6' 
+  abx  —  a^b-^-ab* 

« 

4. 

aP  —(a*  —  6  —  c)  X*  —  (6  —  c)  ax  +  6c 

X*  +(           -\-c)aP-aaP 

x*  —  ax  +  c 

X*  +  ax  +  6 

aoP—{oP  —  b      )  X*  —  (6  —  c)  ax  +  6c 
ox*—  \a?            )  X*            +  cax 

+  6x2 
+  6x* 

6ax  +  6c 
bax  +  bc 
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v-p 


5.  y^  —{m  -^  n  -^  p)y*  +  {mn  +  mp  +  np)y  —  mnp 

—  (m  +  n       W'  +  {mn  +  mp  +  npW 

—  {m-\-n       ).v'-f(       +mp  +  n;?)V 

m7iy  -  mnp 
mny  —  mnp 

6.  ar*  +  (5  +  a)**  -  (4  —  5a  +  &)a:*  -  (4 a  +  5 6)a;  +  4  6 


y*  —  (m  +  n)y  +  m,n 


±il 


i)x»-(4 
i^-(4 


Vx* 


ojJ  —  /    _5ci  _|.  ft)ar*  — (4a  +  56Ja; 
ax*  +  (    +5a       )a:*  — (4a  )x 


0^  +  5aj  —  4 


X*  +  ox  —  6 


-hx" 


—  5  6x  +  4  6 

-  5  6x  +  4  6 


7. 


x'— (a+c)gH-gc 


2^—{h-\-d)x+hd 


a^-(a-\-b-\-c-{-(r)a^+((ib-\-a^-\-(id+bc+bd+cd)3^—(abci-abd+acd-^bcd)^ 
x*—{a     -\-c      )x^-l-(    -t-gc )x^ 

— (  -f6      +c?)r'+(a&       +arf+6c+6d+crf)x*— (a6c+a6c?+acd+6cd)x 
-(  +6      •f</).c^+(a6        -\-ad-\-bc        -^cd)a^—(abc  -\-acd 


i 


bdx*-^ 
bdx^ 


i 


8. 

si^-(m—c)ai*-\-{n—cm-\-d)a^-\-(r-\-cn—dm)a^-^{cr-\-dn)x-\-dr 
x^-jm     )x*+(n )x^"i-(r )x^ 

cx*+(  — cm+(i)x'+(  +cn— c?m)x^+rcr+c?7i)x 
ca?*-|-(  —cm      )r^+(  -fcn         )x*4-(cr        )g 

cZx*  —dma?         ■\-dnx-\-dr 

dj?  —dm3?  -\-dnx-\-dr 


•\-abd         ■^bcd)x+abcd 
•^abd         +bcd)x+abcd 


a^—mx!^-{-nx-\-r 


x'+cx+c? 


9. 

X*  —  mx*  +  Tix*  —  nx*  +  ttuj  —  1 

X*  —  X* 


x-1 


x*+  (1  -  mV  +  (1  -  m  -i-  n)x'  +  (1  -  m)x  + 1 


(1  —  m)  X*  +  nx*  —  nx''  +  mx  —  1 
(1  —  m)x*  — (1  —  m)x^ 


1  —  m  +  n)  X*  —  nx*  +  mx  —  1 
1  —  m  +  w)  x'  —  (1  —  m  "i-  n)  x' 


(1  —  m)x*  +  mx—  1 
(1  —  mjx*  — (1  —  m)x 

x-1 

x-1 


10.  (x  +  y)»  +  3(x  +  y)''2  +  3 (x  +  y)z^  +  z* 
(x  +  yf  +  2  (x  -H  y)^2  +    (x  -f  y)  z^ 


(a;  +  y)'-H2(x  +  y)2  +  2» 


x  +  y  +  3 


(x  +  y)h  +  2  (x  +  y)  2*  +  z* 
(x  +  yYz  +  2(x  +  y)z^  +  t? 
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Exercise  19. 


1.  5a:- 1  =  19, 

5a;  =  19  +  l, 
5x=20, 
a:  =  4. 

2.  3a; +  6  =  12, 

3a;=12-6. 
3a;  =  6, 
a;  =  2. 

3.  24a;  =  7a; +  34, 
24  a; -7a;  =  34, 

17a;  =  34, 
x  =  2. 

4.  8a; -29  =26 -3a;, 
8a;  +  3a;  =  26 +  29, 

11a;  =  55, 
a;  =  5. 

6.  12 -5a;  =19 -12a;, 

-  5a;  +  12a;  =  19 -12, 

7x-7, 
a;^l. 

6.    3a;  +  6-2a;  =  7a;, 
3a; -2a; -7a;  =  -6, 
-6a;  =  -6, 
a;  =  1. 


8.  16a;  -  11  =  7a; +  70. 
16a; -7a;  =  70 +11, 

9a;»81, 
x=.9. 

9.  24j;-49=19x-14, 
24x-19x  =  49-14, 

6x  =  36, 

x  =  7. 

10.  3x  +  23=78-2x, 
3x  +  2x»78-23, 

5x  =  55, 
x=ll. 

11.  26-8x  =  80-14x, 
14x-8x=.  80-26, 

6x-54, 
x  =  9. 

12.  13-3x  =  5x-3, 
-5x-3x  =  -3-13, 

-8x  =  -.16, 
x  =  2. 

13.  3x-22  =  7x  +  6, 
3x-7x  =  6  +  22, 

-4x  =  28, 
x  =  -7. 


7.  5x  +  50=4x  +  56, 

5x-4x  =  56-50, 
x=6. 


14.         8+4x=12x-16, 
4x-12x  =  -16-8, 
-8x  =  -24, 
x  =  3. 


15.  5x  -  (3x  -  7)  =  4x  -  (6x  -  35), 

5x  —  3x  +  7  =  4x  —  6x  +  35, 
-4x  +  5x  — 3x  +  6x  =  35-7, 

4x  =  28, 
x=7. 

16.  6x  -  2(9  - 4x)  +  3(5x  -  7)  =  lOx  -  (4  +  16x  +  35), 

6x  -  18  +  8x  +  15x  -  21  =  lOx  -  4  -  16x  -  35, 
6x  +  8x  +  15x  -  lOx  +  16x  =  18  +  21  -  4  -  35, 

35x  =  0, 
x  =  0. 
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17.     9aj-3(5a:-6)  +  30  =  0, 
9aj-15aj  +  18+30  =  0, 

9aj-15x  =  -18-30, 

-6aj  =  -48, 

a;  =  8. 

la  a;- 7  (4a; -11)  =  14 (a;- 5) -19 (8 -a:) -61. 

a;  -  28a;  +  77  =  14a;  -  70  -  152  +  19a;  -  61, 
aj-28x-14a;-19a;  =  -70-152-61-77, 
-60  a;  =  -360, 
x  =  6. 

19.  (aj  +  7)  (x  -  3)  =  (a;  -  5)  (x  -  15), 

a;*  +  4x  -  21  =  x*  -  20x  +  75, 
4x  +  20x  =  75  +  21, 
24x  =  96, 
x  =  4. 

20.  (x  -  8)  (x  +  12)  =  (x  +  1)  (x  -  6), 

x«  +  4x-96  =  x»-5x-6, 
4x  +  5x  =  -6  +  96, 
9x  =  90, 
x=10. 

21.  (x-2)(7-x)+(x-5)(x  +  3)-2(x-l)  +  12=-0, 

9x  -  14  -  x2  +  x»  -  2x  -  15  -  2x  +  2  +  12  =  0, 
9x  -  2x  -  2x  =  14  +  15  -  2  - 12, 
5x=  15, 
X  =  3. 

22.  (2x  -  7)  (x  +  5)  =  (9  -  2x)  (4  -  x)  +  229, 
2a:«  -I-  3x  -  35  =  36  -  17x  +  2x»  -f  229, 

20  x  =  300, 
x  =  15. 

23.  14-x-5(x-3)(x  +  2)  +  (5-x)(4-5x)  =  45x-76, 

14  _  a;  -  5x«  +  5x  +  30  +  5x*  -  29x  +  20  =  45x  -  76, 
5x-29x-45x-x  =  -76-20-30-14, 
-70x  =  -140, 
x  =  2. 


24. 


(a;  +  5)«_(4_a;)«  =  21x, 

(x«  +  lOx  +  25)  -  (16  -  8x  +  X*)  =  21 X, 

X*  +  lOx  +  25  - 16  +  8  X  -  X*  =  21 X, 


lOx  +  8  X  -  21 X  =  -  25  +  16, 
3x  =  -9, 
x  =  3. 


25.  5(x  -  2y  +  7(x  -  Zy  =  (3x-7)(4x- 19)  +42, 

5(x*  -  4x  +  4)  +  7(x*  -  6x  +  9)  =  12x2-85x  + 133  +  42, 
5x«-20x  +  20  +  7x2-42x  +  63  =  12x-85x  +  133  +  42, 

23  3:  =  92. 


23x  =  92, 
=  4, 


f 

w 
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ExERasE  20. 

1-  To  the  double  of  a  certain  number  I  add  14,  and  obtain  as 
a  result  154.    What  Is  the  number  ? 

Let  X  »  the  number. 

Then  2x  =  its  double, 

and  2  a;  +  14  =  its  double  increaRed  by  14, 

But  154  » its  double  increased  by  14. 

Therefore,  2  a;  -f  14  =  154.  2  a;  =  140,  a;  -  70. 

2.  To  four  times  a  certain  number  I  add  16,  and  obtain  as  a 
result  188.    What  is  the  number  ? 

Let  X  —  the  number. 

Then  4  x  =  4  times  the  number, 

and  4x  +  16  =>  4  times  the  numbar  increased  by  16. 

But  1&8  =  4  times  the  number  increased  by  16. 

Therefore,  4x  + 16  =  188,  4x  =  172,  x  =  43. 

3.  By  adding  46  to  a  certain  number,  I  obtain  as  a  result  a 

number  three  times  as  large  as  the  original  number.    Find  the 

original  number. 

Let  X  =  the  original  number. 

Then  3x  =  3  times  the  original  number. 

But  X  +  46  =  3  times  the  original  number. 

Therefore,  3x  =  x  +  46,   2x  =  46,  x  =  23. 

4.  One  number  is-three  times  as  large  as  another.  If  I  take 
the  smaller  from  16  and  the  greater  from  80,  the  remainders  are 
equal.    What  are  the  numbers  ? 

Let  X  =  the  smaller  number. 

Then  3x  =  the  larger  number, 

and  16  —  X  =<  16  diminished  by  the  smaller  number  ; 

also,  30  —  3x  =  30  diminished  by  the  larger  number. 

Therefore,     16-x=»30-3x,   2x=14,  x  =  7,  3x=21. 

6.  Divide  the  number  92  into  four  parts,  such  that  the  first 
exceeds  the  second  by  10,  the  third  by  18,  and  the  fourth  by  24. 

Let  X  =  the  first  part. 

Then  x  —  10  =  the  second  part, 

a?  — 18  =  the  third  part, 
X  —  24  =  the  fourth  part, 
and  4x  —  52  =»  the  whole  number. 

But  92  =»  the  whole  number. 

.•.4x-52  =  92,  4x=144,  x=36,  x-10  =  26,  x-18  =  18.  x-24-12. 
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6.  The  snm  of  two  numbers  is  20 ;  and,  if  three  times  the 

smaller  number  be  added  to  five  times  the  greater,  the  sum  is  84. 

What  are  the  numbers  ? 

Let  X  =  the  greater  number. 

Then         20  —  jc  =  the  smaller  number, 

5aj  =  5  times  the  greater  number, 
3  (20  —  x)  =  3  times  the  smaller  number, 
5a5  +  3(20  —  x)  =  6  times  the  greater  +  3  times  the  smaller. 
But  84  =  5  times  the  greater  +  3  times  the  smaller. 

.•.5a;  +  3(20-a;)  =  84,   6aj  +  60-3aj=84,   2a;  =  24,   ar=12.  20-a;=8. 

7.  The  joint  ages  of  a  father  and  son  are  80  years.    If  the 

age  of  the  son  were  doubled,  he  would  be  10  years  older  than  his 

father.    What  is  the  age  of  each  ? 

Let  X  =  number  of  years  of  father's  age. 

Then         80  —  x  =  number  of  years  of  son's  age, 

2(80  —  a:)  =  number  of  years  of  father's  age  +  10, 
a;  +  10  =  number  of  yeai?  of  father's  age  +  10. 
.•.2(80-a;)-a;  +  10,  160-2a;=a;+10,  -3a;  =  -150,  a; =50,  80 -a;  =  30. 

8.  A  man  has  6  sons,  each  4  years  older  than  the  next  younger. 

The  eldest  is  three  times  as  old  as  the  youngest.    What  is  the 

age  of  each? 

Let  X  =  number  of  years  of  age  of  youngest. 

Then  a?  +  4  =  number  of  years  of  age  of  second, 

a;  +  8  =  number  of  years  of  age  of  third, 
a?  +  12  =  number  of  years  of  age  of  fourth, 
a;  +  16  =  number  of  years  of  age  of  fifth, 
a?  +  20  =  number  of  years  of  age  of  sixth. 
3  a;  =  ^  times  age  of  youngest. 
.•.3a; -a: +  20,   2a;  =  20,   a;=10,   x+   4  =  14,   a;  +    8  =  18, 

a; +  12  =  22,  a; +  16  =  26,   a; +  20  =  30. 


9.  Add  ^  24  to  a  certain  snm  and  the  amount  will  be  as  much 

above  ^80  as  the  sum  is  below  $80.    What  is  the  sum? 

Let  X  =  number  of  dollars  in  sum. 

Then  x  +  24  —  80  =  number  of  dollars  above  80, 
and  80  —  X  =  number  of  dollars  below  80. 

.•.x  +  24-80=80-x,   2x=136,   x=68. 

10.  Thirty  yards  of  cloth  and  40  yards  of  silk  together  cost 

$330 ;  and  the  silk  cost  twice  as  much  a  yard  as  the  cloth.   How 

much  does  each  cost  a  yard? 

Let  X  =  number  of  dollars  one  yard  of  cloth  cost. 

Then  2x  •=  number  of  dollars  one  yard  of  silk  cost. 

30x  +  80x  =  number  of  dollars  all  cost. 
But  330  =  number  of  dollars  all  cost. 

.-.  30x  +  80x  =  330,   110x  =  330,   x  =  3,   2x=.6. 


TEACHERS*   EDITION.  37 


11.  Find  the  number  whose  doable  increased  by  24  exceeds 

80  by  as  much  as  the  number  itself  is  less  than  100. 

Let  X  =  the  number. 

Then       22;  +  24  »  its  double  increased  by  24, 
2  a:  +  24  -  80  =  excess  over  80. 

100  —  x  =  difference  between  the  number  and  100. 

.•.2x  +  24-80  =  100-a?,   3x«156,  x  =  52. 

12.  The  sum  of  650Q  is  divided  among  A,  B,  C,  and  D.  A 
and  B  have  together  $280,  A  and  C  9  260,  and  A  and  D  $220. 
How  much  does  each  receive? 

Let  X  —  number  of  dollars  A  has. 

Then  280  —  x  =  number  of  dollars  B  has, 
260  —  ic  =  number  of  dollars  C  has, 
220  —  x  =  number  of  dollars  D  has, 
760  —  2x  =  number  of  dollars  all  have. 

But  500  »  number  of  dollars  all  have. 

.•.700-2x  =  500,       -2a;  =  -260,         x  - 130. 
280-a;=150,   260-a;  =  130,   220-x  =  90. 

13.  In  a  company  of  266  persons  composed  of  men,  women, 
and  children,  there  are  twice  as  many  men  as  women,  and  twice 
as  many  women  as  children.    How  many  are  there  of  each? 

Let  X  =»  number  of  children. 

Then  2aj  =»  number  of  women, 

and  4a;  =  number  of  men, 

7x  =»  whole  number. 
But  2QQ  =  whole  number. 

.•.7a;  =  266,  x=38,   2x=76,  4x  =  152. 

14.  Find  two  numbers  diffbring  by  8,  such  that  four  times  the 
less  may  exceed  twice  the  greater  by  10. 

Let  X  =  greater  number. 

Then  x  —  8  =»  smaller  number. 

4(a;_8)-2x  =  10. 

.•.4x-32-2x  =  10,  2x  =  42,  x  =  21,  x-8  =  13. 

15.  A  is  58  years  older  than  B,  and  A's  age  is  as  much  above 
60  as  B's  age  is  below  60.    Find  the  age  of  each. 

Let  X  =  number  of  years  of  B's  age. 

Then         x  +  58  =  number  of  years  of  A's  age, 

(x  +  58)  —  60  =  number  of  years  of  A's  age  above  60, 
50  —  X  =  number  of  years  of  B's  age  below  50. 

.•.(x  +  58)-G0  =  50-x,   2x  =  52,   x  =  26,   x  +  58  =  84. 
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16.  A  man  leaves  his  property,  amounting  to  $7500,  to  be 

divided  among  his  wife,  his  two  sons,  and  three  daughters, 

as  follows :  a  son  is  to  have  twice  as  much  as  a  daughter,  and 

the  wife  $500  more  than  all  the  children  together.    How  much 

will  be  the  share  of  each? 

Let  X  =  number  of  dollars  in  a  daughter's  share. 

Then        2x  =  number  of  dollars  in  a  son's  share, 
and  3  a;  =  number  of  dollars  given  to  all  the  daughters ; 

also,  4  a; »  number  of  dollars  giVen  to  all  the  sons. 

7x  =  number  of  dollars  given  to  all  sons  and 
daughters, 
7x  +  500  =  number  of  dollars  ^iven  to  wife, 
7a;  +  7aj  +  500=  number  of  dollars  m  whole  estate. 
But       7500  =  number  of  dollars  in  whole  estate. 

.-.  7a;  +  7a;  +  500  =  7500,  14aj  =  7000,   a;  =  500, 

2x  =  1000,   7a;  +  500  =  4000. 

17.  A  vessel  containing  some  water  was  filled  by  pouring  in 

42  gallons,  and  there  was  then  in  the  vessel  seven  times  as  much 

as  at  first.    How  much  did  the  vessel  hold? 

Let  x  =  number  of  gallons  the  vessel  holds. 

Then  a;  —  42  =  number  of  gallons  there  were  in  the  vessel, 
7  (a;— 42)  ==  7  times  number  of  gallons  there  were  at  first. 

.-.a;  =7 (a; -42),  a;  =  7a; -294,   -6a;  =  -294,   a;  =  49. 

18.  A  has  $  72  and  B  has  $52.    B  gives  A  a  certain  sum ;  then 

A  has  three  times  as  much  as  B.    How  much  did  A  receive 

from  B? 

Let  X  =  number  of  dollars  A  receives  from  B. 

Then  52— a;  =  number  of  dollars  B  has  left, 
and         72  +  a;  =  number  of  dollars  A  has. 

.-.72  + a;  =3(52 -a;),   72  +  a;  =  156 -3a;,  4a;=84,   a;  =  21. 

19.  Divide  90  into  two  such  parts  that  four  times  one  part 

may  be  equal  to  five  times  the  other. 

Let  X  =  larger  number. 

Then  90— a;  =  smaller  number. 

.•.4a;=5(90-a;),  4a;  =  450-5a;,  9a;  =  450,  a;  =  50,  90-a;  =  40. 

20.  Divide  60  into  two  such  parts  that  one  part  exceeds  the 

other  by  24. 

Let  X  =  lesser  part. 

Then  a;  +  24  =  greater  part. 

.•.a;  +  a;  +  24  =  60,   2x  =  36.   a;  =  18,   a;  +  24  -  42. 
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21.  Divide  84  into  two  such  parts  that  one  part  may  be  less 

than  the  other  by  36. 

Let  x  =  lesser  part. 

Then  x  +  36  =•  greater  part. 

.•.a;  +  aj  +  36=84,   2aj-48,  «-24,  84-«-60. 

22.  A  is  twice  as  old  as  B,  and  22  years  ago  he  was  three 
times  as  old  as  B.    What  is  A's  age? 

Let  X  =>  number  of  years  of  B*s  age. 

Then       2x  =  number  of  years  of  A's  age ; 
also,      X  —  22  »  number  of  years  of  B's  age  22  years  ago, 
and     2  a;  —  22  =  number  of  years  of  A's  age  22  years  ago. 

.-.  3(x-22)=.2a;-22,   3x- 66 -2a; -22.  x-44,  2x-88. 

23.  A  lather  is  30  and  his  son  6  years  old.    In  how  many 

years  will  the  father  be  Just  twice  as  old  as  the  son? 

Let  X  =  number  of  years. 

Then  x  +  30  =  number  of  years  of  father's  age  x  years  hence, 
and         X  +  6  =>  number  of  years  of  son's  age  x  years  hence. 

.•.30  +  x  =  2(x  +  6),  30  +  x  =  2x  +  12,  x-18. 

24.  A  is  twice  as  old  as  B,  and  20  years  since  he  was  three 
times  as  old.    What  is  B*s  age? 

Let  X  =>  B's  age. 

Then        2x»A'sage; 
also,      X  —  20  =  B's  age  20  years  since, 
and     2x  —  20  =  A's  age  20  years  since. 

.•.2x-20  =  3(x-20),   2x-20  =  3x~60,  x  =  40. 

25.  A  is  three  times  as  old  as  B,  and  19  years  hence  he  will 
be  only  twice  as  old  as  B.    What  is  the  age  of  each? 

Let  X  =  number  of  years  of  B's  age. 

Then       3x  =»  number  of  years  of  A's  age ; 
also,      X  +  19  =  number  of  years  of  B's  age  19  years  hence, 
and     3x  +  19  =a  number  of  years  of  A's  age  19  years  hence. 

.•.3x  +  19  =  2(x  +  19),  3x  +  19  =  2x  +  38,  x  =  19,  3x  =  57. 

26.  A  man  has  three  nephews ;  his  age  is  60,  and  the  joint 

ages  of  the  nephews  is  42.    How  long  will  it  be  before  the  joint 

ages  of  the  nephews  will  be  equal  to  that  of  the  uncle? 

Let  X  =  the  number  of  years. 

Then  50  +  x  =  number  of  years  of  uncle's  age  x  years  hence. 
3x  +  42  =  number  of  years  of  nephews'  age  x  years  hence. 

.•.3x+42«50  +  x.   2x  =  8,   x=l 
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27.  A  sum  of  money  consists  of  dollars  and  twenty-five-cent 

pieces,  and  amounts  to  $20.    The  number  of  coins  is  50.    How 

many  are  there  of  each  sort? 

Let  X  —  number  of  dollars. 

Then  50— a;  =  number  of  quarters, 

and  X  +  — 7-^  =  sum  in  dollars. 

But  20  =  sum  in  dollars. 

...  a?  +  55z:^  =  20,  4a;  +  50-aj  =  80,  3a;=30,  a:=10.  50-x=40. 
4 

28.  A  person  bought  80  pounds  of  sugar  of  two  different 

kinds,  and  paid  for  the  whole  $2.94.     The  better  kind  cost  10 

cents  a  pound,  and  the  poorer  kind  7  cents  a  pound.    How  many 

pounds  were  there  of  each  kind? 

Let  X  =  number  of  pounds  of  the  better  kind. 

Then  30 —a;  =  number  of  pounds  of  the  poorer  kind, 

and  10  a;  +  7(30— ar)  =  number  of  cents  he  paid  for  all. 
But  294  =  number  of  cents  he  paid  for  all. 

.-.  10a;  +  7(30  -x)  =  294,   10a;  +  210  -  7a;  =  294, 
3a;  =  84,     a- =  28,    30 -a;  =  2. 

29.  A  workman  was  hired  for  40  days,  at  $  1  for  every  day 
he  worked,  but  with  the  condition  that  for  every  day  he  did  not 
work  he  was  to  pay  45  cents  for  his  board.  At  the  end  of  the 
time  he  received  $22.60.    How  many  days  did  he  work? 

Let  X  =  number  of  days  he  was  idle. 

Then  40— a;  =  number  of  days  he  worked, 

and  45a;  =  number  of  cents  he  paid  for  board  ,• 

also,    4000  —  100  a;  =  number  of  cents  he  received  for  work, 
(4000  —  100a;)— 45  a;  =  number  of  cents  cleared. 

But  2260  =  number  of  cents  cleared. 

.-.4000 -100a; -45a;  =  2260,   -  145a;  = -1740,   a;  =  12,  40  -  a;  =  28. 

30.  A  wine  merchant  has  two  kinds  of  wine ;  one  worth  60 
cents  a  quart,  and  the  other  75  cents  a  quart.  From  these  iie 
wishes  to  make  a  mixture  of  100  gallons,  worth  $2.40  a  gallon. 
How  many  gallons  must  he  take  of  each  kind? 

Let  X  =  number  of  gallons  at  $2. 

Then       100  —  a;  =  number  of  gallons  at  $3, 
and  2  a;  =  number  of  dollars  one  part  cost ; 

also,        3^100  —  x)==  number  of  dollars  the  other  part  cost, 
and  2a;+3(100  —  a;)  =  number  of  dollars  all  cost. 

But  240  =  number  of  dollars  all  cost. 

.•.2a; +  3(100 -a;)  =  240,   2a;  +  300 -3 a;  =  240,   a;  =  60,   100-a;=40. 
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31.  A  gentleman  gave  some  children  10  cents  each,  and  had 
a  dollar  left.  He  found  that  he  would  have  required  one  dollar 
more  to  enable  him  to  give  them  15  cents  each.  How  many 
children  were  there? 

Let  X  =  number  of  children. 

Then  10  a;  =  number  of  cents  given, 

and         10  a?  +  200  =  number  of  ceuts  required  to  give  each  15  eta. 
But  15x  »  number  of  cents  required  to  give  each  15ct8. 

.-.  10a; +  200=  15a?,   -5x  =  -200,  x  =  40. 

32.  Two  casks  contain  equal  qnantlties  of  vinegar :  fh>m  the 
first  cask  34  quarts  are  drawn;  fVom  the  second,  20  gallons;  the 
quantity  remaining  in  one  vessel  is  now  twice  that  in  the  other. 
How  much  did  each  cask  contain  at  first? 

Let  X  —  number  of  quarts  each  contained  at  first. 

Then  af— 34  =  number  of  quarts  first  now  contains, 

and  a:— 80  =  number  of  quarts  second  now  contains. 

2(aj  —  80)  =  twice  the  No.  quarts  second  now  contains. 
.•.2(aj-80)  =  a;-34,   2a:- 160  =  x- 34,  a; -120. 

33.  A  gentleman  hired  a  man  for  12  months,  at  the  wages  of 
$90  and  a  suit  of  clothes.  At  the  end  of  7  months  the  man  quits 
his  service,  and  receives  $33.75  and  the  suit  of  clothes.  What 
was  the  price  of  the  suit  of  clothes? 

Let  X  —  number  of  dollars  the  suit  cost. 

Then  a:  +  90  =  number  of  dollars  he  receives  by  the  year. 

and  -^ —  =  number  of  dollars  he  receives  by  the  month. 

12  ^ 

and  i\^-r — I  _  number  of  dollars  he  receives  for  7  months. 

12 
But      X  +  33.75  =  number  of  dollars  he  receives  for  7  months. 

.  t^Lt^  ^  X  +  33.16,   7a; +  630  =  405  + 12a;,   5a;  =  225,  x=45. 

34.  A  man  has  three  times  as  many  quarters  as  half-dollars, 
four  times  as  many  dimes  as  quarters,  and  twice  as  many  half- 
dimes  as  dimes.  The  whole  sum  is  $7.30.  How  many  coins 
has  he  altogether? 

Let  X  =  number  of  half-dollar  pieces. 

Then  *    3  a;  =  number  of  quarter-dollar  pieces, 

12  a;  =  number  of  dimes, 
24  a;  =  number  of  half-dimes. 
a3xl2x24a;_^j^^  whole  sum  in  dollars. 
2      4        10       20 

But  7.30  =  the  whole  sum  in  dollars. 

...?  +  ?£  +  125+24x_  ,7  3Q    ^Q^     ^5^     24a;  +  24a;  =  146, 
2      4       10       20 

73a;  =  146,  a;  =  2,   3a;  =  6,   12x  =  24,   24a;  =  48. 


42  ALGEBRA. 


35.  A  person  paid  a  bill  of  $15.25  with  quarters  and  half- 
dollars,  and  gave  51  pieces  of  money  altogether.  How  many  of 
each  kind  were  there? 

Let  X  =  number  of  half-dollars. 

Then         51  —  a:  =■  number  of  quarter-dollars. 

50ar  =  number  of  cents  in  half-dollars, 
25^51  —x)  =  number  of  cents  in  quarter-dollars, 
50a;  +  25(51  —  a;)  =  number  of  cents  in  all. 
But  1525  —  number  of  cents  in  all. 

.-.  50x  -f  25(51  -x)=  1525,  50 ar  -\- 1275  -  25a;  =  1525, 

25 a;  =  250,  a;  =10,  51 -a;  =  41. 

36.  A  bill  of  £  100  was  paid  with  guineas  (21  shillings)  and 
half-crowns  (2]  shillings),  and  48  more  half-crowns  than  guineas 
were  used.    How  many  of  each  were  paid? 

Let  X  =  number  of  guineas. 

Then         a;  +  48  =  number  of  half-crowns, 
21a;  -f-  2}(a;  -f  48)  =  number  of  shillings  in  the  lot. 
But  2000  =  number  of  shillings  in  the  lot. 

.-.  21  a; -f  2}  (a;  +  48)  =  2000,   21  a;  +  ^  ^  "^  ^^^  =  2000, 

42  a; -}- 5  a; -t- 240  =  4000,  47  a;  =  3760,  a;  =  80,  a;  +  48  =  128. 

Exercise  21. 

1.  {x  +  yf  ,  9.   (ab  +  cdy 

=  a^-\-2xy+y\  =  a^b^  +  2ahcd  +  c«(P. 

2.  (y-zy  10.  (3mn-4)2 

=  2/«  -  2yz  +  z\  =  9mV  -  24m7i  +  16. 

3.  {2x  +  lY  11.  (12-h5a;)« 

=  4a;»  -f  4a;  +  1.  =  144  -f  120a;  +  25a;». 

4.  {2a +5 by  12.   {4:xy^-yz^y 

=  4a2  +  20a6  +  256«.  =  16a;y  -8xfz^  +  yh^. 

5.  (l-a;2)2  13.  (Sabc-bcdf 

=  l-2a;2-fa;*.  =9 a'b^c^ -  6 ab^c^d  +  b^c^d^. 

6.  {Sax-ix^f  14.   (4ar»-a'y^)2 

=  9aV  -  24 aar»  -i-  16a;*.  =l6sfi-Sx*y^  +  a^y*. 

7.  (l-7a)«  16.   {x-{-y){x-y) 
=  l-14a-f  49a2.  =:^-y\ 

8.  ipxy  +  2f  16.  (2a-H&)(2a-5) 
=  25a;2y2  ^  20xy  +  4.  =  4a2 -bK 
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17.  (l  +  o  +  6)(l-.a-5)  18.  (1 -a  +  6)(1  +  a-6) 

=  [l+(a  +  6)][l-(a  +  6)]  =-[l-(a-6)][l +(a-6)] 

=  1  —  (a  +  6)='  - 1  -  (a  -  6)« 

=  1  ~  a«  -  2a5  -  ft*.  -  1  -  a*  +  2aft  -  6". 

19.  (a*  +  aft  +  6«Xa' -  <»^  +  *') 

-  [(a»  +  ft»)  +  aftl[(a«  +  ft»)  -  oft] 
=  (a»  +  ft«)^  -  a«ft« 

-  a*  +  2a»ft»  +  ft*  -  a«ft« 
-a*  +  2a«ft»-a»ft«  +  ft* 
=»a*  +  a»ft»  +  ft*. 

20.  (3a  +  2ft-cX3a-2ft  +  c) 

=  [3a  +  (2ft  -  c)][3a  -  (2ft  - c)l 
=  9a«-(2ft-c)» 
=  9a«-(4ft«~4ftc  +  c^ 
«9a>-4ft»  +  4ftc-c«. 


Exercise  22. 

1.  (x  +  y  +  z)*  =  a*  +  y'  +  2*  +  2a:y  +  2xz  +  2y2. 

2.  (a;  -  y  +  «)'  =  a;*  +  y*  +  2»  —  2a7  +  2aa  -  2yz. 

3.  (m+n— p— g')*  =  w'+n'+p^-f  j'-f 2mn— 27?ip— 27»i^— 2np-2n^+2pj. 

4.  (x»  +  2«-3)«=a?*+4a:«-2a:»-12aJ  +  9. 

5.  (a;»-6a;  +  7)»  =  a^-12x»  +  50a:»-84x  +  49. 

6.  (2x»  -  7a;  +  9)«  =  4ar* -  28«»  +  85 a^  -  126a;  +  81. 

7.  (a;*  +  y»-2*)'»  =  a;*  +  y*  +  2*  +  2a;»y*-2a;*2»-2y*2*. 

8.  (a;*-4a;V*  +  y*)«=-a;8^13a^y4  +  2/S_8a;«y*~8a;y. 

9.  (a'  +  ft»  +  c»)«  =  a«  +  ft«  +  cJ«  +  2a»ft»  +  2aV  +  2ft»c». 

10.  (a;8-y8-z»)2  =  aJ«  +  y«  +  2«-2ar»y»-2ar»r»  +  2y»2». 

11.  (a;  +  2y  -  3z)*  =  a;*  +  4y«  +  9z«  +  4a;y-  6az  -  12yz. 

12.  (x*  -  2y«  +  52«)«  -  a;*  +  4y*  +  252*  -  4a;«y*  +  lOarV  ~  20yV. 

13.  (a;»  +  2x-2)2  =  x*  +  4a;»-8x  +  4. 

14.  (x»-5x  +  7)»-a;*  +  39ar»-10x»-70x  +  49. 

15.  (2x»-3x-4)»  =  4a;*-12a;»-7a;^  +  24x  +  16. 

16.  (x  +  2y  +  32)«  -  x»  +  4y«  +  92^  +  4xy  +  exz  +  \2yz. 
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Exercise  23. 


1.  (a;  -f  2)(ar  +  3)  =  a»  +  5a;  +  6. 

2.  (x  +  l)(x  +  5)=a»-f  6a;  +  5. 

3.  (a:-3Xaj-6)-a:»-9a?  +  18. 

4.  (x-8)(x-l)  =  a*-9a;  +  8. 
6.  (a;-8)(a;  +  l)  =  a,'»-7x-8. 

6.  (a;-2)(a;  +  5)  =  a:»  +  3ar-10. 

7.  (a;-3)(a?  +  7)  =  a;»  +  4a;-21. 

8.  {.i--2)(x-4)  =  a;«-6a;  +  8. 

9.  (.r  +  l)(a:  +  ll)  =  x2^i2a.+ii. 

10.  (.T-2a){a;+3o)  =  a;2+aa;-6o2. 

11.  {x  —  c)(a;  —  d) 

=  a;'  —  (c  +  a)aj  +  cc?. 


12.  (x~Ay)(x+y)  =  «»-3a:y-4y«. 

13.  {a-26)(a-56)=a''-7a6+106«. 

14.  (.r«  +  2v'')0c*  +  y») 
=  a;*  +  '3xy +  2y*. 

16.   (x^  —  3  .iy)(.T^  +  xy) 
=  x*-2ar»y-  3a;Y. 

16.  (ax  -  9)(a.r  +  6) 

=  a^x^  —  3  a.r  —  54. 

17.  {x  +  a){x-b) 

=  x'  +  (a  —  6)  .T  —  ab, 

18.  (x-ll)(x  +  4)  =  x2_7a._44 

19.  (x  +  12)(x-n)=xHx-132. 

20.  (x-10)(x  -  5)  =  x2- 15x4-50. 


Exercise  24. 


1.  liii^-l  +  2x. 
l-2x 


7.   — ; =  ao  —  e. 

ao  -\-  c 


2.  i^li^=l_2x. 
l-f2x 


3.   9-!^  =  3a-6. 


3a  +  6 


o. -'^   =2x  — 4v. 

2x  +  4y  ^ 

9.  f4«!  =  7  +  2a. 
7-2a 


-     9a2-62 

4.   =  3  a  +  0. 

3a—  0 


5.  iMll9?  =  4a-36. 


4a  +  36 


6.  hzl^  =  i^sz, 

1-32 


10.   — ^  =  X  —  9  y. 

x  +  9y  "^ 

nl  —  (x  —  v)^      1 
.     — \. iu  =  1  -  X  +  y. 

12.   ^- f-  =  a  -  6  —  c. 

a  +  (6  +  c) 


teachers'  edition. 


45 


lo    (x  -f-  yY  -  25         ,      ^  - 
*^*   "7 — ^ T"  =  a?  +  y  +  5. 

14.    l-(a-56)«^ 

l+(a-56)  ^ 


Exercise  25. 


1.  (y»-i)-«-(y-i)      • 

=  y»  +  y  +  l. 

2.  (6»-125)  +  (6-5) 
=  6^  +  56  +  25. 

3.  (a»  -  216) -«- (a  -  6) 
=  a«  +  6a  +  36. 

4.  (aJ»  -  343)  +  (a;  -  7) 
=  a:»  +  7a?  +  49. 

5.  (l-8a^)^(l-2a;) 
=  l  +  2a;  +  4x». 

6.  (8o»ar»-l)^(2aa;-l) 
=  4aV  +  2aa;  +  l. 

7.  (l-27r»y»)  +  (l-3a:y) 
=  l+3ay  +  9a^y2. 


9.  (a;»  +  y«)  +  (a;  +  y) 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


8.  (64a»6»-27ar»)-f-(4o6-3x)      17. 


18. 


l  +  8a»)4.(l  +  2a) 
-l-2o  +  4a«. 

27a»  +  &^  +  (3a  +  6) 
-9a»-3a6  +  6». 

8a»x»  +  l)  +  (2a«  +  l) 
=  4a«x*-2ax  +  l. 

i»  +  27y»)  +  (a;  +  3y) 
-x»  — 3ajy  +  9y'. 

512x»y"  +  2»)  +  (8  .ry  +  2) 

729o»  +  2166»)  +  (9a  +  66) 
=  81a«-54a6  +  366«. 

64a>  +  10006»)  +  (4o  +  106) 
=  16a«-40a6  +  1006«. 

64a»6»  +  27aj»)4.(4a6  +  3a;) 
16a'6«-12a6x  +  9a:». 

ic»  +  343)  +  (a;  +  7) 
a;*-7»  +  49. 


19.   (27a;»y»  +  82»)-^(3ay  +  22) 
=  9  ajy  —  6  a:y2  +  4  2'. 
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Exercise  26. 

1.  (a;*  -  y*) -H  (a?  -  y) 

=  0^  +  x^y  +  xy^  +  y*. 

2.  (ar*-y*)  +  (a:  +  y) 

=  rr*  —  7?y  -{■  xy^  —  y*. 

3.  (a«  -  a«) -4- (a  -  a;) 

=  a*  +  a*a;  +  aV  +  oV  +  Oic*  +  jr*. 

4.  (a^  —  afi) -i- {a  +  x) 

=  a*  —  o*a;  +  a V  —  a V  +  ao;*  —  «*. 

5.  (81aV-l)-i-(3a.r-l) 

=  27  aV  +  9  aV  +  Sao;  +  1. 

6.  (64a«-6«)-*-(2a-ft) 

=  32a*  +  16a*6  +  8a'6«  +  4a»6»  +  2ab*  +  6». 

7.  (a*  +  3265)  +  (a  +  26) 

=  a*  -  2a»6  +  4a«6»  -  8a6»  +  166*. 

8.  (a*- 3266)  + (a -26) 

=  a*  +  2a»6  +  4a«6*  +  8a6»  +  166*. 

9.  (l-243a5)--(l-3a) 

=  1  +  3a  +  9a2  +  27a»  +  81  a*. 

10.  (243a»  +  l)  +  (3a  +  l) 

=  81a*  -  27a8  +  9  a«  - 3a  +  1. 

11.  {x''-y')^(x-y) 

=  afi-\-a^y+  ohj^  +  ar»y»  +  a;«y*  +  jjyS  +  y*. 

12.  (aW  - 1024) -f- (a  +  2) 

=  a9  -  2a8  +  4a7  -  8a«  +  16a5  -  32a*  +  64a» 

-  128  a»  +  256  a  -  512. 
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Exercise  27. 

1.  5a* -15a  6.  6a»6»- 2U*6«  +  27a»6* 

=  5a(a- 3).  -  3a«J«(2o»6  -  7a  -I-  96«). 

2.  6a»  +  18a«-12a  7.  54 a*/ +  108 «y  -  243 i«y» 
=  6a(a*  +  3a-  2).  -  27a;»/(2  +  iaY  -  ^^r)- 

3.  49a»-21a;  +  14  8.  45xy»-902»yT  -  360xy 
=  7(7 a;»  -  3«  +  2).  -  46a?«yVa^y"  -  2x  -  8y). 

4.  4a^y-12x*y«  +  8a:y»  9.   70ay- 140ay  +  210a/ 
=  4a!y  (a:«  -  3a:y  +  2y«).  »  70ay*(a«  -  2ay  +  3y«). 

10.   32a»6«  +  96a«6»-128a*i» 
=  32a'6«(l  +  3a«6«-4a»6»). 


y*  —  av^  +  fty'  +  cy 
=  y(2r-ay^  +  by-j-c). 


£x£rcise  28. 

1.  3^  —  ax  —  bx  -\-  ah  6.  abx  —  afty  +  pqx  — pjy 
=  (a;  -  aXa;  -  b).  =  (aft  +pg)(x  -  y). 

2.  oft  +  ay  —  6y  —  y*  7.  cd!i*  +  adxv  —  bcxy  —  ahy* 

=  («  -  y)if>  +  y)-  =  (.^^  +  «yXfl^  -  ^y)- 

^.bc  +  bx  —  cx  —  3?  8.  aficy  —  6'rfv  —  acdx  +  6rf*« 

=  ( 6  —  x\c  +  x).  =  (ac  —  btfyby  —  dx). 

4.  ma?  +  mn  -^  ax  +  an  9.  ox  —  ay  —  5x  -f-  5y 

=  (m  +  aXx  +  n).  =  (a  -  6)(x  -  y). 

6.   cdii'  —  cxy  +  dxy  —  y'  10.   cdz*  —  cyz-\-  dyz  —  y' 

=  (ex  +  y)(cto  -  y).  =  {cz  +  y)(rf2  -  y). 


Exercise  29. 

1.  x«+12x  +  36  6.   2*+14z»  +  49 
=  (x  +  6)«.  =  (z^  -h  7)«. 

2.  x»  +  28x  +  196  7.  x>  +  36xy  +  324y» 
=  (x  +  14)^  =(x  +  18y)«. 

3.  x2  +  34x  +  289  8.  y*  +  16yV  +  64z* 
=  (x  +  17)''.  =(y«  +  82«)«. 

4.  2»  +  2£  +  l  9.  y«  +  24y»  +  144 
=  (2  +  1)^  -  (y»  +  12)1 

6.  y«  +  200y  +  10,000  10.  x»2«  +  162  xz  +  6561 

=  (y  +  lOOf.  =  (X2  +  81)«. 
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14.   a^x*'~2a^hx^y^-\.h'^ifi 


11.  4a«  +  12a6«  +  96*  13.    dx^ +  '[2xy +4y^ 

12.  9xy  +  30ary»z  +  252»  14.  4a*a;a  ^  20a'x^y  +  25a;*y' 
=  (3  ay«  +  5  2)».  =  (2  a2  a;  H-  5  x«  y)- . 

Exercise  30. 

1.  a^-Sa-{-ie  13.   16a:«-8a:*v'  +  a^V 

2.  a^- 30a +  225 

=  (a  - 15)2. 

3.  a;2  -  38  a;  4- 361  15.   36ar'i/*- 60a;v*  +  25v* 

4.  ic2-40a;  +  400  16.   l-6aly^ -{-9a^b^ 
=  (a; -20)2.  =(l-3a6«)2. 

5.  y2-100v  +  2500  17.  Qm'n*  -  24  mn  +  16 

=  (y-50)».  =(3  77171-4)2. 

7.  y2_50vz+6252«  19.  49a2- 112a6  +  646« 
=  (y-25z)2.  =  (7a -8  6)2. 

8.  ^*-32f/  +  256y*  20.   64a;*/- 160 ar*v»2  +  100a?* 2« 
=  (^  -  loy')'.  =  (8 ar^ys  -  10a;4)2. 

^-   "'r^^^'f.^t^^^  2^-  49a2  62c2^28a6caj  +  4a^ 

•  =(2'-lV)^  =(7a6c-2a:)2. 

10.  4a?*/-20a;2t/32+25y*22  22.   121a:*- 286 a;2v4- 169 1/2 
=  (2a;2y-5y2  2)2.  =(lla;2- 13y)2.           ^ 

11.  16ic2y*-8a;y3z2  +  y224  23.   289a;2t^222_i02a:y2g2^^9y2^2^a 

—  (J±xy  —  yz  ) .  =  (17a;yz— 33/2c?)2. 

12.  9a262c2-6a62c2ci  +  62c2c?2      24.  361a^2/2^2_Y6a6ca?y2+4a262c2 
=  (3  abc  -  bcdy.  =  (19  a^2_2  a6c)2. 

Exercise  31. 

1.  a''-^^'  3.  4a2-25 

-  (a  +  5)  (a  -  5).  =  (2a  +  5)  (2a-  6). 

2.  a^-lG  4.  a* -6* 

«(a  +  4)(a-4).  =  (a^  +  J=^)  (a  +  6)  (a  -  5). 
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5.  a*-l  10.   l-49:r» 

=  (a«  +  l){a  +  l)(a - 1).  =  (1  -f  7aj)(l  -  7x). 

6.  cfi  —  l^  11         4  _  or.M 

=  (a*+M)(a»+6>)(a+J)(a-6).  =  („«  +.  56)(o»  -  66). 

■'•   =(';«ll)(a.+l)(a+l)(a-l).       1^.  (--6J'-^^jj^^_ ^^  ^  ^^ 

8.  36a:«-49y»  =(a- 6-c)(a-6  +  c). 
=  (6a:  +  7y)(6x-7y).                ^^^  :^^(a_i). 

9.  100a:*y«-121a»ft»  "  ={x-(a-&)}{x  +  (a-  6)} 
=  {lOxy+n ab){lOxy~l lab).  ==  (x -  a  +  ft) (x  +  a  -  6). 

14.  (a  +  6)«-(c+rf)« 

=  [(a  -f  6)  +  (c  +  d)]  [(a  +  6)  -  (c  +  d)] 
=  (a  +  6  +  c  +  c?)  (a  +  6  —  c  —  d). 


15.   (x+y)«-(x-y)« 

=  {(a;+y)  +  (x-y)H(x  +  y)-(x-y)} 
=  (x4-y  +  x-y)(x  +  y-x  +  y) 
=  4xy. 

16.  2aft-a»-6«+l  19.  a*  +  126<j-46»- 9c» 

=  l-(a«-2a6  +  6»)  =  a»-(46»- 126c -^  9r«) 

=  1  _  (a  -  6)»  =  a*  -  (26  -  Scf 

=  {l+(a-6)){l-(a-6)}  ={a  +  (26-3c)}{a-(26-3r)} 

=  (1  +  o  -  6)(1  -  a  +  6).  =.  (o  +  26  -  3c)(a  -  26  +  3r). 

17.  x^-2yz-y*-!^  20.  a«-2ay +y*-a:*-2«-2* 
=  a:*  -  ^  +  2/  =  (a  -  y)*^  -  (x  +  2)« 

=  {a?  +  (y  +  z)}{x  -  (y  +  2)}  =  {(a--y)+(^+2)H(<«-y)-(^+2)} 

=  (x  +  y  +  z)  (x  -  y  -  2).  =  {a-ij-\-x-^z)(a-y-x-2), 

18.  x»-2a:y  +  y«-2*  21.   2xy- a:»-y* +  2» 

=  (x«-2xy  +  y*)-2«  =  2«  -  {a:» -  2xy  +  y«) 

=  >x_y)»_z«  =2«-(x-y)« 

=  (x~y  +  2)(x-y-2).  =|2  +  (x-y)){2-(x-y)} 

«(2+x-y)(2-x  +  y). 

22.  a:«  +  y«-2*-<i»-2xy-2cfe 

-  (x»  -  2xy  +  y«)  -  (rf«  +  2&  +  2^) 
=  (x-y)«-(rf  +  27 

=  (x  —  y  —  <:?  —  2)  (x  —  y  +  a  +  z).    . 

23.  a;2-y«+2*-a«-2x2  +  2ay 

■  =  (x»'  -  2  X2  +  2^)  -  (a*  -  2  ay  +  y') 

=  (x  -  2)*  —  (a  —  y)* 

=  {(x-2)-(a-y)}{(x-z)+  (a-y)] 

—  (x  —  z  —  a  +  y)  (a?  —  «  +  «  ~  y)- 
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24.  2oi+a«-h6«-c» 
=  (a«  +  2ab  +  6«)  -  c* 

=  (a  +  6  +  c)(a  +  6  —  c). 

26.  2w-x»-y«  +  a«+6»-2a6 

=  (a»  -  2a6  +  b^)  -{x*-2xy  +  y«) 
=  (a-6)«-(x--y)« 

-  {(a  -b)  +  (X  -  y)}{(a  -  6)  -  (or  -  y)} 
=-  (a  —  0  +  X  —  yX^  —  6  —  a;  +  y). 

26.  (oa?  +  6y)«-l  27.   l-x'-y*  +  2a;y 

=  (ox  +  6y  +  l)(aa:  +  6y  - 1).  =  1  -  (x«  -  2  xy  +  y') 

=3  1  —  (x  —  y)* 
=  (1  +  X  -  y)(l  -  X  +  y). 

28.  (5a-2)»-(a-4)» 

-  {(5a  -  2)  +  (a  -  4)}{(5a  _  2)  -  (a  -  4)} 
=  (5a-2  +  a-  4X5  a  -  2  -  a  +  4) 

=  (6a-6X4a  +  2). 

29.  a^-2ah  +  b^-x^  32.  (?-x* +4xy-4y2 

=  (a  —  6)'  —  X*  =  cP  —  (x^  —  4  xy  +  4  y') 

(x-2y' 


\s 


=  (a  -  6  +  x)(a  -  6  -  x)  =  cP  _  (a;  -  2y)'' 

=  (cZ  +  a;  -  2y){d  —  x  +  2y). 

30.  (x  +  l)«~(y  +  l)«  33.  a}-b^-2bc-c' 
=(x+l+y  +  lXa;  +  l-y-l)  =d^~(b^  +  2bc  +  c^) 
=  (x  +  y  +  2Xa;-y).  =a^-{b  +  cf 

=  {a+  b  -\-  c){a  —  b  —  c). 

31.  (a;  +  y)>-(y_.l)a  34.   4x*-9x2  +  6x-l 

=  (x+l+y-lXaj+l-y+l)  =  4x*  -  (9x^  -  6x  +  1) 

=  (x  +  y  )(x  -y  +  2).  =  4  x*  -  (3  x  -  1 )« 

=  (2x''+3x-lX2x»-3x+l). 


Exercise  32. 

1.  X*  +  xh/^  +  y*  =  (JB^  +  xy  +  y^){x^  —  xy+  y^). 

2.  9x*  +  3x«y«  +  4y*  =  (3x2  +  3xy  +  2y^)(Zx^  -  3xy  +  2y«). 

3.  16  X*  -  17xy  +  y*  =  (4x2  +  3xy-  y^)(ix^  -  3xy  -  y^). 

4.  81a*  +  23a26;  +  166*  =  (Ba^  +  7a6  +  U^^da"  -  lab  +  462). 

5.  81a*-28a262  +  166*  =  (9a*  +  10a6  ■\-U^){^a'' -  10a6  +  46*). 

6.  9x*  +  38xy  +  49y*  =  (3x2  +  2xy  +  7y2X3x2  -  2xy  +  1y\ 

7.  25(** -da^b^  -\-^6b^='  (5a2  +  7a6  +  462)(5a2 - 7a6  +  4. 
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8.  49m*  +  llOmV  +  81n*  =  (7m«  +  4mn  +  9n«X7m«-4mn  +  9n»). 

9.  9a*+  21oV  +  25c*  =  (3a«  +  3ac  +  6c»X3a«-3a<5  +  6c»). 

10.  49a* -  15a«6«  +  121 6* - (7o«  +  13a6  + 11 6«X7a«-13a6  + 11 6»), 

11.  64a;*  +  128x«y«  +  Sly*  =  (8x*  -I-  4zy  +  9y«X8a» -  4«y  +  9y»). 

12.  4a;*  -  37 a:»y«  +  9y*  -  (2a;»  +  5«y  -  3y«X2a;»  -  6«y  -  3y«). 

13.  25a;*  —  41  a;*y*  +  16y*  -  (Sa*  +  xy  -  4y«X5x»  -  ay  -  4y*). 

14.  81a;*-34a;»y«  +  y*  =  (9a;*  +  4a;y-y»X9f*-4jy-y«). 

Exercise  33. 

1.  a;*  +  11a; +  24  14.  o*  +  5a«  +  6 

=  (a;  +  8Xa;  +  3).  =  (a»  +  3Xa«  +  2). 

2.  a;»  +  lla;  +  30  '  16.  a«  +  4r»  +  3 

=  (a;  +  6Xa;  +  5).  -  («»  +  3X«»  +  1). 

3.  y»  +  17y  +  60  16.  a«6«  +  18a&  +  32 

=  (y  +  12Xy  +  5).  -  {ab  +  le^ab  +  2). 

4.  2»  +  132  +  12  17.  a;V*  +  7ar*y«  +  12 

=  (z  +  l2Xz  + 1).  -  (ic*y*  +  4X^y'  +  3). 

5.  a;*  +  21a; +  110  18.  z"  +  lOz*  +  16 
=  (x  +  llXa;  +  10).  =  (2»  +  8X2»  +  2). 

6.  y«  +  35y  +  300  19.  a»  +  9a6  +  206» 

=  (y  +  20)(y  +  15).  -  (a  +  56Xa  +  46). 

7.  6»  +  236  +  102  20.  a;«  +  9a;»  +  20 

=  (6  +  17)(6  +  6).  ="  (a;»  +  5Xa;»  +  4). 

8.  a;»  +  3x  +  2  21.  aV  +  14 ofta;  +  33 6« 
=  {x  +  2){x  + 1).  =  (oa;  +  11  b){ax  +  36). 

9.  ai*  +  7a;  +  6  22.  aV  +  7aca;  +  10x» 
=  (a;  +  ex*  +  1).  «  (oc  +  5a;Xac  +  2x). 

10.  a»  +  9a6  +  86»  23.  a;«yV  +  19 a;y2 +  48 
=  (a  +  8  6Xa  +  h  =  (^«  +  16)(a:yz  +  3). 

11.  a;«  +  13aa;  +  36a2  24.   6«c»  +  18 o6c  +  65 a» 
=  (a;  +9aXa;  +  4a).  =  (6c  +  13  a)(6c  +  5  a). 

12.  y«  +  19pv  +  48p«  25.  r*8*  +  23  r«2  +  902* 
=  (y  +  I6p)(y  +  Sp).  =  (rs  +  18  zX*"*  +  5«)- 

13.  2»  +  29a2  +  100o*  26.  m*n*  +  20  m*n«pa  +  51  j^Y 
=  (2  +  25  j)(2  +  4  ^r).  =  (m^n*  + 1 7pg')Cm'n«  +  3pq). 
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Exercise  34. 

1.  ir»-7aj  +  10  13.  a^JV- 13  a6c  +  22 

=  (a;  -  5)  (j  -  2).  =  (abc  -  11)  {abc  -  2). 

•2.   r'-21)x+190  14.  x'-ldx  +  bO 

-  (x-  19)  (a; -  10).  =  (x-10)(x-5). 

3.  a«- 23a +  132  15.  x^. 20a; +  100 

-  (a  -  12)  (a  -  11).  =(x- 10)  (a;  -  10). 

4.  6«-306  +  200  16.  a^a:^ -  21  a.r  +  54 
•=  (6  -  20)  (b  -  10).  =  (aa;  -  1 8)  (ax  -  3). 

6.  2«- 432 +  460  17.  a2a;»-16a6a;  +  396« 

=  (2  -  23)  (2  -  20).  =  ((Lc  -  136) (oaj-  36). 

6.  a;* -7a; +  6  18.   a^c' -24 ac2  +  143 2« 

-=  (a;  -  6)  (a;  -  1).  =  (ac  -  lSz){ac  -  II2). 

7.  a;*-4a«a^'  +  3a*  19.   a;^- 20a; +91 

=  (ar»  -  3a»)  (x"  -  a»).  =  (x  -  13){x  -  7). 

8.  a;2_8a;+12  20.   a;^- 23a; +  120 

=  (a;  -  6)  (a;  -  2).  =  (x  -  15)  (x  -  8). 

9.  2^-572+56  21.  2^-532  +  360 

=  (2  -  56)  (2  -  1).  =  (2  -  45)  (2  -  8). 

10.  3/«-73/»+12  22.  x'-{a-\-c)x  +  ac 
=  (y"  -  4)  (3/«  -  3).  =(x-a)(x-c). 

11.  x«y2_27xy  +  26  23.  y^gZ  _  28 a6y2  +  18 7a2  6« 
=  (xy  -  26)  (xy  -  1).  =  (3/2  -  17a6)  (y2  -  11  ab). 

12.  a*6«-lla263  +  30  24.  c^  d^  -  SO  abed  +  221  aH^ 
=-  (a2  6«  -  6)  (a^  6'  -  5).  =(cd-l  lab)  (cd  -  13  ab). 

Exercise  35. 

1.  x'  +  6x-7  5.  22 +  11 2 -12 

=  (x  +  7)  (x  -  1).  =  (2  +  12)  (2  -  1). 

2.  x2  +  5x-84  6.  22  +  132-140 

=  (x  +  12)  (x  -  7).  =  (2  +  20)  (2  -  7). 

3.  y^  +  7y-60  7.   0^  + 13a -300 

=  (y  +  12)(y-5).  =  (a  +  25)  (a  - 12). 

4.  y2  +  12y-45  8.   a«  +  25a-150 

=  (y+i5)(y-3).  =  (a  +  30)  (a  -  5). 
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9.   68  +  36*-4  12.  c^fHc-SSO 

=  (6*  +  4)(6*  - 1).  =  (c  r  30Xc  -  13), 

10.  6V-f35c-154  13.   a«  +  a-132 

=  (be  +  UXbc  -  11).  =  (a  +  12Xa  -  11). 

11.  c^»  +  15c*-100  14.   xh/z* -¥  9  xyz- 22 

=  (c5  +  20)(c*  -  5).  =  (xyz  +  1  l^xyz  -  2). 

Exercise  36. 

1.  jc*  — 3a;-28  9.  y«-5ay-50o« 

=  (x  -  7)(a;  +  4).  ==  (y  -  10a)(y  +  6a). 

2.  y2_7y_l8  10.  a«i»-3a6-4 

=  (3/  -  9)(y  +  2).  =  (a6  -  4){ab  +  1). 

3.  ar»  — 9a;-36  11.   aV-3aa:-54 

=  (a?  -  12)(a;  +  3).  =  {ax  -  d){ax  +  6). 

4.  22-112-60  12.   c«cf'-24c</-180 
=  (2  -  15)(2  +  4).  =  (cd  -  30)(cd  +  6). 

5.  22-132-14  13.   aV-a»c-2 

=  (2  -  14)(2  +  1).  =  (ah  -  2)(a»c  +  1). 

6.  a«- 15 a -100  14.  y«2*-5yV-84 

=  (a  -  20)(a  +  5).  =  (yV  -  12)(y*z«  +  7). 

7.  c^0-9c*-10  15.  a»62-16o6-36 

=  (c5  _  lO){c*  +  1).  -  (a6  -  18){a6  +  2). 

8.  x2-8a?-20  16.  x^-(a-b)x-ab 
=  (x-  10)(a;  +  2).  =  (a;  -  a)(x  +  6). 

Exercise  37. 

1.  12a:*-5a;-2  6.  6x2  +  5x-4 

=  (4a:  +  l)(3a;  -  2).  =  (3aj  +  4)(2x  -  1). 

2.  12x«-7a;  +  l  7.  4x2  +  13a:  +  3 

=  (3a;  -  l)(4a;-  1).  =  (4a;  +  IXa;  +  3). 

3.  12a;2-a:-l  8.  4.T2  +  lla;-3 

=  (4.7;  +  l)(3a;  -  1).  =  (a:  +  3)(4a;  - 1). 

4.  3a;2-2a;-5  9.   4a;«-4x-3 

=  (a;  +  l)(3a;-5).  =  (2  a;  +  l)(2a;-3). 

6.   3a;2+4a;-4  10.   a;2-3aa;  +  2a« 

=  (a;  +  2X3a;  -  2).  =  (a;  -  a)(x  -  2a). 
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11.  12a*  +  aV-»*  18.  6a«- 19ac  +  10c» 

-  (3a»  +  x^)('ia*  -  X*).  -  (3a  -  2c){2a-5c). 

12.  2a:«  +  5ay  +  2y«  19.   8a:*  +  34a:y  +  21y» 

-  (2x  +  y)(x  +  2y).  =  (4a;  +  3y)(2a;  +  7y). 

13.  6aV  +  aaj-l  20.   8a;*- 22a:y  -  21y* 

-  (2aa;  +  lX3aa;  -  1).  =  (4a:  +  3y)(2a;  -  7y). 

14.  66* -76a; -3a:*  21.  6a:*  +  19a:y  -  7y* 

=  (36  +  a:)(26  -  3a;).  =  (2a;  +  7y)(3a:  -y). 

15.  4a;*  +  8a: +  3  22.   lla*-23a6  +  26* 
=  (2a;  +  l)(2x  +  3).  =  (11  a  -  6)(a  -  26). 

16.  o*-aa:-6a:*  23.  2c*-13cd  +  6d* 
=  (a  +  2x)(a  -  3a:).  =  (2c  -  d){c  -6d). 

17.  8a*  +  14a6-156*  24.  6y«  +  7yz-32* 

=  (2o  +  56)(4a  -  36).  =  (2y  +  32)(3y  -  z). 


Exercise  38. 

1.  a:»  +  8  =  (a;  +  2)(a:*-2a;  +  4). 

2.  ar»  +  216  =  (a;  +  6)(a:*  -  6a;  +  36). 

3.  y*  +  642»  =  (y  +  42)(y*  -  4y«  +  I62*). 

4.  646*  +  126c3  =  (46  +  5c)(166*  -  206c  +  25c*). 

5.  8a:»-27y*=»(2a;-3y)(4a;*  +  6a^  +  9y*). 

6.  64y»  -  10002*  =  (4y  -  102)(16y*  +  40y2  +  IOO2*). 

7.  729ar»  -  512y*  =  (9a:  -  8y)(81a:*  +  72a:y  +  64y*). 

8.  27  a*  -  1728  =  (3  a  -  12)(9  a*  +  36  a  +  144). 

9.  27a*-6«  =  (3a-6*)(9a*  +  3a6*  +  6*). 

10.  (a:  +  y)»  -  1  =  [(a:  +  y)  -  l]r(a;  +  y)«  +  (a;  +  y)  +  1] 
=  («  +  y  —  l)(a:*  +  2  a:y  +  y*  +  a:  +  y  +  1). 

11.  (a;  +  y)*  +  1  =  [(a:  +  y)  +  l]r(a:  +  y)*  -  (a?  +  y)  +  1] 
='[x  +  y  +  l][a:*  +  2a:y  +  y*  -  a:  -  y  +  1]. 
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12.  8 a'  -  (a  -  J)»  =  [2a  -  (a  -  6)][4a«  +  2a(a  -  6)  +  (a  -  6)») 
=  (a  +  b){4a^  +  2a»  -  2a6  +  a«  -  2o6  +  6«) 

13.  (a:  +  y)»  +  c»  =  [(«  +  y)  +  c][(x  +  y)«-(a;  +  y)c  +  c«] 
=  («  +  y  +  cXx*  +  2a;y  +  y«  -  car  -  cy  +  c«), 

14.  (x  +  y)»-  (x - y)»  =[(x  +  y) - (x  -y)][(x  +  y)«+  (x+yX*  -  y)+(x-y)«) 
=  2y  (x*  +  2xy  +  y»  +  x»  -  y*  +  x»  -  2xy  +  y«) 

=  2y(3x«  +  y«). 

Exercise  39. 

1.  2x«-5xy  +  2y«-17x  +  13y  +  21. 

2x»  -  5xy  +  2y«  =  (x  -  2yX2x  -  y), 
2x2  -  17x  +  21  =  (x  -  7X2x  -  3), 
2y«  +  13y  +  21-(-y-.3X-2y-7). 

x^2y,  x-7,   -2y-7; 

2x-y,  2x-3,   -y-3. 
(x~2y-7X2x-y-3). 

2.  6x«-37xy  +  6y*-5x-5y-l. 

6x«-5x-l=.(6x  +  lXa;-l), 
,     6y»-5y-l=(6y  +  l)(y-l), 
6r»  -  37xy  +  6y«  =  (6x  ~  yXx  -  6y). 

6x-y,  6x  +  l,  1-y; 

x  —  6y,  -6y  — 1,  x  — 1. 
(6x-y  +  lX«-6y-l). 

3.  nx»-5xy-6y«-x-5y-l. 

6x*-5xy-6y«  =  (2x~3yX3x  +  2y), 
6x»-x-l  =  (3x  +  lX2x-l), 
-6y«-6y-l  =  (-3y-lX2y  +  l). 

2x-3y,   2x-l,   -3y-l; 

3x  +  2y,  3x  +  l,  2y  +  l. 
(2x-3y-lX3x  +  2y  +  l). 
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5  ir«  -  8  ay  +  3  y»  =  (5  a;  -  3  y )  (»  -  y ), 

3y«-5y  +  2«(3y-2)(y-l), 
5ar-3y,   _3y  +  2,   5a;4-2; 

«-y.       -y  +  1,     aj  +  1. 

(5a;-3y  +  2)(a;-y  +  l). 

6.  2rB*-a!y-3y«--8x  +  7y  +  6. 

2x2  -  8aj  -  3y«  =  (2x  -  3y)  ix  +  y\ 
2«»-8aj  +  6  =  (2aj-2)(a;-3), 
-3y»  +  7y  +  6  =  (-3y-2)(y-3), 

2a;-3y,   2a;-2,   -3v-2; 
a?  +  y,        a; -3,     y-3. 

(2a;-3y^2)(a;+y-3). 

6.  a*-25y«-10a:-20y  +  21. 

a;'^-10x+21  =  (a;-7)(ar--3), 

-25v«-20y  +  21  =  (oy-3)(-6y-7), 
a:«-25y«  =  (a;  +  5y)(a;-5y) 

a?-7,   a;-5y,   -5y-7; 
a;  — 3,   x-\-by^   5y  — 3. 

(a._5y-7)(a;  +  5y~3). 

7.  2a:2_5a^^2y«-a;2-yz-2«. 

2a;2  -  5ay  +  2y2  =  (2a;  -  y)  (a?  -  2y), 
2:^~.xz-  z^  =  (2a;  V  z)  (/- z),  ^^ 
2y'-y2-2^  =  (2y  +  z)(y-2). 

2a: -y,    2a; +  2,   —  v+2; 
a;-2y,   a;-2,      -2y-2. 

(2a;-y  +  2)(a;-2y-2). 

8.  6a;*+a;y-y«-3a:2  4-6y2-92«. 

^^  +  a;y  - y2  =  (3a;  --  y)  (2a;  4-  y), 
6a;=»- 3a;2- 92^  =  (3a;+ 32)  (2a;- 32), 
-y»-6y2  +  92»  =  (~y  +  32)(y-  32). 

3a;  — y,   3a;  +  32,   — y  +  32; 
2a;+y,   2a;-32,  y-y^Zz, 

(3a;  +  32-y)(2a;-32  +  y). 

9.  6a;«  — 7a;y+y«  +  35a;2-5y2-62'. 

6ar» -  7ary  +  y«  =  (6a; -y)  {x-y\ 
6a;2  +  35a;2_  622  =  (6a;  -2)  (a;  +  6«), 

y2_5y2--62«  =  (y+2)(y-62). 

6a;  — y,    6a;  — z,   —y  —  z-^ 
a?-y,      a; +  62,   -y  +  62. 
(6a;-y-2)(a:-y  +  62). 
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10.  5a;2_8a:y4-3y*-3flC2  +  y«-2z*. 

5x2  -  8a^  +  3y«  =  (5x  -  3y)  (x^y), 
5x^-3xz-2s^  =(5a;  +  2z)(x-.«). 
3y«+yz-22»  =  (3y-22)(y  +  «). 

5x  — 3y,   5x  +  22,   —  3y  +  2«; 
flj-y,        x-2,        -y-«. 

(5a;  — 3y  +  22)(x-y  — z). 

11.  2aj*-ary-3y'-5yz-22«. 

2x*  -  2xy  -  3y*  =  (2x  -  3y)  (x  +  y), 
^3y-5y2-2z«  =  (-3y-22)(y  +  «). 
2x*  -  22»  =  (2x  -  22)  (x  +  2). 

2x-3y,   -3y-22,   2x-2z; 

«  +  y,        y  +  2.  X  +  «. 

(2x  —  3y  -  22)  (x  +  y  +  2). 


12.   6x«-13xy  +  6y»  +  12x2-13y2  +  62«. 

6x»  -  13xy  +  6y*  =  (3x  -  2y)(2y  -  3y), 
6x*  +  12x2  +  Gz^  =  (3x  +  32)  (2x  -f  22), 
6y2-13y2+62»  =(3y-22)  (2y -- Sz). 

3x-2y,   3x  +  32,  -2y+32; 
2x-3y,   2x  +  2z,   -3y  +  22. 

(3  X  -  2y  +  32)  (2x  -  3y  +  22). 


13.   x'-2xy +y*  +  5x-5y  14.   2x»  i-5.rt/-3y'-4x2-4  2y2 

=  (x^  -  2xy  +  y')  +  (5x - 5y)  =  {'2x^-\-''yxy-:iy^)-{4xz-'2yz) 

=  (x-y)«  +  5(x-y)  =hx-y)ir+:U/)-2z{'2.'    y) 

=  (x-y)(x-y  +  5).  -  (x  h3y-22)(2^-y). 


Exercise  40. 

1.   5x*-15x-20.  4.  a«  +  2ax+x*  +  4a  +  4x 

=  5(x«  -  3x  -  4)  =-  (a»  +  2ax  +  x*)  +  (4a  +4x) 

=  5(x  +  l){a:-4).  =(a  +  xf  f  4(a  +  x) 


a  +  x)^  f  4  (a  +  x) 
a  +  x)  (a  -f  X  +  4). 


2.  2x6-16x*  +  24x» 
=  2x»(r'-8x  +  12) 
=  2x»(x-2)(x-6). 

3.  3a«6a_9aJ_l2  =(a2 -2a6  +  62)_c« 


3(a26«  -  3a&  -  4)  =  (a  -  6)2-c' 


I!. 


3 


=  3{a6-4)(a5+l).  =(a- 6  +  c)(a-6~c). 

6.  x2-2xy  +  y»-c*  +  2c6?-c?» 
=  {x2  -  2xy  +  y«)  -  (c«  -  2c<i  +  d«) 
(x  —  iy^  ~~  f  c  —  dr 

(x  -  y)  1-  (0  -  d)}  {(X  -  y)  -  («  -  d)} 
=^  (x  —  y  +  c  —  d)  (x  -  ij  —  c  +  d). 


58  ALGEBRA. 


7.  4-r»-2a*-ar*  13.  a^-x'-ao-bt 

=  4-(ic*  +  2aj"  +  a;*)  =  (a»  -  ar*)  -  (oft  +  bx) 


=  4-(a;  + 


a^Y  =  (a  +  x)(a  —  x)  —  b  {a  +  x) 

=  (2  -H  c  +  a;^)  (2  -  a?  -  «*).  =  (a  +  a;)  («  -  a?  -  ft). 

8.  d^  —  b^-a  —  b  14.  a*  — 2aa; +  a^ +  o— a; 

=  (a»  -  6«)  -  (a  +  6)  =  (a»  -  2aa;  +  x»)  +  (a  -  a;) 

=  (a  +  6Ua  —  6)  —  Ta  +  6)  =  ^a  —  a?Ua  —  x)  +  1  (a  —  a:) 

=  (a  +  6)  (a  —  6  —  1).  =  (a  —  a;)  (a  —  a;  +  1). 

9.  a*  +  a«  +  l  15.  3a^-3y2-2a;  +  2y 
=  (a*  +  2a'  +  1)  -  a«  =  (3a;-  3y«)  -  (2a;  -  2y) 


=  (a*  +  a  +  l)(a*-a  +  l). 


«3(a;»-y«)-2(a;-v) 

=  3(a;-y)(a;+y)-2(a;-y) 

=  (x-y)(3a;  +  3y-2). 


10.  a;'  —  y'  —  .tz  +  yx 
=  (a;*  —  y')  —  (xz 
=  (a;  4-  y)  (a;  —  y)  —  2  (a;  —  y)  =  ar*  (a;  -}- 1)  +  a;  (a;  +  1) 


=  (a;*  —  y')  —  (xz  —  yz)  16.   a^  +  a;*  +  a;*  +  a; 

(a;  — y)  =  ar*  (a; -}- 1)  +  a;  fa; 

=  (x  —  y)  (x  +  y  —  z).  =  (x*  +  x)  (x  +  1) 


„     ,  =x(x*  +  l)(x+l). 

11.  ab-ac-b^  +  bc  ^  ^^         ^ 

='{ab-ac)-(b^-bc)  17.  G*x*^a»x»-a«x»  +  1 


=  a  (6  -  c)  -  6  (6  -  c) 
=  (a  _  6)  (6  -  c). 


=  a'.'i;'(ax— l)-(ax+i)(ax— 1) 
=  (ox  —  1)  (a' ar*  —  ox  —  1). 


12.   3x'-3x2-xy  +  y2  18.   3x»-2x»y- 27xy«  +  18y» 
« (Sx''  -  3x2)  -  (xy - y2)  =  x*(3x-2y)  -9y«(3x-2y) 

=  3x  (x  —  2)  —  y  (x  —  z)  =  (x*  —  9y')  (3x  —  2y) 

=  (3x-y)(.r-2).  -(a;-3y)(x+3y)(Bx-2y). 

19.  4x*-x'»  +  2x-l 

=  4x*-(x2-  2x  +  l) 

=  4x*-(x-l)« 

=  (2x2  4-x-l)(2x2-x  +  l) 

=  (2x->l)(x  +  l)(2x»-x  +  l). 

20.  x«-y« 

=  rx^+y»)(x»-y») 

=  (x  +  y )  (x*  -  xy  +  y«)  (a;  -  y)  (x«  +  xy  +  y«). 

21.  x«  +  y« 

=  (x»  +  y2)  (X*  -  x>y»  +  y*). 

22.  729 -a;« 

=  (27  +  x3)  (27  -  x*) 

=  (3  +  x)  (9  -  3  X  +  x»)  (3  -  x)  (9  +  3  X  +  x«). 

23.  x^^y+y^^  26.  x«  +  4x-21 

=  y(aj"  +  y"  =(a;  +  7)(x-3). 

=  y  (x*  +  y*)  (x^  —  x*3/*  +  y^). 

24.  cia^-c!*')  26.  3a«-21a&  +  305« 

=  c(a«  +  c»)(a«-  d«)  «  3  (a»-  7a6  +  106«) 

«c(a»  +  c«)(a  +  c)(a-c).  «3  (a -26) (a -56). 
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27.  2ar*-4r»v-6x*y» 
=  2{B*(a?-3y)(a;+y). 

28.  4o'-4a6  +  6' 
«(2o-6)». 

29.  16a?-80w  +  l(X)y« 
«4(4«»-20xy  +  25y« 
=  4(2a;-5y)». 

30.  36  a*a»y«- 25  6«a*y* 
=  ar»t^(36a*-256^«?) 

=  a^y»(6a*  +  56a;)(6a*-56x). 

31.  9ff»y*-30xy*2  +  252« 
=  (3a;y»-52)*. 

32.  16a* -a; 

=  a:(16a?*-l) 

=  a;(4a^  +  l)(4i«-l) 

=  a;(4a^  +  l)(2a;  +  l)(2x-l). 


33.  a:»-2a^-2x2  +  y'  +  2yift«. 
a:«-2a:y+y*-(x-y)(x-y), 

y«+2y«+2»-(y  +  «)(y-f«). 

»-y.  »-«»  -y-«; 
x-y,  x-«,  -y-f. 

(x-y-2)(x-y-«). 

34.  o*-a5-66»-4a+126 

=  (a-a6-6ft«)-4(a-3i) 
=.(a-36)(a-f26)-4(a~36) 
-(a-36)(a+26-4). 

36.  x'  +  2xy +  y'~a;-y-^>. 

x»  +  2x  +  y*  =  (x  +  y)*. 
aa_a._6  =  (x  +  2)Tx-3>. 
y'-y-B  =  (y  +  2}(y-3). 

x  +  y,  x  +  2,  y  f2: 

x  +  y,  x-3,  y-  3. 

(x  +  y  +  2)(x+y-3). 


36.  (o  +  6)*-c*  ^^^      ^ 

L  ((a  +  6)»  +  cn{(a  +  6)»  -  c*} 


=  ((a  +  6)»  +  A{a  +  6  +  c)(a  +  6  -  c) 

=  (a«  +  2ab  +  o'  +  c*)(a  +  5  +  c){a  +  6  -  c). 


37.   x»-xy-6y«-4x  +  12y 
=  (x»-xy-6y»)-4(x-3y) 
=  (x  +  2y)(x-3y)-4(x-3y) 
=  (x  +  2y-4)(x-3y). 

40.  x«  +  20x  +  91 

•  =(x  +  7)(x  +  13). 


38.  l-x  +  a^-x* 

=  (l-x)  f  a;Ml  -a;) 
=  (l-x)(l+x»). 

39.  3x'-llxy  +  Gy* 
-(3x-2y)(x-3y). 


41.  (x^y)(x»-2'»)-(x-z)(x»-y') 
=  (x-y)fx 
=  (x-y)(x 


(X  - y)  ^x- -  2- j  —  va?  -  2A-^  "-y^         N/    .     \ 
L  (x  -  y)(x  +  z)  (X  -  2)-(x  -  z)  (X  -  y)(a?  +  y) 

-2)(2-y)- 


42.  x»-5x-24 
=  (x-8)(x  +  3). 


_-}l2-va-z«  +  2yz)(a^-y*-2*-2y2)    ^ 
I  g  _  If  -  2yz  +V)){x»  -  (y'  +  2yz  +  2»)} 

«}x«-  y-2)«H^-(y  +  2)')       ,, 
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44.  5 a!*y«  + 5 a:ay2_  60 a;2»  46.  3a:» -a:^  +  3x  -  1 

=  5x{x^y*  -^xyz-  122«)  =  a:*(3x  -  1)  +  (3 a?  -  1) 

=  5x(xy  +  42)(xy  -  32).  =»(«»  +  l)(3a;  -  1). 

46.  ar*  —  2mx  ■\-m?^v? 

=  (x*  —  2??ia?  +  m')  —  n* 

(x  —  mf  —  V? 

=  (x  —  m  +  nXa;  —  m  —  n), 

47.  4a«6«-(a»  +  6»-c»)' 

=  {2a6  +  (a«  +  6»  -  c«)H2a6  -  (a«  +  6*  -  <?)} 
.=  {2a6  +  a''  +  6*  -  c»H2a6  -  a>  -  6'^  +  c«} 
=  {{a?  +  2  a6  +  6^)  _  c^}{c2  _  (a*  -  2  at  +  ft^jj 

=  |(a  +  hf  -  (^]{c^  -  (a  -  hf} 

=  (a  +  6  +  c)(a  +  6  —  c)(c  +  o  -  6)(c  -  a  +  6). 

48.  a^  +  a»  50.  y«-4y-117 

=  a5(a»  +  l).  =  (y  -  13)(y  +  9). 

49.  l-14a'x  +  49aV  51.   x«  + 6a: -135 

=  (1  -  7  a?xf.  =  (a;  +  15)(a;  -  9). 

52.  4a«-12a&  +  96«-4c'' 

=  (4a2-12a&  +  962)-4c2 

=  (2a-36)«-4c2 

=  (2a  -  36  +  2c)(2a -  3 6  -  2c). 

53.  (a  +  3  6)2-9(6-c)« 

=  {(a  +  3  6)  +  3(6  -  c)}{(a  +  36)  -  3(6  -  c)} 
=  (a  +  36  +  36-3c)(a  +  36-36  +  3c) 
=  (a  +  66-3c)(a  +  3c). 

54.  9a;2-4y«  +  4y2-22  56.   a' -  6»- 3a6(a  -  6) 

=  9ar»  -  (4y2  _  4^2  +  gS)  =  a»  -  3a26  +  3a6'*  -  6» 

=  9a:'^-(2y-2)2'  •  ={a-hf. 

=  (3a;  +  2y-2)(3a:-2y+2). 

57.  ar*  +  y*  +  3  a:y  (a:  +  y) 

55.  66V-76a!»-3a;*  =a^  V  3a;2y  +  3a?y^+y« 
=  ar2(662-76a;-3a;2)  =(a;  +  y)^ 

=  a;2(36  +  a!)(26-3a;). 

58.  a«  -  6»  -  a{a}  -  6^)  +  6(a  -  6)^ 

.       =  a3  -  6^  -  a3  +  a62  +  0^6  -  2a62  +  6» 

=  a?6  -  a62 

=  a6  (a  —  6). 

59.   9a-V-3.Ty'-6y*  60.   6a;2  +  13a:y  +  Gy* 

=  3'7/2(3a:2  -  .ry  -  2y2)  =  (3a;  +  2y)(2a;  +  3y). 

=  3y2(.x'-y)(3.T  +  2y). 
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61.  6a«6«-oft»-12J* 
=  6«(6a»-o5-126«) 
=  6»(3a4-46){2a-36). 


63.   a:»-2z2y  +  4zy«-8y*  64.   4a«a:» -8a6j  f  36* 

=  a:«(a:-2y)  +  4y«(a?-2y)  -=(2ax- 6)(2cur-- 36). 

=  (x»  +  4y»)(a;-2y). 

65.  18iB»-24a:y +  8y«+9x-6y 

=  (18a:«  -  24a:y  +  8y')  +  (Ox  -  «y) 
=  2(dx'  -  12xy  +  4y«)  +  3  (3x  -  2y) 
«2(3x-2y)»  +  3(3x-2y) 
=  (6x-4y  +  3)(3x-2y). 

66.  2a:»  +  2a:y-12y»  +  6x2  +  18y« 
=  2(a:»  +  ay  -  6y»  +  3x2  +  9yz) 
=  2(x*  +  xy  -  6y*)  +  3?  (x  +  3y) 
=  2(x  +  3y)  (x  -  2y)  -I-  32  (x  +  3y) 
=  2(x+3y)(x-2y  +  32). 

67.  (x+y)«-l~xy(x  +  y+l) 

=  fx  +  y  +  l)(x  +  y-  1)-  aj/(x  +  y  +  1) 
=  (x  +  y  +  1)  (x  +  y  -  xy  -  1). 

68.  x»-y»-2»  +  2y2  +  x  +  y-2 

=  «*  -  (y*  -  2y2  +  2«)  +  X  +  y  -  «    • 
=  x»-(y-2)3"  +  (x  +  y-2) 
=  (x  +  y  -  2)  rx  -  y  +  2)  +  (x  +  y  -  2) 
=  (x  +  y-2)(x-y +  2  +  1). 


73.   2x»  +  4x2-70x 

=  46  r4a«  +  8ac  +  3c«)  =  2x  (x  +  7)  (x  - 5). 

=  46(2a  +  3c)(2a  +  c).  ^^    16a»x-2x* 

=  2x(8a»-x») 
71.  m*p-m^q-n^p-^n*q  .=  2x(2a-x)(4a«  +  2ax  +  x2). 

=  (m'»  —  m'  q)—(n*p  —  n*  a) 

^rm^r>n^n\-'n^(<n-n\  75.     326rE»-46iy» 


=  m'(p-a)-n«(p-9)  75.  326x»-46y» 

=  (m*  -  n«)  (p  -  o)  =  4  6  (8  x»  -  v») 

-=(m  +  n)(w-rj)(p  -g).  =46(2x-y)(4 


(4x«  +  2xy+y»> 
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76.  a;-27ar* 

^x(l  —  27  a:') 

rr.  »"-y" 

-  (>  +  fix"  +  y»)(a^  -  y») 

78.  49m»-121n»  81.  a?-x^  +  x-l 

=  (7m  ^  ll7i)(7m  -  lln).  =  (ar»  -  x»)  +  (a;  -  1) 

=  a;2(a;-l)  +  (a;-l) 

79.  16 -Sly*  =  (»«  +  l)(x  -  1). 
=  (4  +  9y«)(4  -  9y«) 

=  ^4  +  9y»)(2  +  3y)(2-3y).       82.  ^  +  2a:  +  l-y« 

=  (a;  +  2a;  +  1)  — y» 

80.  122*-2«-6  =(a;  +  l)»-y' 

=  (3z«  +  2)(42«  -  3).  =  (a;  +  1  +  y){x  +  1  -  y). 

83.  49(a-6)2-64(m-ri)» 

=  {7(a  -  6)  +  8  (m  -  n)}{7(a  -  6)  -  8  (m  -  n)} 
=  (7a-76  +  8m-8n)(7a-76-8m  +  8n). 

84.  4  (at  +  crf)2  -  (aH  6^  -  c«  -  cZ«)» 

=  {2  (a6  +  c(^)  +  (a^  +  ja  -  c''  -  (?)} 

{2(a6  +  c(Q  -  (a«  +  6«  -  c*-  d^)} 
=  {2a6  +  2cd  +  a''  +  62  -  c*  -  c^2} 

{2a6  +  2cd-  a»  -  6»  +  c^  +  cPi 
=  {(a2  +  2a6  +  b^)  -  (c*  -  2cc^  +  (f*)} 

{(c2  +  2cd  +  (JP)-  (a»  -  2ab  +  6^)} 
=  |(a  +  bf  -  (c  -  c02}{(c  +  dr)2  -  (a  -  bf] 
=  {a  +  6  +  (c  -  cOH<*  +  6  -  (c  -  c^)} 

{c  +  f?  +  (a  -  b)}{c  -\-d-{a-b)} 
=  {a  +  6  +  c  -  d}{a  +  6  -  c  +  cf}  • 

{c  +  rf  +  a  -  6}{c  +  c^  -  a  +  6}. 

85.  a;2-53a;  +  360  87.   2ab-2bc-ae  +  ce-\-2b^-be 
=  (a;  -  ^)(x  -  45).  =(2a6-26c+262)_(ae-ce+6c) 

=  2b{a-c-\-b)-e{a—c-\-b) 

86.  a:»-2a;2y+a»-4a;  +  8y-4  =  (26- e)(a  +  6  -  c). 
=  (ar»-2a;2y+a;«)-(4a;-8y+4) 

=  a;2(a;-2y +1)  -  4(a;-2y +1)        88.    1 25  a:^  +  350  jSy^  ^.  245  xy^ 
=  (x^  -  4)(a;  -  2y  +  1)  =  5a;(25ar*  +  7ba;y  +  49y*) 

=  (a:  +  2)(a:  -  2)(a;  -2y  +  1).  =  5a;(5ic«  +  1  y^f. 
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=  a{a!^{a?  +  a6  +  6»)  +  6»  (a>  +  oA  +  6*)} 

=  a(a'  +  5»)(a«  +  ai  +  6«) 

=  a  (tt  +  6)  (a*  -  a6  +  6«)  (a«  +  o6  +  6*). 

90.  2a*a;-2a»cx  +  2ac'a:-2c*x 
=  2a'a:(a  —  c)  +  2<?x  (a  —  c) 
=  (2a»a;  +  2c*x)(a-c) 

=  2a;  (a»  +  c»)(a-c) 

=  2a;  (a  +  c)  (a*  —  oc  +  c*)  (a  —  c). 

91.  6a;»-5ay-6y«  +  3T2  4- 15y2-9«». 

^x^-bxy-  6y»  =  (3x  +  2.v)(2x  -  3y), 

6a;»  +  3x2  -  92*  « (3x  -  32)(2x  +  32). 

-6y«  +  15y2  -  92*  -  (2y  -  32)(-  3y  +  3*). 
3x  +  2y,   3x-32,   9,y-Zz\ 
2x-3y,  2x  +  32,   -3y  +  32. 

(3x  +  2y  -  32)(2x  -  3y  +  32). 

92.  4x'-9xy +  2y»-3x2-y2-2'. 

4x»  -  9xy  +  2y«  =  (4x  -  y)  (x  -  2y), 
4x*  —  3 X2  —  2*  =  (4 X  +  2)  (x  —  2), 
2y»-y?-2*-(-2y-2)(-y  +  2). 

4x  — y,  4x  +  2,  —y-k-z\ 

x-2y,   X--2,      -2y-2. 
{4x-y  +  2)(x-2y-2). 

93.  3a«  -  7a5  +  26«  +  5ac -  56c  +  2c*. 

3  a*  -  7a6  -f  2  6*  =  (3  a  -  6)  (a  -  2  6). 
3a»  +  5ac  +  2c*  =  (3a  +  2c)  (a  +  c), 
262  _  56c  +  2c*  =  (-  26  +  c)  (-  6  +  2c). 

3a-6,   3a  +  2c,   -6  +  2c; 

a  — 26,   a  +  c,        —  26  +c. 
(3a-»-  2c-6)(a-26  +  c). 

94:.    x*-2x»  +  x*-8x+8  95.   5x*- 8jy  +  3y* -5x  +  3y 
=  X*  -  2x»  +  X*  -  (8x  -  8)  =  (5x*- 8  j-y  +  3y*)-(r)i-3  y) 

=  a?(x*-2x  +  l)-8(x-l)  =(5x-3y)(x-y)-(5x-3y) 

=  x*(x-l)*-8(x-l)  =(5x-3y)(x-y-l). 

=  (aJ_a^_8)(x-l). 

96.  a*-2af^+d*-46*  +  126c-9c* 

=  (a*  -  2ad+  d^)  -  (46*  -  126c  +  9c*) 
=  (a-rf)*-(26-3c)* 
==  Ua  -d)+  (26  -  3c)}{(a  -  ci)  -  (26  -  3c)} 
=  (a-rf+26-3c)(a-c^-26  +  3c) 
=  (a  +  26-3c-c^)(a-26  +  3c-rf). 

97.  (x*-x-6)(x*-x-20) 
-(x-3)(x+2)(x-5)(x  +  4). 
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Exercise  41. 

1.    18a6»c«rf=32x2rt62c»rf,  5.  a^ -b^  =  (a -\-b){a-b), 

36  a'  bed*  =  3«  X  22  a^  bcd\  a*  -  6»  =  (a  -  6)  (a^  +  a6  +  6*). 

.-.  H.C.F.  =  18 abed.  .'.  H.C.F.  =  a  -  &. 

34p«(7  =  17  X  2d«<7.  (a-a;)«=  (a -^(a  - x). 

.'.  H.C.F.  —  a  —  X. 


34p«a  =  17  X  2p\ 
51pY  =  17x3pV. 

.-.  H.C.F.  =  11  pq 


7.  a^  +  x^  ={a-\-x'\{a'^—ax-{-3^) 

12a:8yV  =  2*  X  3ar»yV.  * '  "•^•^-  "  «  +  »• 

20a:*3/»z2  =  22x5ar*y»2«  s.  Ox^-l    =(3a;  +  l){3a;- 1) 

.-.  H.C.F.  =  4a:«y«22  ^^  ^  ^^^  ^3^  ^  ^2 

.      o^  ^  *     o      o       ...  .-.  H.C.F.  =  3x  +  l. 
4.     30»V  =  2  X3  x5a;V. 

90a'2y8  =  2  X3«x5x2y»,  9.   7a;«-4a;     =a;(7a;-4), 

120r»y*  =  25x3  X^x^y*.  7a«a;-4a2=  a^  (7a;-4). 

.-.  H.C.F.  =  SOx'f.  .-.  H.C.F.  =  7a;  -  4. 


10.  12a'a;'y  —  4a'xy*  =  4a*a:y(3a7  — y), 
30a2ar»y2  _  10a*a;V  =  lOa^a^y*  (Sx  -  y). 

.-.H.C.F.  =  2a'»a:y  (3a;  -  y). 

11.  8a»6«c-12a26c»  =  4a26c(2a6-3c»), 
6ab*c  +  4a6»c2=  2a6»c  (36  +  2c). 

.-.  H.C.F.  =  2abe. 

12.  a^^-2a;  -3  =  (a;-3)(a;  +  l),    13.   2a'-2a62  =  2a(a  +  6)(a-6), 

a;2+a;-12   =  (x  -  3)  (a;  +  4).       •     46(a  +  ft)'' =  46(a  +  6)(a  +  6). 

.-.  H.C.F.  =  a;  -  3.  .-.  H.C.F.  =  2  (o  +  b). 

14.  12a;«y(a;-y)(a;-3y)  =  2''x3ar»y(a;-y)(a;-3y), 
18ar»(a;-y)(3a;-y)     =2XS^a^lx-y){Sx-y). 

.-.  H.C.F.  =  6a;«(a;-y). 

15.  3a:S  +  6a;2-24a;  =  3a;(a,-«  +  2a;-8) 

=  3a;(a;  +  4)(a;-2), 
6aj»  -  96  a;  =  6a;  (ar»- 16) 

=  6a;(a;  — 4)(a;  +  4). 

.-.  H.C.F.  =  3a;(a;  +  4). 

16.  ac  (a  —  b){a  —  c)  =  ac  (a  —  6)  (a  —  c), 
be  {b  -  a)  (6  -  c)  =  be  (a  -b){c-  b). 

.•.H.C.F.  =  c(a-6). 


17.   10ar».v-60a;2y2  +  5a;y»  =  5a;y(2ar^-12a;y+y^, 
5x^f-5xf-l00y*  =^5y^{x^-xy-20y^ 

"'  "(x-5)(a;  +  r 
.C.F.  =  5y. 


=  5^(x-5)(jc  +  4). 
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18.  x{x  +  lf^x{x  +  l)\ 

x^  (x^  -  1)  ^  x'ix  +  l)(x-l), 
2  x  (x»-x-2)  =  2  it  (aj-2)  (x+1). 

.-.  H.C.F.-aj(«  +  l). 

19.  3a:«-6a:  +  3=3(a;~l)«, 

6  a^  +  6  aj  - 12 = 6  (x+2)  (a;-l), 
12x»-12  =  12(a;-l). 

.-.  H.C.F.  =  3(x-l). 


21.   x«-y»-(x  +  y)(x-y). 
(x  +  v)«»rx+yA 
a:*  +  3ry  +  2y»-(x+y)(x+2y), 

.-.  H.C.i*.-(«  +  y). 

22.  ^-y'-(«  +  y)(x-y), 

x«-7xy+6y«  « (x-y)(x-6y). 
.-.  H.C.F.-(x-y). 


20.   6(a-5)*  =  6(a-5)*,  23. 

10(a*-6*)=10(a«+6»Xa+6Xa-^).      «*  +  » 


8(( 


8(a  +  5)«(a-6)«, 


x»-l 
x»-l 


.-.  H.C.F.  =  2(a-6). 


rx-lUx  +  l), 
(x-l)(x*  +  x  +  l). 
2-(x-l)(x+2). 

.-.H.C.F.-x-L 


1.   5x*-f4x— 1 
5x^  —    X 


Exercise  42. 


20x»  +  21x-5 
20x»+16x-4 


5x 
5x 


1 

1 


2.   2x»-4x*-13x-7 

2x»  +  4x»+    2x 

-8x«-15x-7 
-8x»-16x-8 

x  +  1 


3.   o)6a*+25d'-21a«+4a 

6a»+25a»-21a  +4 
6o^—  5a^+     g 

30a»-22o  +4 
30o«-25a  -fS 

3a -1 


4. 


9x»  +  9x' 
9r» 


-4x-4 
—  4x 


9x» 
9x» 


-4 
-4 


5x-l 


6x»- 

63*- 

-llx»- 
-12x*- 

37x- 
.S9x  - 

20 
21 

x"  + 
x»  + 

2x  + 

X 

1 

x  + 
x  + 

1 
J 

X  f  1 

1 

II.C.F.  «6x-l. 


2x-8 

x  +  1 


H.C.F.  =  x+l. 


2a)24a*+112a»-94a«+18o 


12aH  56a«-47a  +  9 
12a»+  50o«-42o  +  8 

6a*-  5a  +  1 
6a'-  2a 


-  3a  + 

-  3a  + 


1 
1 


Reserve  a. 
2 

a  +  5 
2a-l 


.-.  H.C.F.-a(3a-l). 


45x"  +  54x' 
45x>  +  45x2 


20x 
20x 


9x» 


24 
20 

4 


x  +  1 
1 
H.C.F.  =  9x-» 


-4. 
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6. 

3g»)27x'-3a?*-h6a^~3a» 

9a?*~  'x^-^-2x  -1 
9aj*  +  6ir»  +  3a; 


-6a;» 
-6a:» 


x^ 
4a^ 


1 
2 


3«»~x  +  l 


6a;)162a^+48a^-18g'+6a; 

27a:*  +  8.T»-3x  +1 
27rc*-3a:»  +  6iB»-3a; 


3a:»  +  2a:«       +1 
3ar —   a^  +  a; 


3a:»-a;  +  l 
3x*-a;  +  l 


Reserve  3  a;. 
3a; 

3x-2 
a;  +  l 


.-.  H.C.F.  =  3a;(3a;»-aj  +  l). 


6. 

10)  20  g»- 60  a;' +  50  a; -20 


2a:»- 
2a:»- 


6ar»+    5a; 
6a:»  +    4a; 


a; 
a; 


2 
2 


4  g)  32  x'*-92  a;»+68  a;«-24  x 

8ar»-23a;*+17a:-  6 
8ar»-24a;'-f20a;  -  8 

a:*-  3a;  +  2 
a^-  2x 


Reserve  2. 
4 

2a; 
x-l 

-     x  +  2 

.-.  H.C.F.  =  2(a;-2). 


7. 


4x^-    8a; -5 

12a;«-    4a; -65 

3 

4a;2-10a; 

12a;»-24a;-15 

2a; -5 

10)20a;-50 

2a; -5 

2a;-   5 

2a; +  1 

• 
•    • 

H.G.F.  =  2a;-5 

8. 

a)3a^  —  5a*a;  — 

2ax' 

a)9a»-8a2a;-20aa;2 

Reserve  a. 

3  a'  —  5  oa;   — 

2^ 

9a2-    8aa;-20a;« 

3 

3a«-6aa; 

9a«-15aa;-    ^x^ 

ax  — 

2^ 

7  a;)  7  aa;  — 14  a;* 

3a  +  a; 

ax  — 

2ar» 

a   —   2a; 

.-.  H.C.F.  =  a(a-2a;). 


9. 

10a;' +    ^ 
10ar»-5a;« 


9a; +  24 

+  15 


3)Ba;*-Uj;+    9 
2a;2-3a;+    3 


20a;*  -  17a;' +  48a; -3 
20a;*  +  2ar»-18a;*  +  48a; 


-2a;'+      Q?         -3 
-2a;»+    3g!'-3a; 


-2a;«  +  3a;-3 
-2a;»  +  3a;-3 


2a; 

-5 
-a;-l 


,-.  H.aF,  =  2ar»-3a;  +  3. 
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10. 

2)8ar»      4x^      32a;      182 

3)36a:»-84a:»-lllx-126 

4a:»-2a;»-16a;-    91 
4ar»      2a:2      42^ 

12x»-28a;»-   37x~   42 
12x»-   6x*-   48X-273 

-ll)-22x»+    llx  +  231 

3 

13) 26 a;-    91 

2a;-     7 

2x«-       X-  21 
2x«-     7x 

2x 
x  +  3 

6x-   21 
6x-   21 

II.C.F. -2u-     7. 


11. 

5ar»(12aJ»  +  4x»  +  17x-3) 

12ar»  +  4x«  +  17x-3 
12x^  +  4x'-      X 

3)18x-3 

6x-l 


.-.  H.C.F.  =  6x(6x-l). 


10x(24x*-52x»  +  14x-l) 

24x»-52x»  +  14x-l 
24x»-t-    8x*  +  34x-6 

-5)-60a:»-20x-h5 

12x»+    4x-l 
12x«-   2x 

6x-l 
6x-l 


'  Reserve  r>x. 
0 


X 

2x  +  l 


12. 


2y)  18x^.v-18x».v»-2a;y^-8y* 


9x»-9x»y-xy«-  4y» 
9x'  -xy'-20y^ 

y)-9x»y         +16y» 

-9x«  +16y* 

-9x»+12xy 

-12ay+16y« 
-12ay+16.v» 


a?y)9x*V  —  x^y^  —  20  37/* 

9x»-      xy*-20i/ 
9x»-16xy» 

5.v»)15xy«-2Q.v' 

3x    -  4y 


Reserve  y. 

1 

—  X 

—  3  X  —  4  y 


• 
• 

.H.C.F.= 

y(3x-4y). 

13. 

6a;a-      a; -15 
6x«-10x 

9x»-3x-20 
2 

9x-15 
9x-15 

18x»-6x-40 
18x*-3x-45 

3 

-3x+    5 

-2x-3 

.-.  H.C 

.F  =  3«-5. 
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14. 

12x»-    9x*+    5a; +  2 
_2 

24a:»-18a:>  +  10x  +  4 
24a:»-Hl0a^-H      x 

-28i»+    9aj  +  4 
-6 

168a»-   54x-24 
168g«+    70g+    7 

-  31)- 124  a; -31 

4a;+    1 

15. 

3)6a:»  +  15a;»-6a;  +  9 
2a;»+    5a;»-2a;  +  3 

n 

22a;»  +  55x'«-22a;  +  33 

22ar»  +  56g«-30a; 

-3^+    8a; +  33 
-x^-   3a; 


11a; +  33 
lla;  +  33 


16. 

4ar*~    x^y  ~    xy^~by^ 
43^  +  4a;^y  +  ^xy^ 

—  ba^y  —  5xy^  —  by^ 

—  Cyx^y  —  dxy^  —  5y^ 


17. 

2a»-2a2-3a-    2 

2 

4a»-4a2-   6a-4 
4a»  +  5a«-26a 

-9a2  +  20a-4 
4 

-36a2  +  80a-    16 
-36a»-45a  +  234 

125)125a-250 

a-     2 


24a;»  +  10a;  +  l 
24a;»+    6a: 

4a;  +  1 
4a;  +  1 


a;+7 
6a; +  1 


.-.  H.C.F.  =  4a;  +  L 


3)9ar»  +  6a;«-51a;  +  36 

3a;»  +  2a;»-17a;  +  12 
2 

ea^+    4a;«-34x+    24 
6a:»  +  15a;'-    6a;  +      9 

-lla;»-23a;+    15 
-lla:'  +  88g  +  363 

-116)- 116a; -348 

x+     3 


Reserve  3. 


-2aj 
11 


-a; +  11 


H.C.F.  =  3(x  +  3). 


►7  -iJ 


4 


a-H   40;*^+   4:xy^—  3y^ 


28ar»  +  16a;«y  +  16a;3/2-12T/» 


23  y)  23  x^y  +  23  gy*  +  23  y^ 


ar^    +      xy  -Y     y' 


4tx  —  by 


.\  II.C.1P.  =  3^  +  xy+y\ 


3a' 
2 

-   a« 

-2a- 

-16 

6a^ 
6a» 

-2a2 
-6a^ 

-4a- 
-9a- 

-32 
-   6 

4a'» 
4a2 

+  5a- 

-8a 

-26 

13a- 
13a- 

-26 
-26 

a 
-9 

4a +  13 


.-.  H.C.F.  =  a-2. 
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18. 

2)12y»  +  2v^ 


94y~G0 


6y»  + 
8 


y*-47y-30 


48y»+   8t/«-376y--240 
48y»-42v»-405y 

50y»+   29y-240 


4OOy»  +  232y-1920 
400y«-350y-3375 

291)582.v  +  1455 

2,.       6 

9a:(2a;*-6a;>-a;«  +  15a;-10) 

2a;*_6ar»-a;»  +  15a;-10 
_9 

18a;*-54ar»-  9a;*+135a;-90 
18x*-  2ar^-45x»+    5j 

2)-52ar»+36a;«4-130ar-90 

-26a;»+18x«+  65ar-45 
9 

-234a;»+162  a;*+585  a;-405 
-234^+_26^+585£-_65 

68)  1 36  a;^-  340 

2:^-  5 

20.       • 

15a;*  +  2ar»-75a;'+   5a; +  2 
15a;*  -75a;2  +  15a; 


2)48y»-24y'-348y-f  301  Raeerre  2. 

24y»-12y*-174y+   15  4 
24y»4-   4y<-188y-120 


-16y»-|.    14y-»-135 
-16y«-   40y 


64y  +  135 
My  + 135 


-3y-25 

-8y-h27 


1^ 
2a:» 


-10a; +  2 
-10a; +  2 


.-.  H.C.F.  =  aJ»-5a;  +  l. 

21. 

21a;S_32a:2_54a;-7 


5 

105  a;* 
105  ar» 

-160a;« 
4-   99a;2 

-  270a;  - 
4-    12a; 

-35 

-259x» 
5 

-282a;- 

-35 

^^^ 

■1295  a;2  - 
1295  a;« - 

•1410a;- 
1221a;- 

•175 
■148 

-27i: 

-189x- 

■   27 

7a;4-     1 
.-.  H.C.F.  =  7a;4-l. 


.•.  n.C.F.  »2(2y4-5). 

6a'»(4a;*4-6a;»-4a;»-15x-15)'  Reserve  3x. 

4a^4-    6a;»-4x»-15x-15'2 
4  X*  -  ISa;*  -  2a;»  4- 30 a: -  20l 


18a:»-2a;»-4r)x4- 
18a;»  -45x 


r.^ 


-2x» 
-2x* 


4-   5 

4-   5 


x-13 
9x-l 


.-.  n.C.F.  =  3x(2a;«-5> 


35a;*4-  a;'-175x«+30x4-  1 
3 


105j*4-  3a;3_525^^2^()()3._j.  3 
105a;*4-14ar'-52r>a;»4-3'>J:  4-14 


-ll)-llar» 


4-50J-11 
—  5x4-1 


7 
15x4-2 


21 X*- 
21 X*- 

-   4x»-15 
-32x^-54 

x2-2x 
x2-7x 

28r»  +  39 
3 

x2  4-  5x 

84  x» 
84  x» 

4-117x«4- 
-128x2- 

15x 
21Gx- 

28 

7)245x2  4- 

231  x  + 

28 

35x2  4- 
35x2  4- 

33x4- 
5x 

4 

28x4- 
28x4- 

4 
4 

X 


3x-37 
5x4-4 
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22. 

y)  9  agV~22  a;»y»-3  a;y*+10y* 

9a;*  -22a;*y*-3ay»+10t/* 
J, 

18a;*-44a;*y*-    Qxy^+20y* 
18a;*-  9a;»y»-f  105ary»-693:»y 

y)69a;».V-35a;^«-llla;y»-H20y* 


69a;»  -35a;*y  -lll:ByH20y» 


138a;»-  70a;»y-222aryH  40y» 
138a:»--529a;'y-  69jv^-h805y3 

153.V)  459g'y-ir)3ary'-765v» 

3a;*  —      xy  —    by^ 


xy)  9a;^— 6a;*y'+a;'.y'— 25gy^ 

9a;*-6ar'y+a;*y  -25y* 

9a;*       -22a;^v»-3ary»+10y* 

-y)-6ar»y+23ar^.v'+3ary»-35y* 

6ar»  -23a;*y  -3a;y»+35y» 
6ar»  -  2a;*y  -10a:y» 

-7.v)-21a;».V  +7ayyH3V 

3a;'    —  xy  —  5y' 
Sa;*    —  ajy  —  5y' 


Res.y. 
1 


3a; 
23 

2a; 

1 


.-.  H.C.F.-yCSa^-fliy-Sy'). 


23. 

4a;*  +  2a;'-18ar»  +  3a; 
4a;*-8g»+    2a;?-  2a; 

\0a?-20x^^bx 
10ar»-20x2  +  5a; 


5 


5 


6a;*-4a;*-ll*»-  3a:»-  3a;-l 
2 


12a;S-8a;*-22ar»-  6a;2-  6a;-2 
12aJ^+6a;*-54ar»+  9ar'-15a; 


-14a^+32ar»-15a^«+  9a;-2 
2 


-28a;*+64ar»-  ^W-\-Ux-  4 
-28a;*-14ar»+126a;*-21ar+36 


39)  78ar^-  156gH39a;-39 


2ar»-    4ar»+    a;-  1 


3a; 


—  / 


2a;  +  5 


.-.  H.C.F.  =  2a;8-4a*+a;-l. 


24. 


3ar»-7aa;»  +  3a«a;-2a» 

a^—  anT?-  aV—  a'x— 2  a* 
3 

6ar»~14aa;2H-    Ga^a;- 4a' 
Gar»-    9aa;*-    QaH 

3  a;*-3  aar»-3  aV-3  a^x-Q  a* 
3a;*-7aar»+3a2a;2-2a8a; 

a; 

-a)-bax^  +  12a2a;  -  4a» 
5a;'^-12aa;  +4a'^ 

4aar*— 6aV—  aH—Qa^ 
3 

2 
10a;2-24aa;-+    Sa"-* 

12aa;3-18aV-  3a3a;-18a* 
12aar»~28aVfl2a3a;-  8a* 

4a 

10a;  -]5aa;-10a'« 
-9a)-9aa;  +  18a''« 
a;-    2a 

5a2)10aV-15a8a;-10a* 

2x^-  Zax-  2a« 
2a^^-  4aa; 

ax—  2a* 
aa;—  2a* 

.-.  H.C.F.= 

3a; 
5 

2a;  +  a 
=  a;-2a 
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Exercise  48. 


1.  2a:«+a?-l  =  (x+l)(2x-l). 
a:*+5x+4  =  (a;+l)(x+4), 

.-.  H.C.F. «  «+l. 


3.    a:»-4a:»  +  9x~10 

-2x»  +  4x-10 
-2x*  +  4x-10 


a:«-2x  +  5 


IT.C.F.«  aj»-2x  +  6. 


2.  y*-y-y+l-y*(y-l)-(y-i) 
-(y'-i)(y-i). 

3y«-2y--l-(y-l)(3y+l). 

y'-V+y-i-y'Cy-b+Cy-i) 
-(y*+l)(y-i). 

.-.  H.C.F.  -  y-L 


x»  +  2x"-  3x  +  20 
x»-4x«+  9x-10 


6)6x»  -  12x  -f-  30 
X*—   2x+   6 

x'  +  Sx*-   9x  +  35 
x"  — 2x*+   5x 


7x*-14x  +  35 
7x»-14x+35 


x-2 

x  +  7 


4.   x»-   7x»+   16X-12 

7ar»-49x»  +  112x-84 
7x»-32x«-f    36x 

~17x«-»-    76X-84 

7 

-  119x«  +  532x-588 
-119j'  +  544x-612 

-12)-    12x4-    24 
X-     2 


.-.  H.C.F.=  x-2. 


3r»- 
3x»- 

-  14x«4 
-21.c»-h 

IGx 
4Sx- 

32x- 
14  X 

-36 

5r»- 
5x»- 

7i:«- 
7x»- 

f  36 

10x»4- 
lOx* 

18x4-3() 
18x4-36 

7x-14 

7x- 
7x- 

14 
_14 

3 

X--17 
7x-18 


6x«  +  7 


5.  y'-Sy*  4-lly-15 
y8—    yg-i-    3y+    5 

-4)-4y»4-    8y-20 
y«-   2y4-    5 


/«  — 


2y  +  5 


H.C.F.  =y»-2y  +  5. 


2^ 


r»  4-  3y  +  5 


2y4-5 
2.V4-5 


2y8_7y«4-16y-15 
2v»-4t/'  +  10.v 


-3y»4-    6y-15 
-3y'4^    6y-15 


1 

y  +  1 


2y-3 
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AXGEBRA. 


6.   2a^»  +  3a?-5  =  (2a;  +  5)(a;-l). 
3a!2  -  X  -  2  =  (3a;  +  2)(a;  -  1), 
2a;* -f  a? -  3  =  (2a;  +  3)(x  - 1). 

.-.  H.C.F.  =  a; 


-1. 


7.  a;»-l 


—  a^  —  x 

—  x^  —  X 


1 
1 


a^  +  X+1 


3r  —  3^  —  X  —  2 
3^  -1 


—  X^  —  X—  1 


2ir»_    a;*-    3.-3 

2ar»+2a;*  +  2a; 


-3a;»-3a;-3 
-8a;«-3a;-3 


aj  +  1 


2a;-3 


.-.  H.C.F.  =  a;'  +  a;  +  l. 


8.    a;»-3a; 

ar»  +  2a;*  + 


-2 


X 


-2x^-ix-2 
-2x^-ix-2 


r'  +  2a;  +  l 
ic^  -\-    X 

a;  +  1 
a;  +  1 


2a;>  +  3a;«  -1 

2ar»  ~6a;-4 


3)3g'»  +  6a;4-3 
a;'  +  2a;  +  1 


7? 
3? 

+  1 

+  2a;«  + 

X 

-2a;«- 
-2ar^- 

x  + 
4a;  — 

1 
2 

9.   12  (a;* -3/*) 

10(a;8-y8) 

8(a;*y  +  a;y*) 

10.        a;*  +  x^ 

ar»y  +  / 

Q^  +  a;*y*  +  ^ 


3)3a;  +  3 
a;  +  1 


12(a^  +  3/2)(a;«-y») 

i(a;  — 


a;-2 


a;-2 


a;+l 
H.C.F.  =  a?  +  l. 


a;y  +  y^)  (a;  -  y)  (a^  +  aiy  +  y*) ; 


12ra;^  +  ypra;  +  y)(a;-y); 

lO{x-\-y){x^  —  xy  -f 

8xy(a;  +  i/)(a;«-a:y  +  y2). 

.-.  II.C.F.  =  2(a;+y). 

=  a;(a;  +  y)(a;2_a^^y2). 

=  y(a;  +  i/)(a;2_a^^y2). 

=  (a;*  +  2a;y +  /)-a;y 
=  ra;«  +  y2)2  _  3.2^2 

=  \x^  i-xy  +  y^){x^  —  xy-\-  y^). 

.'.  H.C.F.  =  x^-xyi-y\ 
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11.   2x«y-a^)»2ay(«-y), 

3(^y  -  xtA  =  3a:y  (x  +  y)(x  -  y), 

6(a^  -  xy*)  =  5ay  (x  +  y)(«  -  y)  (x«  4-  y*). 

.'.  H.  C.  F.  =a  xy(x  —  y), 

« 

Exebcise  44. 

1.  4a»x-2«xa'xx.  10.  x»- 1  «(x+ l)(x- 1). 
6a»x*  =  3x2xa>xx».  x«-x-=x(x+l) 
2ax»=2xaxa^.  x»-l«(x-l)(>  +  x  +  l). 

.-.  L.C.M.  =  12a»x*.  .-.  L.C.M.-x(x  +  l)(x»-l> 

2.  18ax«  =  3«x2xaxx»,  n.  2a+l-2a  +  l 

72ay«  =  3*  X  2»  x  a  x  y«.  4a«  -  1  =  (2a  +  l)(2a  -  1), 

12xy  =  3x2»xxxy.  8a»  +  l«  (2a+l){4a»-2a  f  1). 

.••  L.C.M.  =  72ax»y».  ...  L.C.M. -(8a»+l)(2a-l). 

3.  x«  =  xxx  12.  (a  +  5)«  =  (a  +  W 

ax  +  x»  =  x(a  +  x).  (a«-i»)Ha+ i)(a-6). 

.-.  L.C.M.  =  x»(a4-x).  ...  L.C.M. -(a  +  6)«(a-6). 

.-.  L.C.M.  =x(x  +  l)(x-l).  2(1  -x*)=  2(1  +  x)(l  -x). 

5.  a»-6»  =  (a  +  6)(a-5),  .-.  L.C.M.  =4(1  +  x)(l -x). 
a^-{-ab  =  a{a-{-b).                    ^^    x-l=x-l 

.-.  L.C.M.  =  a(a+6)(a-5).        '  a^^x^l==:i'  +  x-^l, 

6.  2x-l  =  2x-l  x»-1  =  (x-1)(j:«  +  x  +  1). 
4x2  - 1  =  (2a;  +*l)(2x  -  I).  •••  L.  C.  M.  =  x»  - 1. 

.•.L.C.M.  =  (2x+l)(2x-l).    15^  :^-y.«(x  +  y)(x-y). 

7.  a  +  b=^a  +  b,  (^  +  y)|  =  (^+y);. 
a'  +  63  =  (a  +  b){a^-ab  +  ft'').           (^  "  y)  =  («  - y)  • 

8.  x«-i=(x  +  i)(x-i),        16-  f-y'^(^,V)(^^y)' 

x2+l=x2  +  l,  3rx-v)«  =  3(J;-v)^ 

X*  -  I  =  (xH  l)(x  + 1) (x - 1).       12(x»+y»)  =  12(x+yX^-xy+y«). 
.-.  L.C.M.  =  (x»+l)(x+l)(x-l).        •••  L.C.M.  =  12 (x»+y')(x-y)» 

9.   x2-x  =  x(x-l),  17.   6rx2  +  xy)  =  6xrx  +  y). 

a^-  I  =  (x-  l)(x»  +  X  +  I),  8(xy-y2)  =  8,v(x-y), 

a;S  +  I  =  (x  +  l)(x2  -  X  +  I).  10(x2-y2)  =  10(x  +  y)(x  -y). 

.-.  L.C.M.  =  x(x3-f-l)(x'-l).  .-.  L.C.M.  =  120xy(x  +  y)(x-y). 
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ALGEBRA. 


18.  a»  +  5aj  +  6«(x  +  3)(a:  +  2),  20.  a:*  +  lla?  +  30  =  (a;  +  6)(x-h  H), 
a:»  +  6a:  +  8  -  (x  +  2)(a;  +  4).  x^  +  12x+S5  =  (x+5)(x-\-  7). 

.  •.  L.  C.  M.  =  (a;  +  2)  (a;  +  3)  (x  +  4).        .  •.  L.  C.  M.  -  (x+5)  (x+6)  (x+7). 

19.  a»-~a~20«(a-5)(a  +  4).  21.  x«-9x-22  =  (x  +  2)(x-ll). 
a«  +  a  -  12  =  (a  +  4)(a-  3).  x^-lSa?  +  22  =  (x-2)  (x^ll) 

.  •.  L.  C.  M.  =  (a-3)  (a+4)  (a-5).  .  •.  L.  C.  M.  -  (x  +  2)  (x  -  2)  (x  -1 1). 


22.  4a6(a'  -  Sab  +26»)  =  4a6(a-  25)(a  -  6), 
5a« (a«  +  a^> -  66^)  =  5a« (a  +  36)(a - 26). 

.-.  L.C.M. -=  20a»6 (a- 6)(a - 26)(a  +  3b). 

23.   20(x»-l)  =  20(x  +  l)(x~l),   26.  (a-6)(a-c)=(a~&)(a-c). 
24  (x»-x-2) = 24  (x-2)  (x  + 1),  (b-a)  (b-c)  =  -  {a-b)  (6-c), 

16(x»+x-2)  =  16(a:+2)  (x  - 1).  (c  -  a)  (c  -  6)  =  (a  -  c)  (6  -  cj. 

.•.L.C.M.=  240(x+l)(x-l)(x+2)(x-2).    .•.L.C.M.  =  (a-6)(a-c)(6-c). 


24.  12xy(x»-y»)=12xy(x+y)(x-y), 
2x»(x+y)»=2x«(x+y)(x+y\ 

3  f  (x-yf=  3  y2  (x-y )  (x-y ). 

.-.  L.C.M.  =  12xy(x-y)«(x+y)«. 

25.  (a-6)(6-c)  =  (a-6)(6--c). 
{b  —  c){c—a)  =  -{a  —  c)(b—c\ 
(c—a){a~b)  =  —  {a~b)\a—c). 

.-.  L.C.M.  =  (a-&)(6-c)(c--a). 


27.  x»-4xH3x  =  x(x»-4x+3) 

=  x(x— 3)(x— 1), 
x*+x3-12x2=  x2(a;«+x-12) 

=  a--'(.T+4)(x-3). 
x*+3x«-4x3=  x\j^  f3x-4) 
=  r»(a;-])(x+4). 

.-.  L.C.M.  =x3(x-l)(x-3)(x+4). 


28.  x^y-xy^  =  xy{x-yl 
3x{x  —  yY  =  3x(x  — y)*, 


L.C.M.  =  12xy(x-y)5. 


29.  (a  +  by  .~(c  +  df  =  (a-hb  +  c-^  d)(a  M  &  -  c  -  tf ). 
(a  +  c)2 -~ (6  +  c?f  =  (a  +  6  +  c  +  c?)(a -b  \-c-d), 
{a  +  c?)2-  (&  +  c)2  =  (a  4-  ft  +  c  +  d){a  ~b-c  \  d). 

.-.  L.C.M.  =  (a+6-fc+tZ)(a+&-c-c?)(a-&+c-(i)(a-6-c+<Z). 


30.  (2x-4)(3x-6)=2(x-2)x3(x-2X 
(x  -  3)  (4  X  -  8)  =  (x  -  3)  X  4  (x  -  2), 
(2x  -  6) (5 X  -  10)  =  2 (x  -  3)  X  5  (x  -  2). 


L.  G.  M.  -  60(x  -  2)»  (x  -  3). 
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Exercise  45. 


1.  6aj»-x-.2«(3«-2)(2x  +  l), 
21a!>-17x  +  2-(3x-2)(7c-l), 
Ua^  +  5x  -  1  =»  (2x  +  l)(7x  - 1). 

.-.  L.C.M.-{3x-2)(2x  +  l)(7x-l). 

2.  a»-l=(x  +  l)(«-l). 

x»  +  2x-3  =  {x  +  3)(x-l), 
6x»-x-2  =  (3x-2)(2x  +  l). 

.-.  L.C.M.-(2x  +  l)(3x-2)(j-l)(x  +  l)(x  +  3) 


3.  x>-27  =  (x^3)(a?  +  3«  +  9). 

X*       ^ 

x" 


15x  +  36=:(x-3)(x-12), 
3x«-2x  +  6 


2>(x-3)-2(x-3) 
-(x«-2)(x-3). 

.-.  L.C.M.  =  (x  -  3)  (x  -  12) (x»  -  2)(x»  +  3x  +  9). 

4.  5x»  +  19x-4=^(5x-l)(x  +  4). 
10x»  +  13x  -  3  =  (5x  -  l)(2x  +  3). 

.-.  L.C.M.-(5x-l)(x  +  4)(2x+3). 

6.  12x»  +  xy-6y»  =  (4x  +  3y)(3x-2y). 
18x»  +  18xy  -  20y»  =  (3x  -  2y)(6x  +  lOy). 

.-.  L.C.M.  =  {4x  +  3y)(3x -  2y)(6x  +  lOy). 


6.  x)x*  — 2x'  +  x 

2)2x*-2x»-2x  -2 

x»-2x»  +  l 
a'-2x  -1 

X*—      X*—      X    —1 

x*-2r»+    X 

X 

-2)-2x»  +  2x  +2 

X«-     X   -1 

x»-2x  -1 

X*—      X*-  X 

X*—      X    —  1 
X«-     X    -1 

1 

x  +  1 

Hence,        x*  — 2x' +x  =  (x*  — x— l)xx(x  — 1), 
and  2x*  -  2x' -  2x  -  2  =  (x» - X  -  l)x  2(x  +  1). 

.-.  L.C.M.  =  2x(x*-x-l)(x  +  l)(x-l). 

7.   12x«+   2x-   4  =  (6x  +  4)(2x-l)  =  2(3x  +  2)(2x-l), 
12x»  - 42x  -  24  =  (6x  +  3)(2x  -  8)  =  6(2x  +  1)  (x  -  4), 
12x» - 28x  -  24  =  (6x  +  4)(2x  -  6)  =  4(3x  +  2)  (x -  3). 

.-.  L.C.M.  =  12{3x  +  2)(2x--l)(2x  +  l)(x-4)(x~3). 
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ALGEBRA. 


8.  a;»-6x«-i-llx-6 

a*  — 5a:*+    6a; 


-  x*  + 

-  a?  + 


6x-6 
5a; -6 


5a; +  6 
3a; 


2a;  4- 6 
2a; +  6 


Hence,  a;*  — 6a:*  +  11a; 
a;»-9a;*4-26a; 
a;*  -  8a:*  +  19a; 


a;»-9a:»  +  26x-24 
ar»-6a:*  +  lla:-.   6 


-3) 

-3a:»  +  15a:. 

-18 

2^- 

-8a:«  + 
5a:*  + 

-   5a;+   6 

19X-12 
6x 

^^ 

3ar»4-13a:- 
3ar»  +  15a;- 

12 
18 

-2)- 

2x  + 

6 

a;  —    3 

6  =  (a;-l)(x-2)(x 
24  =  (x-2)(x-3)(x 
12  =  (x-l)(x-3)(x 


x-1 


x-3 


x-2 


3). 


L.C. M.  =  (x  -  l)(x  -  2)(x  -  3)(x  -  4). 


9.  x»-4a*  =  (x+'2a){x-2a), 

r»  +  2ax*  -h  4a*x  +  8a*  =  x*(x  +  2a)  +  4a*  (x  +  2a) 

=  (x*  +  4a*)(x  +  2a), 
X*  -  2ax*  +  4a*x  -  8a*  =  x*(x  -  2a) +4a*  (x  -  2a) 

=  (x*  +  4a*)(x-2a). 

.-.  L. C. M.  =  (x  +  2a)(x - 2a)(x*  +  4a*). 


10.  x*  +  2x*y 
X*  —  2x*y 


xy«  -  23/*  =  x*(x  +  2y)  -  y*  (x  +  2y) 

xy*  +  2y*  =  x^(x-2y)-y*(x-2y) 
=  (x^-y*)(x-2y). 

.-.  L.C.M.  =  (x*-y*)(x  +  2y)(x-2y). 


11.   l+p+p^  =  l -\-p+p\  12.   l-a  =  l-a, 

1  -;,  +P*=  1  ~p  +p\  (1  -a)*  =  (l-a)(l-a), 

l+pHp^=(l-fjp+p'0(l-2>  Ij)').         (1  -a)*=  (l-a)(l--a)(l-a). 


.-.  L.C. M.  =  1+2)2  \-p*. 


,-.  L.C.M.=(l-a)*. 


13.  (a  +  c)*  -  6*  ==  (a  4-  6  +  c)(a  -  6  +  c), 
(a  +  bf      "     ^        '       -       -       - 
(6  +  cy 


— /»2 


c'  =  (a  +  6  +  c)(a  +  6-c), 
a''=={a-\-b  +  c){-a  +  b  +  c). 


.-.  L.O.M.  =(a  +  6  +  c)(a  +  &-c)(a-6  +  c)(-a  +  5  +  c). 
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14.  cHc^-c'y-Scy* 

4c*-cy  -3y« 
_9 

36c»-    9cy-272/* 
36c'-52ct/  +  16y' 

43t/)43cv-43y' 

c   -      y 


Hence 


3c»-3c«y  +  cy«-y> 
4 


I 


12c»-12c»y+    4cy»-4y»3c 
12c»~    3c»y-    9cy» 


^v)-9c«V-H3cv»-4v' 


9c*    -13cy  +4y» 
9c«    -   9cv 


-  4cy  +4y* 

-  4cy  +4y* 


4 
9c-4y 


4c»-c»y-3cy«=-(c-y){4c»  +  3cy). 
3c»  -  3c»y  +  cy«  -  y*  -  (c  -  y)(3c»  +  y«).. 

.-.  L.C.M.-c(c-y)(4c  +  3y)(3c*  +  8f^ 

15.  m'-8m  +  3  =  (m+3){m»-3m+l), 
m*  +  3  m'^  +  m  4-  3  =  m*^  (m  +  3)  +  (m  +  3) 

«(m'^  +  l)(m  +  3). 
.-,  L.  C.  M.  « (m  +  3)(m«  -  3m  +  l)(m»  +  1). 

16.  20n*  +  n»-l  =  (5n»-l)(4n»  +  l) 

25n*  4-  5n»-n  - 1  -  (5n«  -  l)(5n'  +  n+  1) 

.-.  L.C.M.  =  (5n»-  l)(4n'  +  l)(5n«  +  n  +  1). 


17.  46»- 126* +  96-1 


286*-   846*+    636-7 
286*- 1606* +  1326 


6*-26>  +  6»-86  +  8 
4 


46*-  86*+  46*-326+32 
46*-126'+   96*-     6 


766*-   696-7 

7 


5326*-   4836-     49 
5326* -30406 +  2508 


4ft»-  56*-3l6+32 
46»-126*+  96-  1 


6  +  1 


76*-406+33 
76*-  76 


-336+33 
-336+33 


2557)25576-2557 
6-        1 
Hence.  46»-  126*  +  96-  1  ^  (6  -  1)(46*  -  86  +  1). 


46  +  76 
76-33 


6*  -  2  6*  +  6*  -  8  6  +  8  =  (6  -  1 )  (6*  -  6*  -  8 ). 

.-.  L.C.M.=^(6-l)(46»-86  +  l)(6»-6*-8). 


18. 

2r)2r^-8r^+12r»-8r*+2r 

^_4r*+  6r»-4r  +1 
f*         -  2r*         +1 

_4r)-4r*+  8r*-4r 

r*-  2r  +1 


3r)3T^-6r*  +  3r 

r*-2r*  +  l 
f»-2r»+    t^ 


2r^-3r*  +  l 
2r»-4r*  +  2r 


r*-2r+l 
r*-2r+l 


Reserve  r. 

1  . 

r*  +  2r  +  l 


Hence,  2t^  -  8r*  +  12r»  _  8r*  +  2r  -  2r(r  - 1)*. 
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Exercise  46. 


1. 


Ax{x-¥  1) 

Ax{x  +  1) 
4«  ' 


2. 


ar»-7a;  +  12 

_(j;-5)(x-4) 

"(.T-3)(a:-4) 
_j-5 
'   a; -3 


3. 


a;»-2a;-3 
»»-10x  +  21 
_(x-3)(ar  +  l) 

(a:-7)(a:-3) 

g+  1 
*a;~7* 


aj*  +  x  +1 

_(a;»  +  a;  +  l)(a:»-a;  +  l) 

X*  +  aj  +  1 

■so*  — 05  +  1. 


6. 


a»  +  l 


_(a  +  l)(a'-a-f  1) 
(a  +  l)(a2  +  a  +  l) 


a' 


a  +  1 


a*  +  a  +  1 


5    a^-H  2a'y*  +  .v^ 
.T*  —  jy* 
(a-»  +  .v^)(r^-f.v») 

a?  — y* 


7. 


g'  -  g  -  20 
a'  +  a  -  12 
^(a-5)(a  +  4) 
(a-3)(a+4) 
_o  — 5 
"a -3 


8.  a;»-4a;«+   9aj-10 
ar^-f2a;»-   3a; +  20 

-6)-6a^^  +  12g-30 

a:*-   2a:  +   5 


a;»  +  2a;«-3a!  +  20 
a:*  — 2a;*  +  5a; 


4a;»-8a;  +  20 
4a;«-8a;  +  20 


•.-.  H.0.F.  =  a;»-2aj  +  5. 

.   a;'-4a;*  +  9g-10 
•  •  — _     _  _      _        ^  _ 


1 

a; 


a;»-4a;»  +  9g-10_(a;»-2a;  +  5)(a;--2)     a~2 
a»  +  2ar»-3a:  +  20     (a;* -2a; +  6) (a? +  4)     a;  +  4* 
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9.   a^~5x^-{-nx-^15 
x»  — 2a«+    5a? 

.    --3a»+    6ar-15 
—  3a^+    6a;-15 


a"-    ar*+   3x+   6 
a»~5a;»4-llx-15 


4)4a*'-'   8g+20 
2"-    2x+    6 


1 


«-3 


.-.  H.C.F.  =  x*-2x  +  5. 

.   a:»-5a»-Hlla-15^(x-3)(g«~2g  +  5)     t-3 

a;»-a;»  +  3x  +  5    *'(x  +  l)(x*- 2x  +  5)  °x  +  f 


10. 

a?*  —  a^y  —  xy*  —  y* 


—  i^-a^'-ay*-y* 


X*  —  a^y  —  xy*  —  y* 
2xy)2x^-H2xy*^ 


"7 


7U 


•  •.  H.C.F.=  x*  +  y». 

.^  x*  +  r'y+x?/»-y* _  (x'  +  ?/*) (x»  +  xy  -  t/') _  x"j  jy     y^ 

"  x*-x»y-xy«-y*     (J^  +  y')  (J^  -  ary  -  y«)     x*-xy-y«" 


11.   a»-3a  +  2 
4 


4a»  -12a +  8 

4a»  +  3a'-    7a 

--3a''-    5a  +  8 
-3a2+    3a 


-  8a  +  « 

-  8a  +  8 


a*  f    4  a'—    5 
a«-    3a  +    2 


4a» 
-3 

+ 

3a 

— 

7 

-12a« 
-12a« 

— 

9a 
20a 

21 

32 

1 

n 

11a 

— 

11 

a  -   1 


1 


a 


-3a 

-8 


.-.  H.C.F.  =  a-l. 

g*  -f  4a»  -  5  ^  (a  —  1)  (g'  +  5a  -f  5)     g*  \  5a  +  5 
'  *  a»-3a  +  2  '^  (g- l)(a« +  a-2)        a^  +  a-2* 


12.  x»  +  x=-x-l 

3 

3f»  +  3x2-3x-3 
3x»  +  2x'-    X 

x'»-2x-3 

X*-f      X 

-3x-3 
-3x-3 


3x*  +  2x-l 
3x»-6x-9 

8)8x-f  8 

x  +  1 


H.C.F.  =  x  +  l. 
3x»  +  2x-l  _(x  +  l)(3x 
x'+x^  —  x— 1      (x  +  l)(x' 


X 

3 


x-3 


-1)     3x-l 


-1)      x«-l 
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13.  3^-    a:* -2a: +  2 

x»- 

-3x»  +  4x-2 

1 

ai^-Sx^  +  'Zx 

x» 

-    x»-2x  +  2 

2x2 -4a? +  2 

-2}j 

-2x»  +  6x-4 

X 

2x«-6x  +  4 

x«-3x  +  2 

2 

2)2x-2 

x'—    X 

x-1 

-2x  +  2 

-2x  +  2 

x~2 

.-.  H.C.F.  =  x-l. 

ar»-3x«  +  4x-2_ 

A^- 

l)(x»-2x  +  2) 

x^ 

-2x4-2 

3^-x^-2x  +  2 

(X 

-l)(x»-2) 

x» 

-2 

j,^    4x'  — 12ax-f  9a* 
8x»-27a» 
(2x-3'a)(2x-3o) 
"  (2x  -  3a)(4x*  +  6ax  +  9a«) 
2x-3a 
4x*  +  6ax  +  9a* 


16. 


a»  +  2o6  +  62-c* 

(a'»  +  2a6  +  6*)-c* 
_  (g  +  6  +  c)(a  —  6  —  c) 
(a  +  6  +  c)  (a  +  6  -  c) 
a  — 6  —  c 


X6    ^5o»  +  a5-26* 
'  9a2  +  3a6-26« 
(5a-f  2&)(3a-5) 
(3a  +  26)(3a-6) 
^5a  +  26 
3a +  26 


17. 


x*-x*-2x  +  2 
2x3-x-l 
(x-l)(xg  +  x»-2) 
(x-l)(2x2  +  2x  +  l) 
x»  +  x»-2 
"'2x*  +  2x  +  l 


18.  x»-2x2-    x  +  2 
3x2  +  2x 


X*  — 


x3-6x*  +  llx-6 
x»-2x'-      x  +  2 

4)-4x'  +  12x-8 


x»-3x  +  2 

a?' -3a? +  2  aJi_    33.^2  x  +  1 

H.C.F.  =x2-3x  +  2. 

x»-6x*  +  llx-6_(x*-3x  +  2)(x-3)_x-3 
x8-2x*-x  +  2        (x2-3x  +  2)(x  +  l)     x  +  1 


19.  6x3-17x2  +  llx-2 
6x*—    5x^  +      X 

-12x2  +  10x-2 
-12x'  +  10x-2 

.  6x»-23x»  +  16x 
'*  6x3- 17x2 +  llx 


6x»-23x*  +  16x-3 
6x»-17x2  +  llx-2 

-1)-    6x2+    5x-l 

6x«-   5x  +  l 

3_(6x'-5x  +  l)(x-3) 

•2     (6x2-5x  +  l)(x-2) 


1 
x-2 

x-3 
x-2 
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20. 


a»(g~l)~(j-l) 
"(a!*  +  aj  +  l)(ar»-3x  f  1) 
(x'-l)(x-l) 
(a:»  +  x+l){i»-3xf  1) 

(x»-3x  +  1){j:»  +  x  +  1) 

x»-3x+l 


21.   a)a^-c?h-a*l^^^alt^ 


gft  -  g4ft  _  g»y  ^  a»y 


»*  f  6» 


.-.  H.C.F.  =  a»-a«6~a6»  +  6». 


22. 


(«+&y 


»_a6-2ft« 
(a  +  6)(a-<-6) 
(a-26)(a  +  6) 

'°a-26 

23     3a5(a'-6») 
'  4(o*6-a6»)» 

_  3a5(a  +  &)(o-5) 

3(0-1-6) 
4a6(a-6)' 


24. 


a«  +  2a6  +  y-c» 

_  (g'-f  2o&  +  y)-c' 
o*  -f  oft  —  oc 
(a  +  6-fc)(a-f  h—c) 
a{a  +  b  —  c) 


25    6x»~llT*y  ±_3xy' 
6x»y-6xy*-6y» 

^x(Ox»-lljy  ^3v^ 
^  y(Gx>-5xy-(;y) 

x(2  X  —  3  y)  (3  X  —  y) 
"°y(2x-3t')(3x-2y) 

x(3x-y) 
"y(^'-  +  2y)' 

(a-6)»-(c  +  d)» 
^(o  +  &-HC  +  c?H<i  — 6-c-rf) 
(a— 6  +  c  +  d)(a— 6— c— d) 


26. 


27. 


6x»-5x-6 
8x»-2x-15 

_(3x  +  2)(2x-3) 
(4x  +  6)(2x-3) 
3x  +  2 
4x  +  5 
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^  (a!»  +  xy  -f  y*)  (a*  ~  ay  -f  y«) 
(x  -  y)(x  -  y)  (x»  +  a?y  +  y«) 
^  g»  -  gy  +  y* 


29. 


g'  +  .v' 


«*  —  x^y^  +  y* 
_(a:»+y')(a:*-a:«y'4-y*) 

ar*  —  a;*y*  +  y* 
=  x»+y«. 


^  (a+&)(a'-a6+6')(a»-f  g^+y) 
a  +  6 


£XERCIS£   47. 


,     a»-2a;-f  1      ^     . 

1.  ■  «=  *  —  1. 

aj  — 1 

2.  3»»+    2a?+    1 
3a:*  +  12x 


aj  +  4 


3a; -10 


-10a;+    1 
-  lOg  -  40 


X  +  4  a;+4 


3.   n.r»+    Ox+    5 
3x^  4-  12x 


a;  +  4 


3a;~6 


6aj+   6 
6a? -24 


+  29 
.   ^x^  +  Qx+b    o^     «^   29 

a;  +  4  a;+4 


4.  a*  —    ox  +    x* 
a'  +    ox 


a  +  X 


a  —  2x 


—  2  ox  +    x' 
-2ax-2x* 


+  3x» 

a  +  X  «  +  a; 


6.  2x2  +5 

2x»-6x 


X  — 3 


2x  +  6 


6x+    6 
6x-18 

+  23 

2^.2x4-64-^. 
x-3  x-3 


6.   10a«-17ax  +  10x« 
10a''-    2ax 


5a  — X 


2a -3x 


—  15ax  +  10x* 

—  15  ag  -f    3  X* 

+  7x* 
10a'-17ax+10i^2a-3x+  '»' 


5a  — X 


7.  48x»  +16 

48x»-12x 


5  a— X 


4x-l 


12x  +  3 


12x  +  16 
12x-   3 

+  19 

.•.i^^^±J^-12x  +  3+     19 


4x-l 


4x-l 
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8.   2x»-5x-    2 

x~4                   9.  a»            +6»^     & 

2a:"-8a: 

2x  +  3                       a*  -  ab          a  +  6 

3x—    2                                             a6  +  6» 
3x-12                                             ab-b* 

+  10                                                +26* 

.   2x«-5x-2     o^  ,  o  ,    10          .  a»  +  6»     ^  ,  .       26» 
•  •                        — -ix  +  oH .% — ^a  +  fr+ • 

X— 4                           X— 4             a— 6                   a-6 

1< 

).  5x»-  I*         +5  5j^+4x-1 

6x'+4a;*-  x        x-1 

— 5a:»+  x  +  5 
-5x»-4x+l 

+6X  +  4 
.    5x»-i»  +  5_^     ,  .      5x  +  4 

5x«  +  4x-l 


5z»+4x-l 


Exercise  48. 


1.  1 


X  — 


4.  a  — x  + 


a«  +  a» 


x+y 

x  +  y 
_x+y-x+y 

x  +  y 
_    2y 
x  +  y 


a  — X 

_a«-2ax  +  3c«^>(a«4  J^) 

a  — X 
_2(a*~-ax-t-z») 
a  — X 


6.  5a -26- 


3a«-46» 


2.  1  + 


X  — 


x  +  y 
^x  +  y  +  (x-y) 

x+y 
^x+yjf_xj^ 


6a-66 
25a«-40o6->-12y-(3a«-4  ^>») 

5a-66 
22a«-40a6  +  166» 


2x 


af  +  y 


6.  a  +  ft- 


5a-66 


x  +  y 


3.  3x- 


l+2a!* 


3a»-(l+2a:^ 

X 

3x»-l-2aJ 

X 

2»-l 


7.  7a- 


a  +  ft 
a«  +  2a&  +  y-(a»  +  y) 

a  +  6 
2ab 
a  +  6 

2-3a  +  4a* 


5-6a 
35o-42a»-(2-3a  +  4o') 

5-6a 
38o-46a»-2 
5-6a 
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8.  3a;- 


5ax  — 3 


2a 
6<ix  —  (i)ax 


-3) 


2a 


oo;  -f  3 
2a 


9.  ^  +  1 
a  —  b 

_  o  -}-  6  -f  (g 

a  —  6 
2a 


^ 


a  — 6 


10.  ^-1 


a  +  b 

_  g  —  6  —  (a  +  6) 

a  +  6 
^-2b 
a  +  b 


11. 


2a:» 


(«  +  y) 


x  +  y 

2x^-(3^-^2xj/+y^) 
x  +  y 
_^  —  2xy  —  y"^ 
x-\-y 


12.  : |-6a  +  3a; 


5a  — 12a;  +  24a  +  12a; 


29  a 


14.  X  +  5  — 


2a;-15 


a;  —  3 

a;' +  2a;- 15- 2a; +  15 
a;  — 3 


x' 
x-3 

15. 

2a     b      2a6 

a  +  b 

2a»  +  o6-5«- 

-2a5 

a  +  6 

2a^-ab-b^ 

a  +  6 

16. 

3a;     10+    ^\ 

a;  +  4 

3a^»  +  2a;-40 

+  41 

x  +  4 

3a;«  +  2a;  +  l 

a;  +  4 

17.  a;2  +  a;  +  l+-^ 

a;  — 1 

_a:^-l+2 
a;-l 

x-i 

18.  a;»-3a;-^^(^-^) 

a;-2 

_  a;*-2ar>-3a;'+6a;-9a;+3a;' 

a;-2 
a;*  —  2a;^  —  3a; 

~        a;-2 

a;(ar>-2a'-3) 

a;-2 


13.  a  - 1  + 


a  +  1 
g'  - 1  +  1 

a  +  1 

gg 
g  +  1 


19.  g«-2ga;+4a;»- 

g»  +  8a;^-6ar^ 
a  +  2a; 
.   g'  +  2ar» 
g  +  2a; 


6a;» 
g  +  2flf 
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20.   x.-a  +  y  +  "'~°-y-^y' 

_  a:'  —  fl'  -f  gy  -t-  oy  +  g*  —  gy  -h  j/* 


x  +  a 


a*  4-  gy  +  y* 
a:  +  g 


1. 


Exercise  49. 


Sx-7    4g-9 
6     '       18     * 

L.C.D.  =  18. 

The  mnltiplierfi  are  3  and  1 
respectively. 

3a?-7_^9g-21. 
6     "      18      ' 
4a:-9     4x-9 


18 


18 


3. 


4a  — 5c    3a  — 2c 
5ac  12a*c 

L.C.D.  =  60g«c, 

The  multipliers  are  12 g  and  5 
respectively. 

4g-5c     48a*-r)Oac 

5oc  VA)d'c 

3a -2c     ir)a-10c 


12g«c 


GOa'c 


2rg-4y     3x-8y 
5ar»     '        lOx 

L.C.D.  =  10x«. 

The  multipliers,  are  2  and  x 
respectively. 

2g  — 4y  ^4g  — 8y  . 

5a^      ~     lOo:* 
3x  — 8y  ^3g'-8ay 

lOx  10x» 


4. 


6 


1  —  X     1  —X* 

L.C.D.  =  l-x*. 

The  multipliers  are  1  +.Tand  1. 

5  5  +  5x 
1  —X      1  — g* 

6  6 
l-g«°'l-g*' 


6. 


(a-h){b^c)    {a-b)(a-c) 

L.C.J).  =  {a -h)(a-c){b-c). 

The  multipliers  are  a  —  c  and  6  —  c. 

1 a  —  c , 

(o  _  6)(6  _  c) "  (g-6) (a-c)(6-c) ' 

1      •      ^ b-c 

{a-b){a  —  c)     {a-b)(a-c){b—e) 


28. 

Jd 

30. 

Exercise  47. 
5.  23? 


i-l 

" 

2. 

.    3ar>+    2i  + 

'I 

-10*  + 
-lOi- 

1 
40 

3i«!'+2«  +  l 

11 
-3j 

x  +  i 

3. 

."-x'+    (!i  + 

51: 

3j'  +  12i 

h 

i" .  :  y  .  ^  . 


'-r 


c  .  - )  -  i:-- 


/\ 
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8.  3a;- 


5aa;  — 3 


2a 

6ax  —  (iKix 

~  2a 

gg  -f  3 

~     2a 


-3) 


-6) 


9.  ^  +  1 

a  —  o 

_a  +  b-\-{a 

a  —  b 

_    2a 

a  —  b 


10.  9^-1 

a  -\-  o 

a  —  b  —  (a  +  b) 

a  +  6 
-26 
a  +  6 

11.  -^-{x  +  y) 

jr  +  y 

aj  +  y 

x  +  y 


12.  5^-^^^4-6a  +  3a; 
4 

5a- 12a;  +  24  a  +  12a; 


29  a 


13.  a-l  + 


a  +  1 
g^  -  1  +  1 
a  +  1 

a  +  1 


14.  a;  +  5- 


2a;-15 


a;  — 3 

aJ-|.2a;-15-2a;-f  15 
aj  — 3 


x" 
x-3 

16. 

o        7       2a6 

2a-o r 

a  +  6 

2o«  +  g6-6'- 

-2a6 

a  +  6 

2a2-a6-6* 

a  +  6 

16. 

41 
3a._10  +  -ii- 

a;  +  4 

3a:»  +  2a;-40  +  41 

a;  +  4 

3a;«  +  2a;  +  l 

a;  +  4 

2 

17.  a;*  +  X  +  1  + 

a;  — 1 

_ar>-l  +  2 
x-1 

x-i 

18.  ^-3a;-M3^ 

a;  — 2 

a;*-2a;^-3x^-t-6a;-9a;+3a;' 

~  a;-2 

_a;*-2ar>-3a; 

a;-2 

_a;(r^-2a;^-3) 

x-2 

19.  a*-2aa;+4a;« 


6a;» 


a  +  2x 
a'  +  2ar» 
a  +  2a; 


a  +  2a; 
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20.  a:-a  +  y  +  ^'-°-y^y' 

X  +  flk 

_  a^  —  g'  4-  gy  +  gy  +  g*  —  gy  -h  3/* 


a:  +  g 


g'  +  xy  +  y* 
a;  +  g 


EXBKCISK   49. 


1. 


3a:  — 7     4a?-9 
6     '       18    ' 

L.C.D.  =  18. 

The  multipliers  are  3  and  1 
respectively. 

3aj-7      9a;-21 


3. 


4g  — 5c    3g_— 2c 
5gc    *      12g«c* 

L.C.D.  =  60g«c. 

The  multipliers  are  12g  ami  5 
respectively. 

4g-5c      4.Sa»-r>0ac 


6              18      • 

5ac               (JOa'c 

4x— 9     4aj-9 
18            18 

3g-2c      loa  -  10c 
12g''c           GOa^c 

2    2a:-4y     3x~8y 

5x«     '        lOx 

4.      5     .        6 

L.C.D.  =  10a!*. 

The  multipliers  are  2  and  x 
respectively. 

2g  — 4y  ^4x  — 8y  . 

5aj*  lOx* 

3a  — 8y_^3x'-8ay 

lOx     ^      lOx* 


1-x    1-x* 

L.C.D.  =  l-x». 

The  multipliers  are  l+.rand  1. 

5  5  +  5g, 
l-x~  l-x»  • 

6  6 


5. 


(a-6)(6-c)    (g-6)(g-c) 
L.C.D.  =  (g-6)(g-c)(6-c). 
The  multipliers  are  o  —  c  and  5  —  c. 

1 g  — c . 

(a_6)(6_c)'*(g-6)(g-c)(6-c)' 

1  b-e 

(g-ft)(g-c)     (g-6)(g-c)(6-c)' 
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6. 


4a:» 


gy 


3(a  +  6)    6(a«-ft«) 

L.C.D.  =  6(a«-M). 

The  multipliers  are  2(a—b) 
and  1. 

4^*     _8g«(a-&). 
3(a  +  6)      6(a»-6«)' 

xy       ^       xy 
6(a«  +  6«)~6(a«-6«)* 


7. 


8aj  +  2    2x-l     3a;  +  2 


a;-2     3x-6    5a;-10 

L.C.D.  =  15(aj-2). 

The  multipliers    are    15,   5, 
and  3. 

8a;  +  2^30(4a;  +  l). 
x-2        15(ar-2)  ' 
2a;-1^5(2a;-l). 
3a; -6      15(a;-2)* 
3a +  2  _3(3g-f  2) 
5a? -10      15(a;-2)* 


8    a  —  6m    1     c  —  bn 
•  »    A. 

L.  C.  D.  =  mnx. 

The  multipliers  are  n,  mnx,  and  m. 

a  —  bm     an  —  bmn 
mx  mnx 

mnx 


1  = 

TTiTia; 

c  —  bn     cm—  bmn 


nx 


mnx 


Exercise  50. 

I     Sx  —  2y     bx-ly     8a?  +  2y 
5a:  lOa?  25     ' 

L.C.D.  =  50a?. 

The  multipliers  are  10,  5,  and  2  a;. 

30a;            —  20y  =  first  numerator, 
25  a;            —  35y  =  second  numerator, 
16a;* +4ay =  third  numerator. 

16  a;*  +  55  a;  +  4a;y  —  55y  =  sum  of  numerators. 

.-.  Sum  of  fractions  -  l^a;*  +  55a;  4-4ay-55y, 

50  a; 
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2    4a:«~7.v*     3a;-8y     5~2y 

3a^  6«  12    * 

L.C.i).  =  12a:*. 

The  mnltipliers  are  4,  2«,  and  x*. 

16x*                        — 28y*«-fir8t  numerator, 
6x*             —  16a^  —  Becond  numerator, 

5g»  — 2a:*y *»  third  numerator. 

27 a^  —  2a^y  —  16xy  —  28y*  =»  sum  of  nnmoratoni. 

.-.  Sum  of  fractions  =  27a:'-2x'y- 16^- 28y», 

12«* 

o    4a«  +  55«  .  3a  +  2b  .  7~2a 

26'  56  9 

L.C.D.  =  90i«. 

The  multipliers  are  45,  185,  and  105*. 

1 80  a*  +  225  6»  -  first  numerator. 

366*  +  64a6  =  second  numerator, 
70^^ -  20a&*  °  third  numerator. 

180a*  +  331 6*  +  54a6  -  20a^^»  =  sum  of  numerators. 
...  Sum  of  fractions  =  180a' ^  54a6-20ay^  331  ^ 


906* 


^    4a;-f  5     3a;-7  .     9 


3  6x         12j;» 

L.C.D.  =  60a:». 

The  mnltipliers  are  202*,  12x,  and  5. 

80 05*  +  loo x*  —  first  numerator, 

—   36aj*  +  84x  =  second  numerator, 
45  =  third  numerator. 

80 x*  +    64x*  +  84x  +  45  =  sum  of  numerators. 

...  Sum  of  fractions  -  80^  +  64 x' 4- 84 x  4- 45, 

60  x» 

5    4x  — 3y     3x-f  7y     5x--2y     9x  +  2y 

7  14  21  42 

L.C.D.  =  42. 

The  multipliers  are  6,  3,  2,  and  1. 

24x  —  18y  =  first  numerator, 
9x  +  21y  =  second  numerator, 
— lOx  +   4y  =  third  numerator, 
9x  -f   2y  =  fourth  numerator. 

32 X  +   9y  «  sum  of  numerators. 

.-.  Sum  of  fractions  -  52x^^. 

42 


88 


ALGEBRA. 


^  3gy-4     5y«  +  7     6g«-ll 
^y*  xf  ^y 

L.C.D.=.a:»y». 

Sir'y*  —  4jry  =fir8t  numerator, 

^boc^y*  _7aj*  =  second  numerator, 

—  Qx^y^ +  11  y' =  third  numerator. 

—  Sx'y'  —  4ixy  +  1 1  y-*  —  7 ic*  =  sum  of  numerators. 

.-.  Sum  of  fractions  =  ll,v'-4»y-8»'y'-7ai'. 

a^y* 

L.C.D.  =  a«6V. 

a'6'  —  2  a6'  c  +  6'  c*  =  first  numerator, 

— o^6'  -f-2a'6c  — g'c'  =  second  numerator, 

—  2aft'c+2a*6c+&*c*— a^c^  =  sum  of  numerators. 
...  Sum  of  fractions  =  ftV-2a6^c  4- 2a«6c-aV 


8. 


5o»-2     3a»-a 
8a«  8 

L.C.D.  =  8a^ 

5  a'  —  2  =  first  numerator, 
a'  —  3  g*        =  second  numerator. 

6  a'  —  3  o*  —  2  =  sum  of  numerators. 

6o»-3a*-2 


Sum  of  fractions  = 


Sa^ 


Q    a  —  b  ,  b  —  c  ,  c  —  a  ,  ah^  -{■  he*  +  ca^ 


c  a  b 

L.  C.  D.  =  abe. 


ahc 


an 


—  ab^  =  first  numerator, 

l^c  —h(?  *=  second  numerator, 

cu?  —  a' c=  third  numerator, 
ah^^-hc^^-a^c^  fourth  numerator. 

=  sum  of  numerators. 


...  Sum  of  fractions  =  ^'^  +  ^"  +  ^^'. 

abc 
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10.  -^ 1 l-  +  2£~2     2^-_2z^ 

2x^1/     6y»2     2ar2»      4j»2»       4a:*y2 
L.C.D.  =  12a:»yV. 

Syz*  =  first  numerator, 

—  2a^2  » second  numerator, 

—  Gajy*  =*  third  numorator, 

%ry*— 3  y*z  =  fourth  numerator, 
—  ^yz* +3^= fifth  numerator. 

—  2x^z  »  sum  of  numerators. 

.•.  Sum  of  fractions  = = 1 — 

12x»yV         Gy«« 

£XERCISE   51. 
1. 


2. 


X  —6     ic  +5 

L.C.D.  =  (a;-6)(a;  +  5). 

The  multipliers  are  x  +  5  and  ap— 6  respectively 

a;  +  5  =  first  numerator, 

g  — 6  =  second  numerator. 

2  a;  —  1  =  sum  of  numerators. 

Sum  of  fractions  =  —  ■. 

x'-z-SO 

1  1 


x-7     a;-3 

L.C.D.  =  (a;-7)(a;-3). 

The  multipliers  are  a:  —  3  and  «  —  7  respectively. 

a?  —  3  =  first  numerator, 
—  X  -f  7  =  second  numerator. 

4  =  sum  of  numerators. 

.*.  Sum  of  fractions  =  — -• 

a"  -  lOar  +  21 

3.  -J— + 


1  +a;     1  — a; 

L.C.D.  =  l-a:». 

The  multipliers  are  1— a:  and  1  +  a?  respectively. 

1  —  a;  =  first  numerator, 

1  -f-a;  =  second  numerator. 

2  —  sum  of  numerators. 


•  ••  Sum  of  fractions  = 


2 


l-»» 
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13. 

-    a^-2x  +  2 
-Zx^-\-2x 

2a:^-4x  +  2 

23^-Qx-V^ 

2)2x-2 

x-l 

• 
•    < 

.  H.C.F.  =  x-l. 

x'-3a:'  +  4a;  — 

2 

-3a!»  +  4a;-2 
-    aj*-2a;  +  2 

-2)- 

-2a:»  +  6a;-4 

jr"-3a;  +  2 
a;*—    a; 

-2a;  +  2 
-2x  +  2 

Q?-ix^-2x  +  2 


(g-l)(g»-2a;  +  2) 
(a;_l)(a;3_2) 


a; 
2 


a;-2 

a:^-2g  +  2 
x^-2 


14. 


4j»-12oa?  +  9a* 
8j:»-27a» 
(2a;-3'a)(2a;-3o) 
°"  (2aj-  3a){4a;«  +  Goa;  +  9a«) 
=,       2a-3a 
"'4a^  +  6aa;  +  9a«' 


16. 


,g    15a«  +  a6-26* 
*  9a=»  +  3a6-26« 
(5a  +  26)(3a-6) 
(3a  +  25)(3a-6) 
_5a  +  26 
3a +  26 

18.   ar»-2x»-    a;  +  2 
a:*-3a^  +  2a; 


17. 


a«-y-26c-c» 
a«  +  2a6  +  6«-c» 
_  a«-(y  +  26c+c') 
"(a«  +  2a6  +  &a)-c» 
_(a  +  6  +  c)(a  —  5  —  c) 

(a  +  6  +  c)(a  +  6  -c) 

a  — 6  — c 

a  +  6  — c 

a;*-a:'-2a;  +  2 

2ar»-a;-l 
(a;-l)(a:»  +  a:»-2) 

(aj-l)(2x"  +  2a;  +  l) 
_   a^  +  a^-2 
"2«»  +  2a;  +  l 


x»-3x  +  2 
a:»-3a?  +  2 


a;3_6a:"  +  lla;-6 
3? -2a?-      x-\r2 


-4)-4g'  +  12g-8 

a:»-    3a +  2 
II.C.F.  =x2_3a.^.2. 

a;»  -  6a;'  +  llx  -  6     (a;«  -  3a;  -t-  2)(a;  -  3) 


a;  +  l 
a;  —  3 


ar»-2ar'-a;  +  2        (a;2-3x  +  2)(aj  +  1)     a?  +  1 


19.   6ar»-17a;'  +  lla;-2 
6a;'—    5  a;' +      x 

-  12a;' +  10a; -2 
-12a;»-f  10a?-2 

.   6a;»-23a;'  +  16a; 
**6ar»-17a^»  +  lla; 


6ar»-23a;'  +  16a-3 
^^-Vl^-^\\x-2 

-1)-    ^^^-   bx-\ 

Ga;*-    5a;  +  l 

3_(6ar^-5a;  +  l)(a?-3) 

■2     (6a;'-5a;  +  l)(a;-2) 


1 
a;~2 

a; -3 
»-2 


20. 
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_       g»(a?-l)~(a;-l) 
"(a!«+x  +  l)(j;»-3x  f  1) 
_  (x«-lKx-l) 

(j;»  +  x  +  l){a:»-3x  f  1) 
_(g-l)(j'ix-H)(x-l) 
"'(x«-3x  +  l)(x*  +  x  +  l) 

x»~3x  +  l 


81 


21.   a)o*-a»ft-a«y-f  py 


22. 


a*b» -^  a*b^  -  ab*  +  I^ 


f6» 


.-.  H.C.F.  =  a>-a«6-a6«  +  6». 


(g  +  ^y 


a«_a6-26» 
(a-f&)(a-h6) 

(a-26)(a  +  6) 
_  g  f6 

g-26' 

23      3g5(a'-y) 
'  4(g»6~g6»)* 
_  3g^(g-f  6)(g-6) 
4g»6»(g-6)(g-6) 
3(g-t-6) 
^4g5(g-6)* 

24  g'  +  ^g^  +  y-c* 

g'  +  o6  —  gc 
(g'  +  2g&-f  y)-c» 
g*  4-  oi  —  gc 
^(a-^b-k-c){a  +  b-e) 
a{a  +  b  —  c) 
g  +  6  +  c 


25    6x»-lix»y +  3ry» 
Gx'y-Sxy'-Gy* 
_x(0x»-lljy4-3.v') 
"  y(6x"-5xy-()y») 
^  x(2x  — 3y)(3j  — y) 
'"y(2x-3y){3x  +  2y) 
x(3x  — v) 

"y('-  +  2y)' 

2g     g«  -  (5  +  c  +  </)' 
(a-6)2-(c  +  rf)* 
^(g  +  5  +  c  +  <f)(q  —  6-c-(f) 

(g— 6  +  c  +  c?){g— 6— c— d) 

g+5+c+i 


27. 


6gg-5x~6 

8x*-2x-15 
_(3x4-2)(2x-3) 

(4x  +  5)(2x-3) 
^3x  +  2 

4x  +  5 
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28.  ^-^^v'-^y* 

(x-y)(ar»-y») 

_  (a*  +  ay  +  y*)  (g*  -  a!y  4-  y*) 

(aj-y)(x-y)(a!»  +  ajy+y») 

a*  —  a:y  4-  y' 


29. 


a*  4-y^ 


a*  —  x^y^  -4-  v* 

(a«  +  v^)(a*-a^y^+y*) 
a*  —  a*y  ^  +  y* 
=  a»  +  y*. 


^a  +  6 
a  — 6 


Exercise  47. 


1.  ^-2»  +  l„;,-i. 
a  — 1 


2.   3a»+   2a+    1 
3a»  +  12a 


a  +  4 


3a -10 


-10a+    1 
-  10a  -  40 


+  41 

...i^±2^±l=3a-10. 

a  +  4  a+4 


41 


3.   3.1'*+    6a  +    6 
3a'2  +  12a 


a  +  4 


3a-6 


-6a-24 

+  29 
3a«  +  6a  +  5    o^     a^  29 

•=  ox  —  D  + 


a  +  4 

4.   a"  —    ax-\-    a^ 
a'  +    oa 


a+4 


a->r  X 


a  —  2x 


—  2  aa  +    a* 
-2aa-2a' 


+  3a» 
.  ^'-^^^=a-2a+-^ 


a  +  a 


c4  +  a 


5.  2a*  +5 

2a*-6a 


a  — 3 


2a +  6 


2a»  +  5 
a  — 3 


6a  +    5 
6a -18 

+  23 


=  2a  +  6  + 


23 


a—  3 


6.   10a«-17aa  +  10a« 
lOa''-   2aa 


5a 


2a -3a 


-15aa  +  10a« 
—  Id  cup  +   3  a' 

+  7a* 
10a«-17aa+10a»    c,^    q    i    7a« 


5a  — a 


7.  48a«  +16 

48a»-12a 


5  a— a 


4a-l 


12a +  3 


12a +  16 
12a-   3 


+  19 
...48^±i6^12^^3^_19_, 

4a  — 1  4a— 1 
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8.   2x»-5x-   2 


9.  a' 


+  6« 


2a; +  3 


ah 


a  "  b 


a  +  & 


3x-    2 
3a;-12 


+  10 
2^-5^-?=2x  +  3+    10 


a?-4 


a;-4 


+  26« 


a  — 6 


a-6 


10.  6ar»-  I* 
5a:'+4x*—  x 


— 6x'+  x  +  5 
-5a:*— 4a?-f  1 

+6aj  +  4 


-f  5.5a-*  +  4x-l 

|z-l 


Sx*  +4x  — 1 


X  — 1  + 


5x  +  4 


5x»+4x-l 


Exercise  48. 


1.  l-?L:^ 

x  +  y 

x  +  .v-(x-y) 
x  +  y 

x  +  y 

x  +  y 

2.  1+^^ 

x  +  y 

_x  +  y  +  (x-y) 
x  +  y 
X  +  V  +  X  —  y 

x  +  y 

_   2x 

x  +  y 


3.  3x-- 


l  +  2x* 


3x«-(l+2x«) 

X 

3aJ-1^2x» 

X 

x«-l 


o'  +  x" 


a  —  x 

_  a*  -  2ax  +  x»  +  (a*  +  X*) 

a  —  x 

__2(a«-ax  +  x*) 

a  —  x 

5. 

5a     2i     3  a' -46' 
5a-66 

25a«-40a6+12ft»-(3a«-46») 

5a-66 

22a»-40a6  +  166» 

6a-66 

6. 

a  +  0 T- 

a  +  6 

a«  +  2a6  +  6»-(a»  +  6») 

a  +  6 

2a5 
a  +  6 

7. 

^^     2-3a  +  4a' 
5-6a 

35a-42a»-(2-3a  +  4a2) 

5-6a 

38a-46a«-2 

6-6a 


^ 
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8.  3a;- 


5ax  —  3 


2a 

_  6ax  —  (Jjox 

~  2a 

_oj;  -f  3 

~     2a 

9.  «±|  +  1 
a  —  o 

o  4-  6  -f  (g  - 


-3) 


i) 


a  —  6 


2a 
a  — 6 


10.  «ii|_i 


a  +  6 

^  g  —  6  —  (g  +  6) 

g  +  6 
-26 
0  +  6 


11. 


2a:« 


(a: +  3/) 


a;  +  y 

a;  +  y 
_g'  —  2a:y  —  y' 
a;+y 


,o    5g  —  12a;  ,  «      .  o 
12.  : |-og  +  3a; 


5g  — 12a;  +  24g  +  12a; 


29  g 


14.  a;  +  5  — 


2a;-15 


a;  —  3 

a;»  +  2a;-15-2a;  +  15 
a;-3 


x" 

x-Z 

15. 

2a     b      2<.& 

a  +  b 

2a^-\-ah-h^- 

-2a6 

a  +  b 

2a»-a6-6« 

a  +  b 

16. 

3a;     10+    ^^ 

a;  +  4 

3a;2  +  2x-40 

+  41 

a;  +  4 

3a;2  +  2a;  +  l 

a;  +  4 

17.    3?+X  +  l+^^ 

x  —  \ 

_ar>-l+2 

a;-l 

^  3?+  1 

a;-l' 

18.  g8-3a;-^^(^~^) 

a;-2 

a;*-2  a;»-3  a;^+6  a;-9  a;+3  a;» 

x-2 

_a:*-2ar^-3a; 

a;-2 
a;(ar>-2a;»-3) 
a;-2 


13.  a-l  + 


g  +  1 
g»  -  1  +  1 
g  +  1 

g  +  1 


19.  g*-2ga;+4a;» 

^g»  +  8ar»-6a;» 

a  +  2x 
.   g»  +  2ar» 
g  +  2a; 


6a;» 
g  +  2fl; 
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20.  »-a  +  y  +  °'-''y+.V' 

_a^  —  a^  -h  xy  -h  ay  +  a*  —  ay  +jf 


X  +  a 


_  ag*  4-  gy  4-  y* 
a;  +  a 
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Exercise  49. 


1. 


Sx-I    4x-9 
6     *       18    * 

L.C.D.  =  18. 

The  multipliers  are  3  and  1 
respectively. 

3a;-7^9a;-21. 
6  18      ' 

4a;-9     4aj-9 


18 


18 


4a  — 5 c    3a  — 2c 
5ac 


A    *» g- PC 


12a»c 

L.C.D.  =  60a»c. 

The  multipliers  are  12a  ai)<1  i 
respectively. 

4a— 5c     48a'-r»Oac 


bac 

3a-2c 

12a»c 


i',Oa}c 
IHg-lOc 
GOa'c 


2  ^^-^y,  ^^-Qy. 

5a:«  10a; 

L.  C.  B.  =  10a:>. 

The  multipliers  are  2  and  x 
respectively. 

2a;  — 4y  ^  4a;  — 8y  . 

5a;*      ~     10a;* 
3a;-8y  _3a;*-8ary 

10a;  10a;» 


4. 


6 


1-a;    l-a;« 

L.C.D.  =  l-a;*. 

The  multipliers  are  l+xand  1. 

5  5  +  5a;. 
l-x      l-x"' 

6  6 
l-a;»'l-ai«' 


5. 


(a-6)(6-c)    (a-b)(a-c) 
L.C.D.  =  (a  -  6)(a -  c){b  -  c). 
The  multipliers  are  a  —  c  and  ft  —  c. 

1 a  —  c , 

{a-b){b-e)^  {a-b)(a-c){b-cy 

1      •  ft-c 

{a—b){a  —  c)     {a—b){a—c)(b—e) 
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6. 


4x* 


_TJl_ 


3(a  +  6)    6(a«-6«) 

L.C.D.»6(a»-6*). 

The  multipliers  are  2  (a 
and  1. 

4a:»     _8x»(a~6). 
3(a  +  6)      6(a«-6»)' 

xy       _       Ty 
6(a«  +  6')~()(a«-6»)* 


-6) 


7. 


8«  +  2    2a;-l     3a;  +  2 


aj-2     3a5-6    5x-10 

L.C.D.  =  15(a;-2). 

The  multipliers   are    15,   5, 
and  3. 

8a;  +  2^30(4a?  +  l). 
x-2        \b{x-2)  ' 
2a;-1^5(2a;-l). 
3a;-6      15(x-2)' 
3a +  2  _3(3a;  +  2) 
5a; -10      15(a;-2)' 


8    a  —  hm    -I     c  --  6n 
.  ,    1,    . 

inx  fix 

L.  C.  D.  =  mnx. 

The  multipliers  are  n,  mnx,  and  m. 

a  —  hm     an  —  hmn  _ 

■  *^ » 

7710;  mnx 

mnx 


1  = 

mnx 

c  —  bn     cm  —  bmn 


nx 


mnx 


Exercise  50. 

•    3  a;  — 2y     bx-ly     8a;  +  2y 
5a;  10a;  25 

L.  CD.  =  50  a;. 

The  multipliers  are  10,  5,  and  2  a;. 

30a;            —  20y  =  first  numerator, 
25  a;            —  35y  =  second  numerator, 
16a;' +4ayy =  third  numerator. 

16  a;*  +  55  a;  H-  4a;y  —  55y  —  sum  of  numerators. 

.-.  Sum  of  fractions  -  l^a;*  +  55a; -f  4a;y-55y^ 

50  a; 
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Sx^  6a?  12 

L.C.D.=  12a:». 

The  multipliers  are  4,  2a;,  and  z*. 

16a^                         — 28y*=»fir8t  numerator, 
6a:*              —  16ary  —  second  numerator, 

5a*  — 2g'y « third  numerator. 

27 a^  —  2a*y  —  16a:y  —  28y*  =»  sum  of  numeratore. 

...  Sum  of  fractions  =  27:r'~2«'y  ~  16^- 28y» 

12x* 

o    4a«  +  5M  .  3a  +  2i^  7-2a 
^-   ~26^''~5r"^'~9~ 

L.C.D.  =  906». 

The  multipliers  are  45,  185,  and  10&'. 

1 80  a*  +  225  ft*  -  first  numerator, 

36  ft*  +  54a&  «  second  numerator, 
70  ft* —  20  oft*  =  third  numerator. 

180a*  +  331  ft*  +  54aft  -  20aft*  =  sum  of  numerators. 
...  Sam  of  fractions  =  1 80 a» -f  54 oft -20 aft*  ^33 1ft*, 


906" 


4a;  +  5     3a;-7        9 


3  5a;         12a:* 

L.  C.  I).  =  60a:*. 

The  multipliers  are  202*,  12x,  and  5. 

80  a:*  +  loo  a:*  «  first  numerator, 

—   36  a:*  +  84  X  =  second  numerator, 
45  —  third  numerator. 

802*+    64  a:*  +  84  a; +  45  =  sum  of  numerators. 

...  Sum  of  fractions  -  80x»  +  64a:' -i- 84a;  +  45, 

60a:* 

g    4a:  — 3y     3a?  +  7y     5a;— 2y     9a; +  2^ 

7  14  21  42 

L.C.D.  =  42. 

The  multipliers  are  6,  3,  2,  and  1. 

24  a;  —  18  y  =  first  numerator, 
9  a;  +  21y  =  second  numerator, 
—10a;  +   4y  =  third  numerator, 
9a;  +    2y  =  fourth  numerator. 

32a:  +    9y  =  sum  of  numerators. 

...  Sum  of  fractions  «• .-    ^' 

42 
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L.C.D.  =  a:»y». 

3  a:*  y*  —  4  ay  =  first  nmnerator, 

—  5a:*y*  —*Ix'  =  second  numerator, 

—  6  3:^7* +  11  y* =  third  numerator. 

~  8  a;*y*  —  4  xy  +  1 1  y'-*  —  7  a?  =  sum  of  numerators. 

1 1 1/'  —  4  xii  —  8  35^  iy'  —  7  ai' 
.'.  Sum  of  fractions  =  — ^ »"       — *^ 


L.C.D.  =  o»6V. 

o'6'  —  2  a6'  c  +6'  c*  =  first  numerator, 

—a^b^  +2a'6c         — g'c'  =  second  numerator, 

—  2a6'c+2a*6c+6*c*— a*(r*  =  sum  of  numerators. 
...  Sum  of  fractions  =  b^<^-2abH +  2aHc-a^c\ 


8. 


5a»-2     3a»-a 
8a»  8 

L.C.D.  =  8a«. 

5  a'  —  2  =  first  numerator, 
o'  —  3  g*        =  second  numerator. 

6  o'  —  3  a*  —  2  =  sum  of  numerators. 

6a8-3a*-2 


.'.  Sum  of  fractions  = 


8a« 


c  a  h 

L.  C.  D.  =  ahc. 


abc 


—  ab*  =  first  numerator, 

6*c  —6c*  «=  second  numerator, 

ac^  —  a' c=  third  numerator, 
ah^-hbc^  +  a^c=  fourth  numerator. 

-sum  of  numerators. 


,\  Sum  of  fractions  = 


a*6  +  5»c-f  ac* 
a6c 
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jQ    _1 1 1_     2x~z     y  —  2z 

23^y     6y«2     2x^      4a?»z»       4«*y2* 
L.C.D.=  12it«yV. 

fiyz'  »  first  namerator, 

—  2^*2  =  second  numerator, 

—  6a^'  =.  third  numerator, 

^cy*— 3  y'2= fourth  numerator, 
—  6v2* 4-3y*2=»fiflh  numerator. 

—  2x*2  =a8um  of  numerators. 

.*.  Sum  of  fractions  = =^ = — 

12x»yV         6y»« 

Exercise  51. 

1.  -i^+    ^ 


2. 


x-6     a;+5 

L.C.D.=(a;-6)(aj  +  5). 

The  multipliers  are  a: +  5  and  x— 6  respectively 

a:  +  5  =  first  numerator, 
g  — 6  =  second  numerator. 

2x  —  \=  sum  of  numerators. 
Sum  of  fractions  =        ^  "" 


jr3_aj-30 
1  1 


x—1     x— 3 

L.aD.  =  (x-7)(x-3). 

The  multipliers  are  x  —  3  and  a:  —  7  respectively 

a;  —  3  =  first  numerator, 
—  a;  -I-  7  =  second  numerator. 

4  =  sum  of  numerators. 
Sum  of  fractions  = 


xa-lOar  +  21 


3. 


\-\-x     1  —  x 

L.C.D.  =  l-a^. 

The  multipliers  are  \  —  x  and  1  +  a?  respectively. 

1  —  a;  =  first  numerator, 

1  +a; « second  numeratx)r. 

2  =  sum  of  numerators. 

2 


.••  Sum  effractions  = 


l-a!» 
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1 


6. 


l-x     l-x' 

The  multipliers  are  1+x  and  1. 

1  +  a:  =  first  numerator, 
—2        =  second  numerator. 

— 1  +  «  =  sum  of  numerators. 

=  -(!-»)• 

Sum  of  fractions  =  — ^ ^  = 

l-x«  1  +  x 


1  X 

+ 


x-y      {x-yf 

L.C.D.  =  (a;-y)«. 

The  multipliers  are  x  —  y  and  1. 

a;  —  y  =  first  numerator, 
X        —  second  numerator. 


2  a;  —  y  =  sum  of  numerators. 

Sum  of  fractions  = —^^ 

{x-yf 


6.    .    /       .+ 


7. 


2a(a  4-  x)     2a{a—x) 

L.C.  D.  =  2a(a  +  x){a  —  x). 

The  multipliers  are  a  —  x  and  a  +  x. 

a  —  x  =  first  numerator, 
a  +  X  =  second  numerator. 

2  a        =  sum  of  numerators. 

Sum  of  fractions  = v  *=  — = — . 

2a{a-\-x){a—x)     a^—x^ 

a  h 


(a +  6)6     (a  —  b)a 

L.C.D.  =  a6(a*-62). 

The  multipliers  are  a(a  —  b)  and  b(a  +  b). 

c?  —a^b  =  first  numerator, 

—  ah^  —  l^  =  second  numeratx)r. 

a^  —  a^b  —  ab*  —  b^  =  sum  of  numerators. 

.-.  Sum  of  fractions  =  "'-^'^-^^'-^°. 

a6(a«-6«) 
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8. 


9. 


2.r(a:-l)     4a:(x-2) 
L.C.D.  =  4a;(a;-l)(a;-.2). 
The  multipliers  are  2  (a?— 2)  and  (x-1). 
lOai  —  20  =  first  numerator, 
—Sx  -f   3  =  second  numerator. 

7  a:  — 17  =  sum  of  numerators. 

Sum  of  fractions  = 

4x{a:>-3a:  +  2) 

1+x  1  —a? 

l  +  aj  +  a:*     1  — x  +  a:* 

L.C.D.  =  l+x»  +  x*. 

The  multipliers  are  1  —  x  +  x'  and  1  +  x  +  x*. 

1  +  x*  =  first  numerator, 
— 1  -f  x*  =  second  numerator. 

2x'  =  sum  of  numerators. 

.•.  Sum  of  fractions  = — 

1  +  x*  -f  X* 

10    2Q^~3^.V  _  2ax-f  Sby 
2xy{x~y)     2xy(x  +  y) 
L.C.D.  =  2xy(x»-y«). 
The  multipliers  are  x+y  and  x— y. 

2 ax*  +  2axy  —  3 hxy  —  Zhy^^  first  numerator, 
^2(u^  -f  2axy  —  3  bxy  -f  3  by*  =  second  numerator. 

4  axy  —  6  bxy  =  sum  of  numerators. 

or  2xy(2a  —  35)  "  sum  of  numerators. 

.%  Sum  of  fractions  «  -^^ 

x>-y« 

EXKRCISE    52. 


1  +  a     1  —  a     1  —  a* 

L.C.I).=  1  -a« 

The  multipliers  are  1  —  o,  1  +  a,  and  1. 

1  —    a  —  first  numerator, 

1  +    a  =s  second  numerator, 

2a  =  third  numerator. 

2  +  2a  =  2(l  +  a)  =  sum  of  numerators. 

.'.  Sum  of  fractions  =  —  ^    "*"^^ —  =  — = — 

(l  +  a)(l-a)      1-a 
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2.   -I 1~+    2» 


1  —  x     l  +  x     1+aJ* 
L.aD.  =  (l-a;)(l  +  a:)(l  +  a»). 

1  -^x  +  a^  +    a^  =  first  numerator, 
—l+x  —  x^-{-    a*  =  second  numerator, 
2x         —  2a^  =  third  numerator. 

4x  =  sum  of  numerators. 

Sum  of  fractions  =  — —* 


Sx  x^ 


a;     1  —X     l  +  x^ 
L.C.D.=  (l-ic)(l+a;*). 

jc  +  a:^         =  first  numerator, 

—  x^         —  ic*  =  second  numerator, 
X    —a^ =  third  numerator. 

2  a;  —  2x''^  f  a:^  —  a;*  =  sum  of  numerators. 

=  2a;(l-a;)+ar»(l-a;). 

.-.  Sum  of  fractions  =  (2^  +  ^)(l-^)  =  2^±^^ 

(l  +  ar')(l-a;)         l+»» 

X         y  3? 


y  a;  +y  a^  +  xy 
L.  C.  D.  =  xy{x-\-  y). 
a^    +  cc2y  ^  gj.g^  numerator, 

4-  a:^/'^  =  second  numerator, 
+  gy^y =  third  numerator. 

aj*  +  2x^y  +  xy^  =  sum  of  numeM,tors. 
==a;(x  +  y)*. 

.-.  Sum  of  fractions  ^  ^(^  +  ^1'  =  ^±2. 

ajy(a;+y)        y 

e      X—\ .    X—2 , X—S 

x  —  2     X  —  S     a;  — 4 

L.C.D.  =  (a;-2)(a;-3)(a:~4). 

a*—    8a;2  +  19a;  — 12  =  first  numerator, 
x^—    8  a;'*  4- 20  a;  — 16  =  second  numerator, 
a;'—   8a;' +  21 X  — 18  =  third  numerator. 

3  a;'  —  24  a;*  +  60  X  —  46  =  sum  of  numerators. 

.-.  Sum  of  fractions  =  S^-2i^ +  e0x-46 

ar'-9a;«  +  26a!-24 
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6.  -^  +  -i^ 5«L.. 

x  —  a     {x—df     (x—df 

L.G.'D.  =  {x-df. 

3 a:*  —  Soar  +  3  a'  =  first  numerator, 

4aa;  —  4  a*  =  second  numerator, 
—5a*  =  third  numerator. 

3aj*  —  2aaj  —  6a'  =  sum  of  numeratorB. 

.-.  Sum  of  fractions  =  3x'~2aj:-0a« 

(x-a)» 


7. 


x-1     a?+2     (a;  +  l)(x  +  2) 

L.C.D.  =  {x-  l){x  +  l)(x  +  2). 

a^  -f  3  a;  4-  2  =  first  numerator, 
—  X*  +  1  =  second  numerator, 

—  3x  -}-  3  =  third  numerator. 

6  =-  sum  of  numerators. 

.'.  Sum  of  fractions  = : . 

(x»-l)(x  +  2) 

a  —  b  b  —  c  c  —  a 


8. 


{b+c){c-\-a)     {c-^a){a-^b)     (a  +  6)(6+c) 

L.C.D.  =  (6  +  c){a  +b){c-\-  a). 

o'  —  6*         =  first  numerator, 
+  ft*  —  c*  =  second  numerator, 
—  a*  -f  c*  =  third  numerator. 

0  =  sum  of  numerators. 
••.  Sum  of  fractions  =  0. 

Q    x  —  a     X—  b  (a  — by 

X—  b     X  —  a     {x  —  a)(x  —  b) 

L.C.D.  =  (x-a)(x-6). 

a:*  —  2  ax  4-  a'  =  first  numerator, 

X*  —  2  6x  +  6*  =  second  numerator, 

-a*  -f-  2ab  —  b* =  third  numerator. 

2x*  —  26x  +  2a6  —  2ax  =  sum  of  numerators. 

=  2(x-a)(x-6). 

••.  Sum  of  fractions  —    \a?  —  ajKX  —  j  ^  g^ 

(x  —  a)(x  —  6) 
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10.  ^"^y  _    2a;    ^  xh/^s^ 

y       x  +  y    y{p^—y^) 


L.C.D.=y(a;»-y»). 

a?  —  a;y'  +    xV  —  y*  =  first  numerator, 
2xy^  —  2a^y         =  second  numerator, 
—  g* 4-    a'y  =  third  numerator. 

xy^  —  y*  =  siini  of  numerators. 

.*.  Sum  of  fractions  =  ^  /   ~  ^(  =  —^  _. 

VK^-y)     aj  +  y 


11  a4-&         .         6  +  c  c  +  a 


13. 


(6  —  c){c  —  a)     (c  -ff  a)  (a  —  6)     (a  —  6)  (6  —  c) 

L.  C.  D.  =  (6  -  c)  (c  -  a)  (a  -  6). 

a'  -  6»         =  first  numerator, 
+  6*  —  c*  =  second  numerator, 
—  o'         -f  c'  =  third  numerator. 

0  =  sum  of  numerators. 
.'.  Sum  of  fractions  =  0. 


12         d^  —  hc  h^  —  ac  c^  +  ab 

'  (a  +  b)(a-\-c)     (6+a)(6  +  c)     (c  +  6)(c  +  a) 

L.C.  D.  =  (a  +  b){b  +  c)(a  +  c). 

a^b  —  b^c  +  a^c  —  bc^  =  first  numerator, 
ab^  +  h^c—  a^c  —  ac^  =  second  numerator, 
a^b  +  a(^  +  b(^  -{-  ab^  =  third  numerator. 

2a^b  +  2ab^        =  sum  of  numerators. 

=  2ab{a-\-b). 
. •.  Sum  of  fractions  =» .      2a6(a  +  6)        ^        2a6 


(a  +  i)(6  +  c)(a  +  c)     (b  +  c){a  +  c) 
a  X  a^  +  x^ 


a  —  x     a  +  2aj     (a  —  a;)  (a  +  2  a?) 

L.C.D.  =  (a-a;)(a  +  2x). 

a*  +  2aa;         =  first  numerator, 
—  ax  +  a^  =  second  numerator, 
—  g^ —sy^  =  third  numerator. 

ax         ^  sum  of  numerators. 


,'.  Sum  of  fractions  = 


ax 


(a  — aj)(a  +  2af) 
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14.  3 4  6 

(a-6)(6-c)     {a-b)(a-c)     (a-c)(6-c) 
L.C.  D.  -(o-  b){a  -  e){b  -  c). 

3  a  —  3  c  =  first  numerator, 

—  4 6  +  4c  =»  second  numerator, 
6a  —66  =  third  numerator. 

9a  — 106    +c«=  sum  of  numeratora. 

.-.  Sum  of  fractions  «      9a-106+c    ^ 

(o-6)(a-c)(6-c) 

15.  ^-2y       2x  +  y         2x 

*  a;(a;-y)     y(x+y)     ««-y«' 

L.C.D.  =  a:y(aj«-y«). 

x«y  -  a^«  —  2y»  =  first  numerator, 

—  2a^-^a^  +  xy*  =  second  numerator, 

—  2any —  third  numerator. 

—  2a:'  —  2y*  ■»  sum  of  numerators. 

-.-2(x  +  y)(x»-a!y+y«) 

.-.  Sum  of  fractions  -  --2(x+y)(x'-xy +  y«) 

xy(x+y)(x-y) 
_     2(x^  -  xy  ■{- y*) 

^(a?-y) 

16.  ^-^ a-6        (a-6)(a;-f.v) 

a?  (o  +  6)     y  (a  -f  6)         ary  (a  +  6) 
L.C.D.  =  a?y(a  +  6). 

o>y—^  =  first  numerator, 

—  oa:  +    6a;  =  second  numerator, 

—  ay  +  by—    ax  4-    6a;  »=  third  numerator. 

—  2aa;  +  26x  =  sum  of  numerators. 

=  2x(6-a). 

.-.  Sum  effractions  =  M^H^  =  2i[6-a), 

ajy(a  +  6)     y(a  +  6) 

17.  3g         x-^2y  ^      Zy 

(x  +  y)«     Q^-y^     («~y)*' 

L.C.D.  =  (x  +  y)*(x-y)«. 

Sa!*  —  Gx^y  +   3xy'  =  first  numerator, 

—7?  —  2sA/  +      xy*  +  2y'  =  second  numerator, 
-f3x'y4-   Sxy'  +  Sy'  =  third  numerator. 

2x'--6a;*y  +  10xy'  +  6y'  =  sum  of  numerators. 

.-.  Sum  of  fractions  »  2»'-S»V +  10?/' +  5y». 

(H-y)»(s-y)» 
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18. 


a—c  a—b 


L.  C.  D.  =  (a  +  ft  +  c){a  +  6  -  c) (a  -  &  +  e). 

0?  —  c*  =  first  numerator, 

—  c?  -\-  ac  -\- h^  —  ab         =  second  numerator. 

ac  +  b^  —  ab  —  c^  =  sum  of  numerators. 

Q         er     i.-  ac  —  ah -\- b"^  —  (? 

Sum  of  fractions  = 


(a  +  6  +  c){a  +  6  —  c){a  -\-c  —  b) 


19. 


a  +  b         a  —  b        ab(x  —  y) 

ax  +  by     aa  —  by     c^t?  —  6*y' 

L.  C.  D.  =  {ax  +  by)  (ax  —  by). 

a^x  +  aibx  —  aby  —  b^y  =  first  numerator, 
—  a^x  +  abx  —  aby  -f  b^y  =  second  numerator, 
+  abx  —  o5y  =  third  numerator. 

+  3  abx  —  3  aby         —  sum  of  numerators ; 

or,  3  a6  (re  —  y)  =  sum  of  numerators. 

Sum  of  fractions  =    ^o     TJ^I' 

a^3r  —  ©y 

Exercise  53. 


-        X        x—y        X        x—y 

^—y    y—^    ^—y    ^—y 

L.C.D.  =  a;  — y. 

X  =  first  numerator, 
y  —  x  =  second  numerator. 

y        =  sum  of  numerators. 

.•.  Sum  of  fractions  =  —^ . 

x-y 

2    3-h2a;     Sx-2     16a?-g» 
2  —  x        2  +  x        ic*  — 4 
3  +  2a;^3a;-2     16x-a^ 


2-x        2  +  x         4-a2 

L.C.D.  =  4-a;2. 

6+    7  a; +  2  a;*  =  first  numerator, 
—  4+    8a;  —  3a:^  =  second  numerator, 
—  16a;+    a;^  =  third  numerator. 

2—x  =  sum  of  numerators. 

2-a;         1 


.•.  Sum  of  fractions  = 


4— a;2      2  +  aj 
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3. 


x"-l     ar+l      l-x     a»-l     «  +  !     »-l 
L.C.D.  =  x»-l. 

x*        =»  first  numerator, 
X*  —  X  =  second  numerator, 
x*  -f  X  =  third  numerator. 

3  x*        =  sum  of  numerators. 

3x» 


Sum  of  fractions  » 


x«-l 


3_3yi     2-2y     6y  +  6 
4  1 


or 


6. 


3(l+y)(l-y)     2(l~y)     6(1 +y) 

L.C.D.  =  6(l+y)(l-y). 

8  =»  first  numerator, 
3y  +   3  =  second  numerator, 
— V  -}-    1  -=  third  numerator. 

2  V  +  12  =  sum  of  numerators ; 
,  2(6  +  y)  "»  sum  of  numerators. 

Sumoffractiomi  =  -^±iL.. 

3(1-3^) 

1  2 


(2-m)(3-m)     (m-l)(n»-3)     (m-l)(m-2) 
1  '2.1 


(2-m)(3-m)     (l-m)(3-m)     (l-m)(2-m) 

L.C.D.-(l-m)(2-m)(3-TO). 

1  —    711  =»  first  numerator, 

—  4  +  2m  =  second  numerator, 

3—    m  =  third  numerator. 

0  =  sum  of  numerators. 
.*.  Sum  of  fractions  =  0. 


(b -  o)(x  -I-  a)     (a  -  b)(x  +  b) 
1  1 


{b  -  a)(x  +  a)     (6  -  a)(x  +  b) 

L.C.  D.  =  (ft  -  a)(x  +  a)(x  +  6). 

X  +  6        ^  first*  numerator, 
—  X        — g  =»  second  numerator. 

6  —  a  =  sum  of  numerators. 
.%  Sum  of  fractions  =  ~ 


(6-a)(x  +  a)(x  +  6)     (x  +  a)(x  +  6) 
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L.C.D.  =  (a»-6»)(a»  +  6»). 

a*  +2a*6'+2a'6*  +6^  «  first  numerator, 

— 2a*6^            — 2a6*       =  second  numerator, 
-\-2a^b —2a^b* =  third  numerator. 

a'+2a*6  — 2a6*+6*  =  sum  of  numerators. 


8. 


Sum  of  fractions  »= 


(o»-6»)(a»  +  6») 


h  —  a  _  a-2b  _  3x{a—b)  ^  b-a  _  a-2b     Zx{a  —  b) 
x  —  b      b  -\-x         h^  —  tj?       x  —  b       X  +  b         x^  —  b' 

L.C.D.  =  x»-6«. 

—  cLb  —  ax-{-    6a;  +    6'  =  first  numerator, 

aft  —  oo;  +  26a;  —  26'  =  second  numerator, 
Sax—  Sbx  =  third  numerator. 

ax  —  6*  =  sum  of  numerators. 

ax  —  6' 


Sum  of  fractions 


x'-b^ 


9    3  +  2a;     2-3a;     16  a;- a;' ^  3 -f  2a;     2-3a;     leg-g* 
2-a;        2  +  a?         ar»-4         2-a;        2  +  a;        4-a;* 

L.C.I).  =  4-a;>. 

6+  ■7a;  +  2a:*  =  first  numerator, 
—  4+    8a;  —  3x'  =  second  numerator, 
—  16a;  +    a;'  =  third  numerator. 

2      —X  =  sum  of  numerators. 

2-a;         1 


.'.  Sum  of  fractions 


4-a;»     2+a; 


jQ    __S 7  4-20a;_      3  7         4-20a; 

l-2a;     l  +  2a;     4a;«-l      l-2a;     l+2a;      l-4a;» 

L.C.D.  =  l-4a;2. 

3  +   6  a;  =  first  numerator, 

—  7  +  14  a;  =  second  numerator, 

4  —  20a;  =  third  numerator. 

0  =  sum  of  numerators, 
.•.  Sum  of  fractions  =  0. 
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11.         ^-^^        J         h-k-e         ^         c-fo 

(b-c){c-a)     (6_a)(a-c)     (a-6)(6-c) 

—  g  +  ft 6-t-c  g-fc 

(6  -  c)(a  -  c)     (a  - 6)(a  -  c)     (a  -  6)(6  -  c) 

L.C.D.  =  (a-6)(a-c)(6-c). 

—  a*  +  6*         =  first  numerator, 

—  6'  +  c*  =  second  numerator, 
q*         —  c*  =  third  numerator. 

0  =  sum  of  numerators. 
.*.  Sam  of  fractions  »  0. 

12  g'-ftc        J        y  +  <K?  c'-fo^ 

■   (a-6)(a-c)     (6  +  c){6-a)     (c-.a)(c  +  6) 
a*  — he  flkJ  +  ft'  oi-fc* 


(a-6)(a-c)     (6  +  c)(a-6)     (a-c)(6  +  c) 

L.C.D.=  (a-5)(a-c)(ft  +  c). 

a'S-ft'c+a'c-ftc^  «»  first  numerator. 

l^c—o,*c        -\-€u^—ab'^  =»  second  numerator, 
— fl'ft -fftc*— ac'-foy'^  third  numerator. 

0  »  sum  of  numerators. 
.  -.  Sum  of  fractions  »  0. 

13. y±i_+ !_±±_  +  _^±y_ 

(a:-y)(x-2)     (y-a:)(y-«)     (z~x)(2-y) 
^        y -f  z g  +  z  g  +  y 

(g-y)(«-2)    (a;-y)(y-2)    (a:-2)(y-«)' 

L.C.D.  =  (x-y)(y-2)(x-2). 

y*  —  «■  =  first  numerator, 
-»  a:*         +  2*  =»  second  numerator, 
g*  — y*        =  third  numerator. 

0  «  snm  of  numerators. 

.  -.  Sum  of  fractions  »=  0. 

3 4 6 

(a-b)(b-c)     {b-a)(c-a)     (a-c){c~b) 

3 4  6 

(a-b){b-c)     (a-b)(a-c)     {a-c)(b--c) 

L.C.  D.  =  (o  -  b)(a  -  e)(b  -  c). 

3  a  —  3  c  =  first  numerator, 

—   4  6  +  4  c  =»  second  numerator, 
6a—   66  =  third  numerator. 

9a  —  106  +    c  =  sum  of  numerators. 

a  er      x-  9a  —  106  +  C 

•••  Sum  of  fractions  =- r-- -— ;• 

(a  — 6)(a  — c)(6  — c) 


14. 
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15. 


1 


xix-y){x-z)     y(y-a:)(y-2)     xyz 
1  1  1 


x{x-y){x-ii)     y(x-y){y-z)     xyz 

L.  C.  D.  =  xyz{x  —  y){x  —  z){y  —  z). 

yH  —ys?  =  first  numerator, 

—3?z-\-xz^         —  second  numerator 
—^\T(i^—yH\7?z~x^\y:^  ==  third  numerator. 

—^y-\-xy^  —  sum  of  numerators  ; 

or,  —xy{x  —  y)  =  sum  of  numerators. 

.'.  Sum  of  fractions  =  - — ~^\    ~y{ 

xyz{x-y){x-z){y-z) 

1 

z{x-z){y-z) 

Exercise  54. 


1.  _£Lx— • 

Cancelling  common  factor  x, 

_  ac 

~hd 

o    2«^3a6^3ac 
«.  —  X  •       X  -  -  • 
a        c        2h 

Cancelling  2a&c, 

=  9aa;. 

3p     .     2p 


6. 


8. 


2p-2     p-1 
_     3p     ^;>-l 


X 


1, 


2(i>-l)       2p 
Cancelling  p  and  p 

=  f 

-     8g*y   .  _2^ 
15o&«'"3a6« 

^  8a*y  X^^^' 

15(i&»      2ar»' 
Cancelling  20;*  and  3a6', 

4gy 
""  56" 


5    _8a^3     25^ 

'  45a;''y      24a36» 

Cancelling  8,  15,   a^,   6*,   a;, 
andy, 

=  -^. 
9ax 

QreVz  20  o»6^c 

lOa^ft^c  l^xyH 

Cancelling  ^xy\  10  a^h^c, 
and  2, 

=  —  ox. 

s^x^^x-^^- 

4a»!'      Gicy  2xy^ 

Cancelling  2,  6,  aj*,  y^,  and  2, 

15a; 

4«' 

9m»n«  ^  5jp^  ^  24^ 

Sj^f      2xy      90  mn 

Cancelling  9,  5,  8,  mn,  p^q, 
and  a;y, 

_  Smnxy 

\p<f 


7. 


8. 
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^    25A:»m»       70n»7  v.  3pm 

Cancelling  25  ib^,  14n'g,  and 
_  5X:m' 


10. 


11.  *? 


a  —  6    ^,  a^  —  b 


X 


a'  +  a6      a'  —  ab 

a  —  h     ^^(g-f  6)(a-6) 
a(a  +  &)  a(a— 6) 

Cancelling  a  —  6  and  a  +  6, 

a-fc 


12. 


a?  -k-l^     a—b 


a* 


o*  +  y     y  ^  "^  ^ 

"(a-6){a  +  6)     i-6 
Cancelling  a  +  6. 

g*-i-g~2^a:«-13g-t-42 
3^  —  7x  *»  +  2x 

^(x^2)(x-l)^(T-r.)(x-7j 
x(a:-7)  x(xf2) 

Cancelling  x  —  7  and  x  +  2 

^(x-l)(x-0). 
x» 


-o    g'-llx-l-30,,x«-3x 
x»-6x  +  9       x»-5x 

(a,-5)(x-6)     x(x-3) 
(x-3)(x-3)     x(x-5) 

X  —  6 
X  —  3 


14.  c^^xCajLE)! 
'  o'  +  x*     (a  —  xf 

(a-  x)(a'  +  ox  -f  x»)  ^  (g  +  x)' 
(g  +  x)(g'  — gx  +  x»)     (g  — x)» 

(g-f  x)(g'-Hgx  +  x*) 
(g  —  x)  (g*  —  gx  +  x") 


^5^   2g(x'-y7 


X 


ex 


(aj-y)(a;H-y)» 


2g(x  +  yy(x-y)' 
ex 

2gx*(x  — y) 


(x-y)(x-hy)» 


102  ALGEBRA. 


'  o»  +  46»      a«-46«  'aj»  +  6x     a:»  +  2a? 

_o(a-f  26)         6(a-2&)  _  (g+2Xa;-2)     (a;+5Xg-5) 

a*  +  46«      (a-26)(a+26)  a;(a;+5)  a;(x+2) 

a6  (a;-2)(g-5) 

a* +46*  ~  a;' 

18.  ^Jl^x^^^li^ 
a;  — y        a;*  — y* 

^  a;(a;  -f  y)  ^         (a;-y)(a;-y) 


19. 


x-y        (x'-^y^)(x  +  y){x-y) 

X 


flc*  +  y' 


w'  —  71*        II  —  Wl 


»  +  c/»       c  +  rf 
_      (m  +  n)(m  — w)  c  +  d 

(c  +  d){(^-cd-^  (P)         m  —  n 
—  _       wi  -f-n 

20  «'  -  ^<^  +  3      o»  -  9o  +  20      a«  -  7a 
'  a*-5o  +  4     a»-10a  +  2l     a*-5a 

_(a-3)(a-l)     (a-5)(a-4)     a(a-7) 
(a-4)(a-l)     (a-7)(a-3)     a(o-5) 
•       =1. 

21  6»-76  +  6     6M106-f  24  .  6«  +  66 
*  6* +  36 -4     6*-  146  +  48  *  6»- 86* 

(6-6)(6-l)     (6  +  6)(6  +  4)     6«(6-8) 
(6  +  4)(6-l)     (6-8)(6-6)     6(6  +  6) 
=  6. 

22.  tjzjL—  X  ^y  ~  ^y' X  ^*~"^ 

a?  — 3a:y  +  2y*       x^ -\- xy      (x—y'f 

^  (x  -\-y)(x-  y)  ^  y(a-2y)  ^      g(g  -  y) 

(«-2y)(a:-y)      x(x-i-y)      {x-y)(x-y) 

y 

x-y 
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_c^-3o«64-3ay-y  3  a* -^  ab 

c?-V  2a6-2^      a-h 

(a^b)(a-b)(a^b)  3  a  (a -I- 6) 

(a  +  b)(a  -  b)  2b(a  -b)       a-b 

_3a 
2  b 

•   a'-(6-c)«     c»-(a-A)* 

_  (o  +  6  +  c)(a  -H  6  —  c)(c  -g  -H  6)(c  -t-  o -  &) 
(a  —  6  +  c){a  +  6  -  c)(c  -  a  -  6)(r  +  a  +  6) 

c  —  o—  & 


25    (x-gy-y     x'-Cft-gy^ 
(x-by-a'     x«-(a-6)« 

(a;  —  g  +  5)(g  —  g  —  &)(g  +  6  —  g)(ag  —  6  -h  g) 
(re  —  6  +  g)(x  —  6  —  g)  (a;  +  g  —  6)(a:  —  g  +  6) 

af  —  g  +  6 
a;  +  g  — 6 


26. 


27. 


(g -f  fty  -  (C -Kf)«      (g-c)«-(rf-ft)« 

(g  +  c)«-(6  +  <i)'  '  {a-by-{d^cy 
(a  -{■  b  -\-  c  +  d)(a  -^  b  —  c  -  d)(a  -&-hrf-c)(g-6-rf  +  0 
(g  +  c  +  6  +  d)(g  +  c-6-  d)(a  —  c  +  d  -  6)(g  -  c  -  <i  +  6) 

=  1. 

g*  —  2gy  +  y'  —  2*a?  +  y  —  g 
a*  +  2icy +y'  — 2*     x  —  y-{-z 

(x-yY-s^^x+y-z 

(a?  +  y)*  —  2*     a:  —  y  +  2 
_(a;-y  +  2)(a;-y-^2)(a;  +  y-g) 

(a;  +  y  +  2)(x  +  y  -  2)(a;  -  y  +  f) 
_x-y-z 

x  +  y  -^  z    ^ 
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Exercise  55. 


1. 


3a;     g-1 
2  3 

f(x+l)-|-2i 

Multiply  both  terms  by  6, 

9x-\-2x-2 
"l3ar  +  13-2j-15 

lla--2 


llar-2 


=  1 


4. 


x—a 


(x-b)(x-c) 

X  -\-  a 

x  —  a 


sc*  -\-  ax  —  x^  +  bx  -^  ex  —  be 


X  +o 


(x—  a)(x  +  a) 
ax  -^  bx  -{■  ex  —  be 


2. 


x  —  \  + 


x-6 


3 


X-2  + 

x-6 

Multiply  both  terms  by  a?  —  6, 

a^-7.r  +  12 
a:*-8.T  +  15 

(x-4)(x-3) 
(x-5)(x-S) 

_  a  —  4 

(T  — 5 


5. 


a;     a/\ag     a) 


1- 


0!  — a 
a:  +  a 


\     oa;    /\     ax    ) 

2a 

a  +  x 

(a'-a:')(a*  +  g')(a+a;) 


3. 


3 


2ar-  1 


2      2 

Multiply  both  terms  of  sec- 
ond fraction  by  2, 

3  4a;-2 

a;  +  l     2a;'  +  a;  — 1 

3  2(2a;-l) 

a;  +  l      (2x-l)(a;  +  l) 

3  2  1 

a:  +  l      x  +  1      x  +  1 


e.    ^-y    ^•'-y* 


x 


y 


xy  ■{■  y*     aj*  +  xy 

X  H-y  —  X 
x'  —  y' 


xy(x-\-y) 

y    ^ayG^+y) 


X*  —  y'       x^  —y^ 

xy' 
(x  +  y)(*-y)«* 
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X  -\-  \        X—\  «A 

—^  +  - — ^  10. 

7  ^~^  x+l 
g  4- 1  x—l 
af  —  1      0?  +  1 

(x  +  iy    (x-iy 
~(x-fiy    (x-i)« 

(j«  +  2g  +  l)-h(3:»-2g-fl) 
(a:2  +  2x  +  l)-(a:»-2a:  +  l) 

^2a:»-t-2_g«4-l 
4a;  2x  ' 


X 


=  1- 


x  +  1 

.T  +  1  —  X 
X+1 

1 


x  +  1 


11. 


1 

X 

1 

1-  ' 

x+1 

x  +  1 

X  +  1  -x 

x+l 

1 

=  x  +  l 

1 

1  ,         ' 

11                      '  - 

1  +x  f  - 

2x» 

—  X 

1 

*^..' 

l-x 

1 

l  +  x' 

l+x» 

1  +  x 


1  1       * 

l+-x  +  :^ 
l-x 

1,          a:(l-x) 

*  '  (l+x)(l-x)  +  2x« 

^^^x(\~x) 
l  +  i» 

l  +  x8  +  x-x» 

l+x* 

1  +x 

12. 


\.T     g        l\x     a        J 

/a*-2ax  +  x»\ /a*  +  2ax  +  x'\ 
\         ax         /  \         gj  / 

\    gx     )\    ax     ) 


(g  —  x)(g  —  x)(g  +  x)(g  +  x) 
(g  +  x)  (a  —  x)(a  +•  x)(a  —  x) 

l+x«  =1. 
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I*  +  y'       2x    racy  —  «*     x  +  y  \ 


13. 

x-y 


g*-f  y'  ^  ,  2a;    f «_      a  +  y  ^ 

a»-y'     g-hyt      a?-y     x-y) 


x-y 

g'+y*  I     2g    I     y     1 

x»-y'     g  +  y|a;-yj 

x-y 

a^  +  y'  ,     ^xy 


jc*  —  y*     a^  —  y^ 

a?-y 

a:*  +  2xy  H-y* 

x-y 

_ (a;-fy)(a;  +  y) ^ _1_  _        x-^y 
(x-y)(x  +  y)     x-y     x2-2xy  +  y«" 

(x»-y«)(2x'-2xy) 
14.  4  (x-y)' 

gy 
a  +  y 

'     ^  (re  +  y) (g  -  y) 2x(x  -y){x  +  y) 

'^(x-y)(x-y)xy 
2y 

ab ac 

2g    g'  +(a  -f  6)x  +  a6     x'  -h  (a  +  c)x  +  ac 


a^  -\-{b  -\-  c)x  +  be 

(abx  +  o&c)  —  {acx  +'  abc) 

(x-f  a)(x4-  b){x-\-  c) 

(b-c) 


{x  +  b)(x  +  c) 
_     ax{b  —  c)(x -\-b){x -\- c)  ax 


{x  +  a){x  +  b){x-\-c){b-c)     a  +  a 
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16.  ^+1^^ 


X 


'^  ,1    1 


aj+  1  x+  1 

X  -\-l 

—  X. 


«±6  +  _^  i+A+1 

*-        &         a  +  6  jg  ' a6     gg     6c 

11  '    a*-(6  4c)» 

a      6  a6 


(a  +  by  +  6*  Mnltiply  the  IcrmB  of  the  na- 

l,(a-\.  b)  merator  by  abc,  and  factor 


a  +  6 
a6 


18. 'm 

2m-l 


m 

2m«-3m-fl 

m 

2?yt-l 
m 

_  (2m  -  l)(m  - 1) 
""         2m-l 
=  m  — 1. 


the  denominator. 


(a-^hf  +  h^^^    ah 
6(a  +  6)        a +  6 

(a»  +  2a6-f  26«)a  j 


c-f-6  +  a 

abc 

(a  + 

a6 

r'-] 

c+6 

^«X        . 

a6 

20. 


1 

,     i 

--/ 

X 

3 

1  i^^^- 

X) 

^  'l-x+3 

3 

7-4x 
4-x 

3(4-x) 

7-4x 
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Exercise  56. 

J    a*~9a!»-f7a:»-i-9g-8  g    o'  -f  6*  -  c«  -f  2oft 

rr*  +  7a:»-9x*-7«  +  8  '  o«-6»-c*  +  26c 

(g-8)(g»-a:»-i?  +  l)  _  16  -i-  i  -  1  -f  4 

(x  +  8)(a!»-x>-a;  +  l)  16-^-1  +  1 

^g-8  ^19t 

a:  +  8'  "^  15}* 


3.   3a«  +  2a6!_^ 
c        6» 


Multiply  both  terms  by  4, 


=  3x4x4  +  ^^^^^^^--- 
-  48  +  2  -  4  =  46. 


4. 


(x»-l)«      2j='-4a;  +  2      l-a;« 

_       2  11 

(a:»-l)«      2(a;-l)*     7? -l 

L.C.D.  =  2(a^-l)«. 

4  =  first  numerator. 
— x*  —  2x— 1  =  second  numerator, 
♦      2a:' —2  =  third  numerator. 

a;'  —  2a;  +  1  =  sum  of  numerators. 
.'.  Sum  of  fractions  =  a*  -  2a?  +  1  1 


2(a:»-2a;  +  l)(a;  +  l)»      2{x  +  Vf 


Vl  +  1  x-\.\)     \,i_l  x-\) 


X  X 


Va;  +  1  x-\-\)      \x-\  x~l) 

_(    x"     ^x  +  1         I    \      r   x'        x^-x        1    \ 
Va;  +  1      x  +  l     x  +  l)'[x-l      a?-l      a?-l/ 


^  a?(a;  +  1)  ^  g;  -  1 
a;  +  1        aj—  1 
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a  fg-i^Y    (x~2a-i-b\ 
\x~bj      \x  +  a^2b) 


^  /a  +  b-2ay_  (a  +  b-ia^2b\ 
\a  +  b-2b)      \a-\-b-\-2a-Ab) 

\a-b)      [3a-3b) 
=  (-!)»-(- 1)-0. 

L.  C.  D.  of  fractions  in  brackota  =  2(a*  -  6*). 

a'  +  2a&  +    &»  =  first  numerator, 
—  a'  +  2a5—    ^  =  second  numerator, 

46*  =  thii€  numerator. 

4a6  +  46'  =  sum  of  numerators  •, 
or,         ib{a  -\-b)==  sum  of  numerators. 

.-.  Sum  of  fractions  in  brackets  =  iM«_±il=  .2*.. 

2(a«-6»)     a- 6 

2J    X^  =  l. 


8. 


a-b       2b 


\a?'-y*    ar'  +  y'/     \aj-y    a;  +  y/ 

_  /a;*-H2a:«y«+y*      g*-2a^y«-hy*\  ^  / !i^^^^2xy^y^  _  g-2xvjj/»\ 
V      a;*-y*  aj*~y*     7     ^    a5»-y»  x^~y^     ) 

=  .1^1        ^^ 
7^  —  '^     a*— y* 

_  4^^^-y» 
a'+y* 
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^ (^-y'\  (  y  \  +  (^-y'\  I    -f    \ 
_^-y\  y    ;  ^-y'x     ~^* 

y*         aj—y         y'         x'  +  oy  +  y' 

y        y 

-2. 
10    /a'-aft\/a'  +  q^  +  y\  ,  /    2a»       .W.  2o5       \ 

U'-^A      0  +  6      j      U'  +  ft^Aa'  +  a^  +  ^'V 
a        a  —  6 


a  +  6     a  +  6 

2a-& 
a4-6 


1  + 1  +-0 5 

11            g  +  g  or  +  0?' 

'          a  — a:  -      a^  —  x^ 

a  +  x  c?  +  3^ 


Multiply  both  terms  of  first  fraction  by  a  +  a;,  and  both  terms  of 
the  second  by  a'  +  a*, 

_a  +  x  -{■  a  —  x     a*  -{-  a^  -{-  a^  —  a^ 
a  +  x  —  a-\-x  '  a' +  a;'  —  a' +  35* 

2x     2o?     a 

a;     ar 
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Ill 


1        2^ 

13.  _if±yI^J 


1  + 


2xy 


X 


x-y 


T 


(x-y? 

g'  +  y*  "  (i  +  yV 
(x-y?    \    X   ) 

(x«  +  y')(x-yy     (x-t-yy 
(x«  +  y«)(x+y)«''(x-y)« 
=  1. 


14. 


15. 


X  -\-2a     X  —  2a        4a5 
26-x     26  +  x     46»-a!» 
a5     .  n  a& 


a  +  6 


+  2a 


a  +  b 


-2a 


4a6 


26--^ 
a  +  0 

3a6  +  2o« 


^ 


26  + 

a  +  6 

2g«-Kift  4o5(a-t-&)' 


^^(^ 


a6  +  26«      3a6  4-26»     6»(3a»  +  8o6  + 46») 
_a(36  +  2o)       o(2a-f6)  4q5(o-f6)* 


6(a  +  26)      6(3a  +  26)     6»(3o  +  26)(o  +  26) 

L.C.D.  =  b\Sa  +  26)(a  +  26). 

6a'6  +  13a'6»  +  6a6»  =  firet  numerator, 

—  2  a'6  —   5  o'6*  —  2  06*  =  second  numerator, 

—  4a*6  —    8 g'y  —  406^  =»  third  numerator. 

0  »  sum  of  numeratoiB. 
Sum  of  fractions  =  0. 

x+y-l 
x-y  +  1 

g-f  1      06  -i- g     -t 

a6  -i- 1     a6  -t- 1 

g  +  l      06+gT^ 

06+1     06  +  1 
2a 

a6  + 1 


a6  +  l 
a. 
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16.  —i — .  +  ...    K.     .+        1 


a(a  —  b){a  —  c)     b(b  —  c){b  —  a)     c(c  —  a){c  —  b) 

1  1^1 


a{a  —  b){a  —  c)     b{b  —  c){a  —  b)     c{a^c)(b  —  c) 

L.C.J).^  abc{a-b){a-c){b-c). 

b^c  —  b<?  —  first  numerator, 

—  a^c  +  00*  =  second  numerator, 
+  a^b  —  ab^  =  third  numerator. 

6'c  —  b<?  —  a^c  +  <K?  +  a?b  —  ah'  =  sum  of  numerators. 

b^c  —  b(^  —  a'c  +  ac^  +  a^b  —  dt^ 


.  •.  Sum  of  fractions  = 


abc{b'c  ~b(?  —  aH  -\-  a(?  -\-  a'b  —  oi*) 
abc 


yv  3  abc  o> 


a-\  ^  6-1  ^  c-1 


be  -\-ca  —  ab  1  j.  1  _  1 

abc 

Multiply  both  terms  of  the  second  fraction  by  ahe, 

_        Zabc oLbc  —  bc-\-  abc  —  oc  +  ahc  —  ah 

bc-\-  ca  —  ab  bc-\-  ca  —  ah 

3a&c 3  ahc  —  bc  —  ac  —  ab 

be  -\-  ca  —  ah  bc-{-  ca  —  ab 

be  -\-  ac  +  ab 
be  -\-  ae  —  ah 


.  18.   .^ , X 


1  ___!_  tr?->c'r^ 


tr?  —  mn  -f  n'        mn  (m-fn)(m  — n) 

n  m  —  n     (m  +  n)(m'  —  mn  +  r^) 


—m. 
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i+      ' 


19.  2_Lti/i  +  ^  +  <^-<^*\ 

1 1_\  26c       ) 

a      b-\-c 

_(b+  c  -f  o)(26c  4-  6» -hc«- a«) 

"  (6  +  c-a)26c 

_(ft+c-f  aH(6  4-cy-a«t 
(6  +  c  — a)26c 

_  (ft  +  c  -t-  a){b  -t-  c  +  a)(6  -t-  c— a) 

{b  +  c  — a)26c 
_(6-hc  +  ay 
26c 

20.   3a-[6  +  {2a-(6^c)}]  +  }  +  ^^ 

=  3a-[6  +  2a-6  +  c]  f  j  +  ^/~* 

2c  -f- 1 

2c  +  l 
=a— c+ } + 


2(2c  +  l) 
=  a-c  +  }  +  — ^ 

=a— c+i+c— } 
=  a. 


1  X 

+ 


91     g-a?     a-y     (a-xY     (a-yf 

1  1 

(a-y)(a-xf     (a-x){a-yy 

(a-x)(a-yy^(a'y){a-xy-^x{a-yy-'y{a~  x)» 

ia-xy{a-yy 


{a-a:)»(a-y)' 


a(2a-x-y)(x- y) ^^  (a  -  x)' (a - y)' 

(a-ar)«(a-y)«  x-y 

a(2a--x-y). 
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22.  ^  23.  (a?'-y')(2a^-2ry) 

^       ^^      a:+y 
(x-\-y){x-y){x-y)2x 

xy 

2 


.,     1 

*  1  ■       —     ^ 
1 

3  +  1 
4 

4a;  +  3-a 
•4 

3(x  + 1) 
fc-b     c»-6» 

'   U  +  6     i^  +  b'       \c-b     c 


L.  C.  D.  Ifit  expression  =  c'+ft'.         L.  C.  D.  2d  expression  =  c'—ft*. 

c»-2c*6+2c6»-6^  =  lRtnum.  c«+2c6+   6«  =  lstnum. 

— c* +6f  =  2d  num.  c*         +6*  =  2d  num. 

— 2c*6+2c6'       =  sum  of  nums.    2c*+2c6+26'  =  sumof  nums. 

or,        —2cb(c  —  b)  =  sura  of  nurns.  or,  2(c*+c6+6')  =  sum  of  nums. 

-2cb{c-b)  (c  +  6)(c-6) 


(c  +  6)(c»  -  c6  +  62)  ^  2(c«  +  c6  +  6«) 

-c6(c-6)» 
V  +  (^6»  +  6* 
-bc{b-cy 
'6*  +  6V  +  c*' 


25. y + ? + ^+y 

(a;-y)(a;-z)     (y-a;)(y-2)     (z-x)(z-y) 
_  y  a?  ■  I  a;  +  y 


(x-y)(a;-2)     (x-y)(y-2)     (a;-«)(y-.2) 

L.C.D.  =  (aj-y)(x-2)(y-2). 

y*         —  yz  =  first  numerator, 
—  ar*         +  rF2  =  second  numerator, 

g*  —  y* =  third  numerator. 

xz  —  yz'^  sum  of  numerators ; 

or,  z(x—y)=r  sum  of  numerators. 

.•,  Sum  of  fractions  =  -. ~ ^4 ^  «-  : ^ 

(«-y)(y-2)(«-2)     (»-2)(y-2) 
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26. 


tt(a  — 6)(a  — c)     b(b  —  a){b-'C)     abc 

1 1 L 

a{a  —  b){a  —  c)     b{a  ~b){b  —  e)     abe 

L.C.D.  =  a^(a -  b){b  - e)(a  -  c). 

—  b<?  +  6'c  J  =  first  namerator. 

—  a^c  -{^  ac^  ^  Rc<*ond  numerator, 

—  bi^  —  a^b  +  ah^  —  b*c  -f  a'e  —  ac'  »  third  numerator. 

—  a*6  +  a6*  ^  sum  of  numerators. 

•••  Sum  of  fractions  = r^-j ^ 

aoc(a  —  6)  (6  —  c){a  —  c) 

1 


c(6  —  c)(a  —  c) 


a;-4  + ^-"i^ 

^ i±ix         '  -* 


(^_1)(^_2) 


a;-l 


x^-x-G       (x-l){x-2) 
x-1 


{X- 

(a;4 

1 

■1)(«- 
-l)(a:- 

•2)(x- 
-  3)(a;  -h 

-2)><(: 

c  +  l)(a;- 

-3)(a;-f  2) 
-l)(a;-l)(a:- 

-2) 

(jc-h 

If 

EXEUCISK 

57. 

5x- 

a;  +  2 
2 

71. 

2. 

X- 

3 -a;     17 
3          3 

Multiply  by 

2;  then 

Multiply  by  3 ; 

then 

10a;- 

-x-2  = 
9a?  = 

=  142. 
=  144, 
-16. 

3x 

-3 -far  =  17, 
4a;  =20, 
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Q    5-2.T  .  o     ^     6ar-8 
9.    : Y  Z  =  X  — 


4  2 

Multiply  by  4 ;  then 

5  -  2x  +  8  =  4a?  -  12a;  + 16, 
6ar  =  3, 
x  =  \. 


5.  2:c-^^^=7-^-2-^ 


6  5 

Multiply  by  30  ;  then 

60x-25a;  +  20 

=  210-6  + 12a;, 
23  a;  =184; 

a;  =  8. 


A    5a;     5a;     9     3  — a; 

2        4  ~4         2    * 

Multiply  by  4  ;  then 

10a;-5x.=  9-6  +  2a;, 
3a;  =  3, 
a;=l. 


6. 


a;+2_^14     3  + 5a; 

2         9  4 

Multiply  by  36  ;  then 

18a; +  36  =  56-27-463?, 
63  a?  =  -7, 
a?  =  — 


7    5a;+3      3-4a;     g^31      9-5a; 

8  3  2      2  6     * 

Multiply  by  24  ;  then 

15x  +  9  -  24  +  32a?  +  12a;  =  372  -  36  +  20a?, 
39a?  =  351, 
a;  =  9. 


g    10a; +  3     6a;- 7 ^-^Q/^     ^x     jq    7a;+5     5a;-6     8-5a? 


3  2 

Multiply  by  6  ;  then 

20x  +  6-18a;  +  21 

=  60  a; -60, 
58  a;  =  87, 
x=  IJ. 

9.  ^^iz7_2x+_7^3^_i4 
2  3 

Multiply  by  6 ;  then 

15a?-21-4a;-14  =  18a;-84. 
7a;  =  49. 
x  =  7. 


6  4  12 

Multiply  by  1 2 ;  then 

14a;+10-]5a;  +  18  =  8-5a?, 
4a;  =  -  20, 

a;  =  -  5. 

11.  g±l-gz:i  =  2  +  ^^~^. 

3  5  15 

^lultiply  by  15  ;  then 

5a? +  20- 3a; +  12 

=  30  +  3a;-l, 
—  a;  =  —  3, 
a?  =  3. 


^    3a;  +  5      2a;  +  7      ^q     3a;_Q 

7  3  5         • 

Multiply  by  105  ;  then 

45a;  +  75 -  70a;-  245  +  1050  -  63a;  =  0, 
-88  a;  =  -880, 
a?  =10. 
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13.   |(3a:-4)+J(5x+3)  =  43-6x.  14.    i(27-2z)-|-t^(7x-54). 

Mnltiply  by  21 ;  then  Maltiply  by  10 ;  then 

93?  -  12  +  35a;  +  21  136  ~  10*  =  45  ~  7«  -»•  54. 

=  903 -105a?,  -3*--  36, 

149a:  =  894,  x=12. 

x  =  6. 


15.   5a?-{8a?-3[16-6x-(4-5x)]}-6, 
5a? -  {8a:  -  3  [16  -  6x  -  4  +  5ar]}  -  6, 
5a? -  {8x  -  48  +  18a:  +  12  -  15a-}  -  6, 
5a?  -  8x  +  48  -  18x  -  12  +  15x  -  6. 
-6X--30, 
x  =  5. 


*/»    5x  — 3     9  — X     5x  .  19/        4\ 
16.   — =  —  +  —  (x  —  4). 

7  3  2        6^' 

Multiply  by  42  ;  then 

30x  - 18  -  126  +  14x  =  105x  +  133x  -  532, 
-194x  =  -3S8, 
x  =  2. 


17    2x  +  7      9x-8^x-ll  jg    8x-15     llx-1^7x  i  2 

7               11             2    '  '3                7               13 

Multiply  by  154  ;  then  Multij)ly  by  273  ;  then 

44x  +  154  -  12Gx  +  112  728x  -  1365  -  429x  +  30 

=  77x-847.  =147x  +  42. 

-  159x  =  -  1113.  152x  =  1368, 

X  =  7.  X  =»  9. 


19    7x+9     3x-Hl_9x-13     249-9x 
•       8  7  4  14      * 

Multiply  by  56 ;  then 

49x  +  63-24x-8  =  126x-182-996-h36x, 
-137x  =  -1233, 
x=»9. 
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-     9a?-f  20_4(g-3)  ^  x 
36  5aj-4      4 

Multiply  by  36 ;  then 

ox— 4 
144(a:-3)_gQ 

5s-4 
144a._432  =  100x-80, 
44  a;  =  352, 
aj  =  8. 

2    9(2a?-3)  ^  llg-l_9g+ll. 


Exercise  58. 

10a; +  17     12g-f  2  _5a;-4 


3. 


18  13a;- 16        9 

Multiply  by  18  ;  then 
216  a; +  36 


lOo;  + 17 


13a; -16 


=  10a;-8, 

216a;  +  36_o^ 
13a;- 16 

325  a; -400  =  216  a; +36, 
109  a;  =  436, 
a;  =  4. 


14 


3a;  +  l 


Multiply  by  14  ;  then 
18^-27  +  ^^^^-^^ 


3x  +  l 


=  18x  +  22, 
154a;-14_^g 
3a;  +  l 

Divide  by  7, 
22a;-2_y 
3a;  +  l 

22a;- 2  =  21a; +  7. 
a;  =  9. 


6a;+13      3a;  +  5  _^2a; 
15  5a; -25       5 

Multiply  by  15  ;  then 

45a;  +  75 


6a;  +  13- 


5a;-25 


=  6a;, 


45  a; +  75 


=  13, 


5a; -25 
45  a; +  75  =  65  a; -325. 
-20  a;  =  -400, 
x  =  20. 


5. 


18a;-  22     o       1  +  16a;  _  ,5       101^64^ 
"3936^^    ^      24  ^^^  24 

Reduce  the  mixed  number  to  an  improper  fraction, 
18a; -22      g        l  +  16a;^53      101 -64a; 
3(13 -2a;)  24  12  24     . 

Multiply  by  24  ;  then  ' 

8(18g-22)  ^  48 a;  +  1  +  16a;  =  106  -  101  +  64a;. 
13 -2a; 

144  a;- 176  __^ 

13 -2a; 

144  a; -176  =  52 -8a;. 
152  a;  =228, 
a;=lj. 
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g    6-5x       7-2a»^l^-3g     lOx-11        1_ 
15         14(af-l)"     21  30  105' 

Multiply  by  210 ;  then 

84  -  70  X  -  ^05  -  30  a:'  „io+30«-70x  +  77+2, 


x-1 
105  -  30 1» 


30«  +  5. 


«-l 

~105  +  30a!*  =  30x"-25»-6. 
25X-100. 
x-4. 


7    9g-H5    8gr-7_36a+15    41^ 
14       6x+2         56         56* 
Multiply  by  56  ;  then 
36x  +  20+?24x-196 

3x  +  l 

=  36x  +  15  +  41, 

224x-196_3g 

3x  +  l      ""     * 

224x-196=108x+36. 
116x  =  232, 
x  =  2. 


9. 


6x  +J  _  2x~4  ^  2x~  1 

15         7x-16"      5* 

Multiply  by  15 ;  then 

g^     j_30x-J0_^^_3 

7x-16 

30x-60^     ^ 

7x-16"       • 

-30x  +  60 28x  +  64. 

-2x=.4. 
X--2. 


8. 


6x+7      2x-2^2x-fl 

15         7x-6  5 

Moltiply  by  15  ;  then 
/>     ,  t-     3!ffx  —  30     />«  .  o 

6X  +7 ;;-=OX  +  d, 


7x-6 


30x  -  30 


=  -4. 


7x-6 

-30x  +  30  =  -28x  +  24, 
-2x  =  -6, 
x  =  3. 


,^    7x  — 6        X-  5 
*"•   ~35~" 


5 


6X-101 
Multiply  by  'M* ;  then 

6x--  101 

Transpose,  and  clear  of  frac- 
tions, 

-35x  +  175  =  36x-006. 
-71x  =  -781, 
x-11. 


Exercise  59. 


1.  ox  +  5c  =  6x  +  ac, 
ax  —  bx  =  ae  —  6c, 
x(a  — 6)  =  c(a-i), 

X  — c. 


2.  2a  — cx  =  3c- 56x, 
56x  — cx  =  3  c  — 2a, 
x(56-c)=3c-2a, 

3c-2a 
X  = 

56-c 


3.   a'x  +  bx-e-b^x^ex-d, 
a'x-h'x  +  bx-cx-c-d, 

c-d 

■^      a'-b'  +  b-c 

4.   -ac'  +  VB  +  t^x  =  a6c  +  CTi 
abcx-cmx+ac't^abc  +  b 
x(ab<:  -  cm  +  ac')  =  060  -  in- 

I  —  (k"!  +  6*6  —  mo, 
c^mc  +  ac'-  b'e. 

7.    a'-a;Xa'+l)  =  (a'+2ax-n 
-2oi  =  0, 


Multiply  byAt, 


Multiply  by  2, 
2(tr-3a  +  6i  =  l, 
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--    ^       4ax  — 2b  -^    a&+x     6*— x     x-&     'i**    x 

11.6a ^— =x.  le.   __-_.._-     ^. 

18a-4ax  +  2b  =  3x.  a*6  +  a*x  -  6»  +  &x 


AT. 


-3x-4ax  =  -18a-25,  -Mx-6»-a%  f  a» 

x(3  +  4a)  =  2{9o  +  i).  -  6»x  +  ix  -  -  a*5  -a*6. 

_  2(9a  +  6)  ^{*  -  1)  '  2a*ft. 

'"    3+4a  ,«.?^ 


6  -1 


jn    a^  — a     a— X    ^x     a 


hx  h  h         X  ri_iiv 

i»-a-ax  +  x»  =  2x»-aft.      17.  ox- ''-^  *  _  *"^- >>. 

_t     .     „  X  X 


—  ax  =  —  oi  +  o. 
x  =  5-l 


aj*-&x  -  1  --  a^     a. 
-hx'    -  a  ^  \ 

a-\ 


13    3      ab  — x*_4x-af  »         ^ 

e         hx  ex 

Sbx  —  ahc  +  €3^  =  Abx  —  abc, 

fr  18.   -      -  -+  a  ^  —      <». 

x  =  0  or  —  b~rj  c 

acx'  +  air  —  ar*x  ♦  a//x  -  o/*^ 
=  0. 

14.   am  —  6  —  ^  +  —  =  0.  Divid**  l>v  a. 

„  *       "^      ^        ^  cx»-ic-<:»xf  bx-rx>=  O, 

aftm'  — 6*i»  — amx  +  6x  =  0,  6x  -  r*x -=  -  ^>^. 

bx  —  amx  =  6*to  —  abm\  ^ 

b^m  —  abm^ 


J  - 


x  = 


b  —  am 
=  bm. 


<^-b 


19.  *!*.   ftr^rf  +  i 


15.    3a^z2ft_^  =  ^-?-  '  a5  =  Lwir.l. 

36  2b         b      3  _hcx-dr^-ah  ^\, 

6ax— 4b-3ax+3a  =  6ax-4b,  ab  -  1 

— 3ax=  -3a,  ^  =  I  "  "V 

x=l.  ^^^^ 

20.  «i^^  =  a.  +  ^- 
dx  « 

a<i'  4-  aa^  =  acdx  +  oi*. 

acdx  =  €ui\ 

d 

x=  -' 
e 
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1. 


Exercise  60. 


x-5  ^1 


x-3 

4(a:-l)'    6(x-l)  "  9 

Clear  of  fractions, 

9«-27  =  6a;-30  +  4a; 
-«  =  -7. 
a:- 7. 


-4, 


4. 


x-1 


2(a;-3)    ^x-2)    (x_2XaJ-3) 

Clear  of  fractions, 

3»-6-2a:4-6  =  6a;-6. 
-5x  =  -6. 


2,  X  + 


X    _(x-2)(x  +  4) 
«— 1  x+1 


Clear  of  fractions, 

X*— aj+rr'+aj  =  x'+x'-lOx+S, 
lOx  =  8, 


g    ^    2(2x-f3)_   6 5g+l 

9(7-x)      7-x    4(7-x)* 

Clear  of  fractions, 

252-36x-16x-24 

=  216-45x-9, 
-7x=-21, 
x=3. 


3. 


7     ^6x+l     3(l+2g«) 

X  — 1        x+1  x"  —  1 

Clear  of  fractions, 

7x+7=»6x*+x-6x-l-3-6x*, 
12x=-ll, 

x  =  -H. 


6. 


17       ^_5(21  +  2x)     ^Q 

x+3  3x+9 

Clear  of  fractions, 

51-12X-36 

=  105+10x-30x-90. 
8x  =  0, 
x  =  0. 


7. 


x-7_2x-15  1 

x  +  7      2x-6      2(x  +  7) 

Clear  of  fractions, 

2x»-20x  +  42  =  2x«-x-105 
-18x  =  -144, 
x  =  8. 


-x  +  3. 


8. 


x  +  4    ,ii„3x  +  8 


3x4-5      "      2x  +  3 
Clear  of  fractions, 

12a^  +  66x  +  72  +  36x«  +  114x4-90  +  6x«  +  19x  +  15 

=  54x«  +  134x+240. 
~35x  =  63. 
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o    132x  +  l  .  8x  +  5 

V.      -^ T-    + 


10. 


52. 


3x+l         x-\ 
Clear  of  fractions, 

132a»-13ia:-l+24x«+23«+6 
=  156a»-104a?-52, 
-4a:  =  -56. 
x  =  14. 


+ 


6 


2x-3     x-1     3a;  +  2 
Clear  of  fractions, 

6a:»-8a;-8  +  6a:*-5ap-6 
=  12a:»-42a:  +  36. 
29  a:  =  50, 


11. 


12. 


3a?-l     4a?-2 


1 
6 


22-1     3x-2 
Clear  of  fractions, 

54a»-54x+12-482«+48x-12 
-  6a:»-7x+2, 
«-2. 


_«  +  l         g* 
x-l"l-x»' 

3 x-Hl       -x« 

"x«-^l 


x-1 
or, 


X  —  1      x— 1 
Clear  of  fractions, 

3x  +  3-x»-2x-l--x«, 

X--2. 


13. 


—  4     X  —  5     X  — 7     X  — 8 


x-5     x-6     x-8     x-9 

Then 

(x-4)(x-6)      (x-5)(x-5)_(x^7)(x-9)      (x-8)(x-8) 

(x-5)(x-6)     (x-5)(x-6)     (x-8)(x-9)      (x-8)(x-9) 

-1  _  -1 

(x-5)(x-6)      (x-8)(x-9) 

Clear  of  fractions, 

-x»  +  17x- 72  = -x«  +  11 X  -  30, 

6x  =  42, 

x  =  7. 


14.  (x-a)(x-6)  =  (x 

x*  —  ox  —  6x  +  cA  = 

ox  +  6x' 


x  = 


x» - 2ax - 26x  +  a«  +  2a6  f  6*, 

a*  +  oft  +  6» 
a  +  6 


15.  (a-6)(x-c)-(6-c)(x-a)-(c-a)(x-6)  =  0, 

O.C  —  6x  —  oc  +  6c  —  6x  +  ex  +  aft  —  ac  —  ex  +  ax  +  6c  —  ao  =  0, 
ax  —  ftx  —  ftx  +  ex  —  ex  +  ox  =  ac  —  ftc  —  aft  -f  ac  —  ftc  +  aft, 

2ax-2ftx  =  2ac-2ftc, 

2x(a-ft)  =  2c(a-ft), 

x  =  c. 
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19. 


20. 


16.  ^i:£±l  +  ^±£±l  =  2x.        17.   -±^  +  -J-=  ,    f      . 
x~l  a:  +  l  x  +  2     a;  +  3     a,^  +  5a?  +  6 

Clear  of  fractions,  Clear  of  fractions, 

a:*  +  1  4-  a:»  -  1  =  2x» -  2x,  4a;  +  12  +  7a;  +  14  =  37, 

2a;  =  0,  11a;  =11, 

X  =  0.  X  =  1. 

18.   {x+l)'-a;[6-(l-a;)]-2, 
(x+  lf  =  a;(6-l+a;)-2, 
a;"  +  2a;-f-l  =  6a;-x  +  a;'-2, 
—  3a;  =  —  3, 
a;=l. 


25-ia;  ,  16x  +  4.V_    23     ^  ^ 

a;  +  l  3a;4-2       x  +  1 

Redace  thexjomplex  to  simple  fractions, 

75 -X    .    80X+21        23    ^^ 


3(x  +  l)      5(3x  +  2)     x  +  1 

Clear  of  fractionR, 

1115x  -  15x2  +  750  +  240x»  +  303x  +  63 

=  1035x  +  690  +  225x2  +  375x  +  150, 
8x  =  27. 
x  =  3}. 

Sabc  .      a^b^      ,  (2a  ^  b)h^x      q^     ,  bx 
-| -\-  •> ^ =  o  ex  H • 

a-\-b     (a  +  6)'        a{a+  bf  a 

Clear  of  fractions, 

3  a*6c+6  a»ft2c+3  a^b^c^-aW-^2  a^t^x+Z  a&'x+Mx 

=  3  a*cx+9  a^bcx^-d  a^b'^cx-\-ZaWcx-\-a^bx-\-Z  a^b'^x+Zat^x^-b*x, 
3  a*cx  +  9  a^bcx  -^  9  a^b'^cx  +  3  aJ^cx  +  a^bx  +  a^J'x 

=  3  a*bc  +  6  a^^^c  +  3  a'ly^c  +  a^i^, 
ax  (3  a?c  +  9  a^ftc  +  9  ab^c  +  3  b^c  +  a^ft  +  aft*) 

=  a26  (3  a^c  +  6  a5c  +  3  62c  +  oi), 
x{3c(a  +  6)'  +  a6(a  +  6)}  =  a&{3c(a+6)2  +  a6}. 

a& 


X  = 


a+6 

21.  ^+^ 29^_2_.     22    5-xf?-gVg-^^-(^-^^) 

x-8     2x-16     24     3x-24  V2    x/     2  4 


Clear  of  fractions,  5_??_l2  —  -  —  ^^•^'^+5^ 

96  +  36 -29x  + 232  =16,  2         ~2  4 

—  29x  =  —  348.  Clear  of  fractions, 


a:  =  12. 


20-14X+8  =  2x-3a:+4-5x. 
-8x  =  -24, 
x  =  3. 
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2  +  f±i 

5      a;-l         .   3 

Multiply  both  ienns  of  right  member  by  1— x;  then 

1 3_        6-g 

5     x-i     3(l-x)' 

1 3         x-e 

5     x-1      'S{x-1) 
Clear  of  fractions, 

3a;-3-45  =  5x-30, 

-2x=18, 


24.      ^~i    +.^~i.='l  + 


i(a:-l)     J(x  +  1)  15 


R) 


Redace  the  complex  to  simple  fractions, 

2x-Z     2x-5  ^  1  .  _    J^__ 
3x-3      5x  +  5  ir)ar»-15 

Clear  of  fractions, 

10x»-6»-15  +  6x«-21x  +  15-15x»-15^4:«, 
-20x=.-15, 


Exercise  61. 

1.  Find  the  number  whose  third  and  fourth  parts  added  to- 
gether make  14. 

Let  x  =  the  number. 

Then  -  -=  one-third  of  the  number, 

and  -  =  one-fourth  of  the  number, 

4 

and  ?  +  -  =  sum  of  the  two  parts. 

But  14  =  sum  of  the  two  parts. 

...  5  +  ?  =  U.    Whence,  X- 24. 
3     4 
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2.  Find  the  number  whose  third  part  exceeds  its  fourth  part 

by  14. 

Let  X  =  the  number. 

Then  -  =  one-third  of  the  number, 

3 

and  -  =  one-fourth  of  the  number, 

4 

and  ?  —  ?  =  the  excess. 

3     4 

But  14  =  the  excess. 


. ..  5  _  ?  =  14.     Whence,  x  =  168. 
3     4 


3.  The  hal?,  fourth,  and  fifth  of  a  certain  number  are  together 
equal  to  76 ;  find  the  number. 

Let  X  =  the  number. 

Then  -  =  one-half  of  the  number, 

2 

and  -  =  one-fourth  of  the  number. 

4 

-  =  one-fifth  of  the  number, 
5 

/M  fim  fm 

-  H 1-  -  =  sum  of  the  parts. 

2     4     5  ^ 

But  76  =  sum  of  the  parts. 

...£  +  £  -I-  ?=  76.     Whence,  x  =  80. 
2     4     5 


4.  Find  the  number  whose  double  exceeds  its  half  by  12. 

Let  X  =  the  number. 

Then  -  =  one-half  the  number, 

2 

and  2x  =  double  the  number, 

2x  —  =  the  excess. 
2 

But  12  =  the  excess. 

.-.  2aj  -  ^  =  12.    Whence,  a;  =  8. 
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5.  Divide  60  into  two  such  parts  that  a  seventh  of  one  part 
may  be  equal  to  an  eighth  of  the  other. 

Ijet  X  =  one  part, 

and  60  —  X  =  the  other  part. 

Then  ?  =  one-seventh  of  on©  part. 

f*/\ 

and  =  one-eighth  of  the  other  part. 

o 

eo-x    X 
.'. •  =  — 

8         7 
Whence,  ar  =  28. 

and  60-x=32. 


6.   Divide  50  into  two  such  parts  that  a  fourtli  of  one  part 
increased  by  five-sixths  of  the  other  part  may  be  ec|ual  to  40. 

Let  *      X  =--  the  smaller  part. 

Then      50  —  x  =  the  larger  part, 

-  4-  J(50  — x)  =  J  of  one  part  increa^eH  by  )  of  the  other. 
4 

But  40  =  J  of  one  part  increased  by  J  of  the  other. 

...?-,.  1(50- x)  =  40. 
4 

Whence,  x  =  2J, 

and  50  -  X  =  47f 


7.  Divide  100  into  two  snch  parts  that  a  fourth  of  one  part 
diminished  by  a  third  of  the  other  part  may  be  equal  to  11. 

Let  X  =  one  part. 

Then    100  -  x  =  the  other. 

X  _  iUO  — X  ^  J  Qf  QQQ  pj^jj^  diminished  by  J  of  the  other. 

^  Bat  11  =  1^  of  one  part  diminished  by  i  of  the  other. 

X     100 -X     11 
.  •. =  11. 

4  3 

Whence,         x=76, 
and  lOO-x-24. 
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8.  The  sum  of  the  fourth,  fifth,  and  sixth  parts  of  a  certain 

number  exceeds  the  half  of  the  number  by  112.    What  is  the 

number  ? 

Let  X  =  the  number. 

Then  -  =  one-half  of  the  number, 

-  =  one-fourth  of  the  number, 
4 

-  =  one-fiflh  of  the  number, 
5 

-  =  one-sixth  of  the  number. 
6 

...?+|;|=ii2+^. 

4     5     6  2 

Whence.         x  =  960. 


9.  The  sum  of  two  numbers  is  6760,  and  their  difference  is 
equal  to  one-third  of  the  greater.    What  are  the  numbers  ? 

Let  X  =  the  greater  number. 

Then  5760  —  x  =  the  smaller  number. 

.T-(5760-a!)  =  -- 

o 

.-.  3a; -17,280  + 3a;  =  a;. 

Whence,         x  =  3456, 
and        5760  -  a;  =  2304. 

10.  Divide  45  into  two  such  parts  that  the  first  part  divided 
by  2  shall  be  equal  to  the  second  part  multiplied  by  2. 

Let  X  =  first  number. 

Then      45  —  a;  =  second  nimiber, 

-  =  first  divided  by  2, 

2  -^ 

90  —  2  a;  =  second  multiplied  by  2. 

Then  ^  =  90  -  2a;.  • 

2 

.'.  a;^  180  — 4a;. 

Whence,         x  =  36, 

and  45  —  a;  =  9. 
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11.  Find  a  nnmber  sach  that  the  sam  of  its  fifth  and  iu 
seventh  parts  shall  exceed  the  difference  of  its  fourth  aud  its 
seventh  parts  by  99. 

Let  x  =  the  nnmber. 

Then  -.  =  one-fifth  of  the  number. 

5  • 


—  =  one- fourth  of  the  nnmber, 
4 


X 


—  =  one-seventh  of  the  number. 
7 

f  +  ^  «  sum  of  i  and  1  of  the  number. 
5     7  •  7 

T  —  -  =  difference  between  1  and  i  of  the  number. 
4     7  '        T 

(^~^^)~(i'~7)'^*^®  excess  of  the  Bum  of  its  fourth  and 
^  /       \  /  seventh  parts  over  the  difference  of  its 

fourth  and  seventh  parts. 
But  99  =  this  excess. 

Whence,     x  =  420. 


12.   In  a  mixture  of  wine  and  water,  the  wine  was  25  gallons 

more  than  half  of  the  mixture,  and  the  water  5  gallons  less  than 

one-third  of  the  mixture.     How  many  gallons  were  there  of 

each? 

Let  X  =  number  of  gallons  in  mixture. 

Then     -  +  25  =  number  of  gallons  of  wine, 

-  —  5  =  number  of  gallons  of  water, 

-  +  25+-  —  5»  number  of  gallons  in  mixture. 
2  3  ® 

.•.2+25  +  ^-5  =  3?. 
2  3 

Whence,        x  =  120, 
and  1  +  25  =  85,   §-5=.35. 
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13.  In  a  certain  weight  of  gunpowder  the  saltpetre  was  6 
pounds  more  than  half  of  tlic  weight,  the  sulphur  6  pounds  less 
than  the  third,  and  the  charcoal  3  pounds  less  than  the  fourth  of 
the  weight.    How  many  pounds  were  there  of  each? 

Let  X  =  number  of  pounds  in  mixture. 

Then   -  +  6  =  number  of  pounds  of  saltpetre, 

E  —  5  =  number  of  pounds  of  sulphur, 

and  -  -  3  =  number  of  pounds  of  charcoal. 

4 

...  E  +  G  f^-5  +  ?-3  =  a;. 
2  3  4 

Whence.  a;  =  24,   |+6  =  18,    f-5  =  3,   j-3  =  3. 

^  o  4 

14.  Divide  46  into  two  parts  such  that  if  one  part  be  divided 
by  7,  and  tlie  otlier  by  3,  the  sum  of  the  quotients  shall  be  10. 

Let  X  =  first  part. 

Tlien  46  —  a;  =  second  part, 

and  ^  +  ^^?  =  10. 
3         7 

Whence,     x  =  18,    and  46  -  a;  =  28. 

15.  A  house  and  garden  cost  $  850,  and  Ave  times  the  price  of 
the  house  is  equal  to  twelve  times  the  price  of  the  garden. 
What  is  the  price  of  each? 

Let  X  =  number  of  dollars  the  house  cost, 

and      850  —  a?  =  number  of  dollars  the  garden  cost. 
Tlien        5  a; «  five  times  cost  of  house, 
10,200— 12  aj  =  twelve  times  cost  of  garden. 

.-.  5a;=10,200-12a;. 
Whence,    x  =  600,     and  850  -  a;  =  250. 

16.  A  man  leaves  the  half  of  his  property  to  his  wife,  a  sixth 
to  each  of  his  two  children,  a  twelfth  to  his  brother,  and  the 
remainder,  amounting  to  $600,  to  his  sister.  What  wa^  the 
amount  of  his  property? 
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Let  X  =  number  of  dollars  tho  property  amoantod  to. 

Then  -  =  number  of  dollars  left  to  wife, 

-  =  number  of  dollars  left  to  each  child, 
6 

-—  =  number  of  dollars  left  to  brother. 
12 

£  +  £  +  £  +  ^+600=  number  of  dollars  in  all. 
2     6      6      12        • 

But  X  =■  number  of  dollars  in  all. 

?  +  ^  +  ^  +  T7;  +  600  =  x. 
2     6     6      12 

Whence,  x  =  7200. 


17.  The  sum  of  two  numbers  Is  a  and  their  dilTerencc  is  b\ 
find  the  numbers. 

Let  X  =  the  smaller  number.    , 

Then    x-\-b  =  the  larger  number, 

2x  +  6  =  tho  sum  of  tho  numbers. 
But  a  =  the  sum  of  the  numbers. 

.'.  2x  -\-  b  —  a. 
Whence.     x  =  ^^,    and  x  +  6  =  5L±i. 


18.  Find  two  numbers  of  which  the  sum  is  70,  such  that  tlic 
first  divided  by  the  second  gives  2  as  a  quotient  and  1  as  a 
remainder. 

Let  X  =  first  number, 

and        70  —  a;  ==  second^  number.  "* 

Then  §^^  =  2. 
70-a; 

Whence,     x  =  47,     and  70  -  a;  =  23. 

19.  Find  two  numbers  of  which  the  difference  is  25,  such  that 
the  second  divided  by  the  first  gives  4  as  a  quotient  and  4  as  a 
remainder. 

Let  X  =  smaller  number. 

Then  a;  +  25  =  larger  number, 

a;  +  25      .      4 

=  4  +  - 

X  X 

Whence,     a;  =  7,     and  x  +  25  =  32. 
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20.  Divide  the  number  208  into  two  parts  such  that  the  sum 
of  the  fourth  of  the  greater  and  the  third  of  the  smaller  is  less 
by  4  thau  four  times  the  difference  of  the  two  parts. 

Let  X  =  the  greater  part. 

Then    208  —  a;  =  the  smaller  part, 

±  4.  fr2 — ±  r=  Bum  of  J  the  greater  and  J  the  smaller, 
4  3 

X  —  (208  —  a:)  =  diflference  of  tlie.parta. 

4  3 

Whence,        a;  =  112,        and  208 -a; -96. 

21.  Find  four  consecutive  numbers  whose  sum  is  83. 

Let  X  =  first  number. 

Then        a;  -l- 1  =  second  number, 
a;  +  2  =«  third  number, 
a:  +  3  =  fourth  number. 
Then        aj  +  a;*+l  +  a:  +  2  +  a;+3  =  sum  of  the  numbers. 
But  82  =  sum  of  the  numbers. 

.•.  .T  +  a;  +  1  +  a;  +  2  +  a:  +  3  =  82. 
Whence,  a;=19,  a;  +  l  =  20,  a;  +  2«=21,  a;  +  3  =  22. 

22.  A  is  72  years  old,  and  B*s  age  is  two-thirds  of  A*s.  How 
long  is  it  since  A  was  five  times  as  old  as  B? 

Let  X  =  number  of  years  since  A's  age  was  five  times 

that  of  B. 
§  of  72  =  48  =  B's  age  at  present, 
72  —  a:  =  A's  age  x  years  since, 
48  —  a;  =  B's  age  x  years  since. 
Then      72 -a;  =  5 (48 -a?). 
Whence,         a;  =  42. 

23.  A  mother  is  70  years  old,  her  daughter  is  half  that  age. 

How  long  is  it  since  the  mother  was  three  and  one-third  times  as 

old  as  the  daughter? 

Let  X  =  number  of  years  since. 

Then      70  —  a;  =  mother's  age  x  years  since, 
35  —  a;  =  daughter's  age  x  years  since. 
.-.  70-a;  =  3J(35-a;). 
Whence,         x  =  20. 

24.  A  father'is  three  times  as  old  as  the  son ;  four  years  ago 
the  father  was  four  times  as  old  as  the  sou  then  was.  What  is 
the  age  of  each? 
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'  Let  X  =  number  of  years  in  son's  am*. 

Then  3  a:  =  number  of  years  in  father's  a^e, 

a;  —  4  =  number  of  years  in  son's  age  4  years  since, 
3x  —  4  =  number  of  years  in  father's  ago  4  year*  since. 
.-.  3x-4  =  4a;-16.    Wlience,  a: -12.  and  3x  -  'M\. 

/^5.  A  is  twice  as  old  as  B,  and  seven  3'ears  a^o  their  united 
ages  amounted  to  as  many  years  as  now  rcproeut  the  a^e  of  A. 
Find  the  ages  of  A  and  B. 

Let  X  =  number  of  years  in  B's  ago. 

Then  2a;  =  number  of  years  in  A's  a^*, 

X  —  7  =  number  of  years  in  B's  ago  7  yoars  since, 
2x  —  7  =  number  of  years  in  A'k  ago  7  vours  i»in«*e. 
.-.  ar-74-  2x-7  =  2a:.     Whence,  x  -  14,  ami  2j-*    2S. 

26.  The  sum  of  the  ages  of  a  father  and  son  is  half  what  it 
will  be  in  25  years ;  the  difference  Is  one-thinl  what  the  sum  will 
be  in  20  years.    What  is  the  age  of  each? 

Let  X  =  number  of  yc^ars  in  father's  age. 

Then      50  —  x  =  number  of  yoars  in  son's  ago, 
X  —  (50  —  x)  =  difference  of  their  ages. 

T5   .  (a;  +  20)  +  (50-x)  +  20       ^a-  ra    • 

But  ^^ — ^-^ ^ =  difference  of  their  ages. 

f^  ,         x  +  20  -f  50  -  X  4  20 
.*.  X  — 50  +  x= 

o 

Whence,  x  =  40.  and  50  -  x  =  10. 

27.  A  can  do  a  piece  of  work  in  5  days,  B  in  6  days,  and  C  in 
7i  days;  in  what  time  will  they  do  it,  all  working  togothor? 

Let  X  =  number  of  days  required  for  A,  B,  and  C, 

together. 

Then  -  =  part  all  can  do  in  one  day. 

But  -  =  part  A  can  do  in  one  day, 

5 

-  =  part  B  can  do  in  one  day, 
6 

2 
—  =  part  0  can  do  in  one  day. 

112 
Then-H H  —  =  what  all  can  do  in  one  day. 

But  -  =  what  all  can  do  in  one  day. 

X 

...  1  +  i  +  —  =  i.     Whence,  x  =  2. 
5      6      15      X 
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28.  A  can  do  a  piece  of  work  in  2^  days,  B  in  3 J  days,  and  C 
in  3}  days ;  in  what  time  will  they  do  it,  all  working  together? 

Let  X  =  number  of  days  required  for  A,  B,  and  C, 

together. 

Then  -  =  part  they  can  do  in  one  day. 

Now  —  =  part  A  can  do  in  one  day, 

—  =  part  B  can  do  in  one  day, 

—  =  part  C  can  do  in  one  day. 

Then  — r  +  — r  +  -r  =  part  all  can  do  in  one  day. 

But  -  =  part  all  can  do  in  one  day. 

X     2i     Si     3| 
Whence,  a;  =  1^. 

29.  Two  men  who  can  separately  do  a  piece  of  work  in  16 
days  and  16  days,  can,  with  the  help  of  another,  do  it  in  6  days. 
IIow  long  would  it  take  the  third  man  to  do  it  alone? 

Let  X  =  number  of  days  required  for  third  man. 

-  H H =  part  all  can  do  in  one  day. 

a;     15      16      *  ^ 

But  -  =  part  all  can  do  in  one  day. 

6 

.-.  i  +  —  +  —  =  i-      Whence,  x  =  26f. 

30.  A  can  do  half  as  much  work  as  B,  B  can  do  half  as  much 
as  C,  and  together  they  can  complete  a  piece  of  work  in  24  days. 
In  what  time  can  each  alone  complete  the  work? 

Let  X  =  number  of  days  C  works. 

Then  2x  =  number  of  days  B  works, 

4a;  =  number  of  days  A  works. 

Then  -  H +  -—  =  part  all  can  do  in  one  day. 

X     2x     4a; 

But  —  =  part  all  can  do  in  one  day. 

.-.  i  4-  —  +  -^  =  -i-.     Whence,  x=  42,  2a?  =  84,  and  4a?  =  168. 

a?      2a?      4a'      21 
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31.  A  does  I  of  a  piece  of  work  in  10  days,  when  B  comes  to 
help  him,  and  they  finish  the  work  in  3  days  more.  How  long 
would  it  have  taken  B  alone  to  do  the  whole  work? 

Let  X  =  number  of  days  required  for  B. 

Then  _  »  part  B  can  do  in  one  day, 

—  »  part  A  can  do  in  one  day, 

-  =  part  left  to  be  finished, 
y 

-  of  -  or  —  =  part  both  can  do  in  one  day. 
3      9      27     *^  ' 

But h  -  =  part  both  can  do  in  one  day. 

18     X 

.1+1  =  1. 
■  "  18     X     27 

Whence.         x  =  10|. 


32.  A  and  B  together  can  reap  a  field  in  12  hours,  A  and  p  In 
16  hours,  and  A  by  himself  in  20  hours.  In  what  time  c^ui  B  and  C 
together  reap  it?    In  what  time  can  A,  B,  and  C  together  reap  it? 

J-  =  part  A  and  B  can  do  together  in  one  hour, 

and  —  =  part  A  can  do  in  one  hour. 

20     ^ 

,«.  J L  or  1  =  part  B  can  do  in  one  hour, 

12     20      30     * 

—  =  part  A  and  C  can  do  together  in  one  hour. 

Ill 
.: ^  or  —  =  part  C  can  do  in  one  hour. 

16     20      80     * 
Let  i  =  part  A,  B,  and  C  can  do  together  in  one  hour. 

X 

Then  l  =  -L-|.-l--|.l. 

X     20     30     80 

Whence,        x  =  lOJf . 
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33.  A  and  B  together  can  do  a  piece  of  work  in  12  days,  A  and 
C  in  15  days,  B  and  C  in  20  days.  In  what  time  can  they  do  it, 
all  working  together? 

Let  X  =  number  of  days  required  working  together. 

—  =  part  A  and  B  do  in  one  day, 

—  —  part  A  and  C  do  in  one  day, 
16     ^ 

—  =  part  B  and  C  do  in  one  day. 

Then  1 h  —  =  part  all  do  in  two  days. 

12      15      20     ^  ^ 

2 

But  -  =  part  all  do  in  two  days. 

"  X     12      15     20' 
Whence,         a?  =  10. 


34.  A  tank  can  be  filled  by  two  pipes  in  24  minutes  and  30 
minutes  respectively,  and  emptied  by  a  third  in  20  minutes.  In 
what  time  will  it  be  filled  if  all  three  are  running  together? 

Let  X  =  number  of  minutes  required  for  all  running 

together, 

-  =  part  filled  by  all  in  one  minute, 

X 

—  =  part  filled  by  first  in  one  minute, 

—  =  part  filled  by  second  in  one  minute, 
30  "^ 

1  •      . ' 

—  =  part  emptied  by  third  in  one  minute, 

h =  part  filled  by  all  in  one  minute. 

24     30     20     ^  ^ 

But  -  =  part  filled  by  all  in  one  minute. 

"  X      24      30     20 
Whence,         x  =  40. 
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35.  A  tank  can  be  filled  in  15  minutes  by  two  pipes,  A  and  I), 
running  together.  After  A  has  been  running  by  itself  for  r>  min- 
utes, B  is  also  tarned  on,  and  the  tank  Is  filled  In  13  minutes 
more.    In  what  time  may  it  be  filled  by  each  pipe  separately? 

Let  X  ^  number  of  minutes  required  for  A. 

Then  _  =  part  filled  by  A  in  one  minute. 

X 

18 
and  —  =  part  filled  by  A  in  eighte<»n  minut«, 

X 

=  part  filled  by  B  in  one  minute, 

15     X 

13      I'i 

=-'  part  filled  by  B  in  thirteen  minutt*. 

15  X 

.18^13  13  _, 

a;       15  a: 

Wlience,  x  =  37J. 


36.  A  cistern  could  be  filled  by  two  pipes  in  G  lumrs  and  H 
hours  respectively,  and  could  be  emptied  by  a  thinl  In  12  hours. 
In  what  time  would  the  cistern  t>e  filled  If  the  pipes  wore  uU  run- 
ning together? 

Let  x  =  number  of  hours  required  for  all  runnin'.» 

together, 

-  =  part  all  can  fill  in  one  hour, 

1  • 

-=  part  filled  by  first  pipe  in  one  hour, 

-=  part  filled  by  second  pipe  in  oiu'  hour, 

—  =  part  emptied  by  third  pipe  in  one  hour. 
1  ^ 

Then--}  -  -—  =  part  filled  by  all  in  one  hour. 
6     8     12 

But  -  =  part  filled  by  all  in  one  hour. 

i  =  l  +  i_J. 

"  X     6     8     12 
Whence,         x  =  4f . 
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37.  A  tank  can  be  filled  by  three  pipes  in  1  honr  and  20  min- 
utes, 3  hours  and  20  minutes,  and  5  hours,  respectively.  In 
what  time  will  the  tank  be  filled  when  all  three  pipes  are  running 
together? 

Let  X  =  number  of  minutes  required  for  all  to  fill  it, 

1 

—  =  part  first  will  fill  in  one  minute, 

80     ^ 

—  =  part  second  will  fill  in  one  minute, 
200     ^ 


300 
1 


=i=  part  tliird  will  fill  in  one  minute, 


-  =  part  all  will  fill  in  one  minute. 

X 


X     80     200     300 
Whence,         x  =  48. 

38.  If  tliree  pipes  can  fill  a  cistern  in  a,  6,  and  c  minutes, 
respectively,  in  what  time  will  it  be  filled  by  all  three  running 
together? 

Let  X  =  number  of  minutes  required  for  all. 

Then  -  =  part  first  fills  in  one  minute, 

-  =  part  second  fills  in  one  minute, 
6 

-  =  part  third  fills  in  one  minute, 

-  +  7  +  -  =  part  all  fill  in  one  minute. 
a     0     c 

But  -  =  part  all  fill  in  one  minute. 

X 

.  l-l+i  +  i- 

X     a     0     c 
Whence,         x  =         "^^^ 


ab  -^  ac  -i-  be 


39.  The  capacity  of  a  cistern  is  765^  gallons.  The  cistern 
has  three  pipes,  of  which  the  first  lets  in  12  gallons  in  3J  min- 
utes, the  second  16  J  gallons  in  2^  minutes,,  the  third  17  gallons 
in  3  minutes.  In  what  time  will  the  cistern  be  filled  by  the  three 
pipes  running  together? 
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Let  X  =»  ntunber  of  mintxtes  required  for  all. 

Then    ——*  =  number  of  gallonB  let  in  per  minate  by  all, 

12 

— .  s  nnmber  of  gallons  let  in  per  minute  by  first, 

—^  »  nnmber  of  gallons  let  in  per  minute  by  seeonU, 

17 

— -  a  nnmber  of  gallons  let  in  per  minute  by  tbirtl, 

o 

12     15^     77 

—-  -\ ~  "'"^  ^  nnmber  of  gallons  let  in  per  minute  by  all. 

But       i  =  number  of  gallons  let  in  per  minute  by  all. 

X        3^      2}       3 
Whence,     x=48}. 


40.  A  sets  out  and  travels  at  the  rate  of  7  miles  In  5  honra. 
Eight  hours  afterwards,  B  sets  out  from  the  same  place,  and 
travels  in  the  same  direction  at  the  rate  of  5  miles  lu  3  hours. 
In  how  many  hours  will  B  overtake  A  ? 

Let  X  =  number  of  honrs  A  is  travelling. 

Then    at  —  8  =  number  of  hours  B  is  'travelling, 

II  =»  number  of  miles  per  hour  A  is  travoUinp, 
If  =  number  of  miles  per  hour  B  is  travelling, 
\\x  =  number  of  miles  A  travels, 
l§(af  —  8)  =  number  of  miles  B  travels. 


.-.  lfa:  =  l|(x-8). 
ice,     05  =  50,  x-8  =  42. 


Wlience 


41.  A  person  walks  to  the  top  of  a  mountain  at  the  rate  of  2; 
miles  an  hour,  and  down  the  same  way  at  the  rate  of  3  J  miles  au 
hour,  and  is  out  5  hours.  How  far  is  it  to  the  top  of  the  moun- 
tain? 

Let  X  =  number  of  hours  required  to  go  up, 

and  5  —  as  =  number  of  hours  required  to  go  down. 

Then      2Ja?  =  distance  up  the  mountain, 
and  3}  (5  —  x)  =  distance  down  the  mountain. 

.-.  2Ja;  =  31(5-x). 
Whence,     re  =  3,     and  2J  x  =  7. 
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42.  A  person  has  a  hours  at  his  disposal.  How  far  may  he 
ride  in  a  coach  which  travels  b  miles  an  hour,  so  as  to  return 
home  in  time,  walking  back  at  the  rate  of  c  miles  an  hour? 

Let  X  =  number  of  miles  he  may  go. 

Then  -  =  number  of  hours  he  is  riding, 

b 

X 

and  -  =  number  of  hours  he  is  walking. 

c 

X   ,  X 
.'.-  +  -  =  a. 

0       c 


Whence,     x 


b^c 

43.  The  distance  between  London  and  Edinburgh  is  SCO  miles. 
One  traveller  starts  from  Edinburgh  and  travels  at  the  rate  of  10 
miles  an  hour ;  another  starts  at  the  same  time  from  London, 
and  travels  at  the  rate  of  8  miles  an  hour.  How  far  from  Lon- 
don will  they  meet? 

Let  X  =  number  of  hours  both  travel. 

Then       10a;  =  number  of  miles  first  travels, 
and  8  a;  =  number  of  miles  second  travels. 

10a;  4-  8a;  =  number  of  miles  both  travel. 
.-.18  a;  =  360. 
Whence,     x  =  20,  and  8  a;  =  160. 

44.  Two  persons  set  out  from  the  same  place  in  opposite 
directions.  The  rate  of  one  of  them  per  hour  is  a  mile  less  than 
double  that  of  the  other,  and  in  4  hours  they  are  32  miles  apart. 
Determine  their  rates. 

Jjet  X  =  rate  of  second  in  miles. 

Then  2a;  —  1  =  rate  of  first  in  miles, 
and        3  a;  —  1  =  number  of  miles  apart  in  one  hour. 
12  a;  —  4  =  number  of  mile3  apart  in  four  hours. 
.-.  12a;-4  =  32. 
Whence,     a;  =  3,  and  2  a;  — 1=5. 

45.  In  going  a  certain  distance,  a  train  travelling  35  miles  an 
hour  takes  2  hours  less  than  one  travelling  25  miles  an  hour. 
Determine  the  distance. 

Let  X  —  number  of  miles. 

Then         —  =  number  of  hours  first  was  travelling, 
36 

and  —  =  number  of  hours  second  was  travelling. 

25  ^ 

.-.  —  +  2  =  — .     Whence,  x  =  175. 
35  25 
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46.  At  what  time  are  the  hands  of  a  watch  together : 

I.    Between  8  and  4? 

II.    Between  6  and  7? 

III.    Between  9  and  10? 

I.  Let  CH  and  CM  denote  the  positions  of  the  hour  and  minate 

hands  at  3  o'clock,  and  CB  the  position  of  both  bands  when  toi£etber. 

Then  arc  HB  =  ^^  of  arc  MHB. 

Then     x  =  number  of  minute-spaces  in 

^  arc  MB, 

Then  —  =  number  of  minute-spaces  in 
12  arc  HB, 

and  15  =  number  of  minute-spaces  in 

arc  MH. 
Now  arc  MB  =  arc  MH  +  arc  HB. 


That  is, 
Whence, 


X 


15+-^. 
12 


x  =  16A. 


II.   Let  CM  and  CH  denote  the  positions  of  hour  and 
hands  at  6  o'clock,  CB  the  position  of  both  when  together. 
Then  arc  HB  =  ^^  of  arc  MHB. 
Let       X  =  number  of  minute-spaces  in 

arc  MHB. 
Then  —  =  number  of  minute-spaces  in 
12        arcJTff, 
and  30  =  number  of  minute-spaces  in 

arc  MH. 
Now  arc  MHB  =  arc  J/JT-f  arc  HB. 


minute 


That  is, 
Whence, 


^-30  +  ^- 
x  =  Z%fi. 


III.   Let  BC  and  BA  denote  the  positions  of  the  hour  and  minute 

hands  at  9  o'clock,  and  BD  the  position  of  both  hands  when  together. 

Then  CZ>  =  ^  of  arc  AEGD. 

Let      X  =  number  of  minute-spaces  in 

arc  AECD. 

—  =  number  of  minute-spaces  in 

12         arc  CD, 

45  =  number  of  minute-spaces  in 
arc  AEC. 
Now  arc  AECD  =  arc  AEC  +  arc  CD. 


Then 


and 


That  is, 
Whence, 


x  =  \b-\- 
X  =  49t^. 


12 
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47.  At  what  time  are  the  hands  of  a  watch  at  right  angles : 

I.    Between  3  and  4? 

11.    Between  4  and  5? 

III.    Between  7  and  8? 

I.   Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute 
hands  when  at  right  angles. 

Let       X  =  number  of  minute-spaces  in 
arc  MHBD. 

X 


Then  — -  =  number  of  minute-spaces  in 
12         arc  HE, 
15  =  number  of  minute-spaces  in 

arc  MH, 
15  =  number  of  minute-spaces  in 
arc  BD. 
Now  arc  MHBD  =  arcs  MH^HB+BD. 


That  is, 
Whence, 


X 


aJ  =  15  4-~  +  15. 
X  =  32,5^. 


IL   Let  CE  and  DE  denote  the  positions  of  the  hour  and  minute 
hands  when  at  right  angles. 

Let       X  =  number  of  minute-spaces  in 

arc  ABCD. 
Then  --  =  number  of  minute-spaces  in 
12         arc  BO, 
and  20  =  number  of  minute-spaces  in 

arc  AB, 
also  15  =  number  of  minute-spaces  in 

arc  CD. 
Now  arc  ABCD  =  arcs  BC-{-AB-\-CD. 


That  is, 
Whence, 


X 


aJ=20-|-^+15. 
a:  =  38^. 


Let       X  =  number  of  minute-spaces  in 

a.rc  AB. 
Then  —  =  number  of  minute-spaces  in 
12         arc  CD, 
and  20  =  number  of  minute-spaces  in 

arc  ABQ 
also  15  =  number  of  minute-spaces  in 

arc  BCD. 
Now  arc  AB  =  arcs  CD  +  AG-  BD, 


That  is, 
Whence, 


X 


a;  =  JL  +  20-15. 
12 

x  =  5^. 
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III.  Let  i^Cand  i>(7  denote  the  poeitions  of  the  hoar  and  minate 
hands  when  at  right  angles.' 

Let       X  =  nnmber  of  minute-spaces  in 

^  arc  MHBD. 

Then  —  =  number  of  minute-spaces  in 
12  arc  HB, 

and  35  =  number  of  minute-spaces  in 

arc  MAH^ 
also  15  =:=  number  of  minute-spaces  in 

arc  BD. 
Now  arc  MHBD  =  arcs  MAH^-HB^BD 


That  is, 
Whence, 


X  =  35  +  --  +  15. 

12 
X  =  54  A- 


Let       X  =  number  of  minute -spaces  in 

arc  MB. 
Then  —  =  number  of  minute-spaces  in 
12         arc  HD, 
and  35  =  number  of  minute-spaces  in 

arc  MBH, 
also  15  =  number  of  minute -spaces  in 

arc  BHD. 
Now  arc  MB 

=  arcs  HBM  ^HD-  BHD. 

Thatis,    aj  =  35-f^-15. 

12 
Whence,  x  =  21^. 


48.  At  what  time  are  the  hands  of  a  watch  opposite  to  each 

other : 

I.     Between  1  and  2? 

II.    Between  4  and  5? 

III.    Between  8  and  9? 

I.  Let  CB  and  OD  denote  the  positions  of  the  hour  and  minute 
hands  when  opposite. 

Let      X  =  number  of  minute-spaces  in 

arc  MHBD: 
Then  -^  =  number  of  minute-spaces  in 
12         arcJra. 
and  5  =■  number  of  minute-spaces  in 

arc  MH, 
also         30  =  number  of  minute-spaces  in 

arc  BAD. 
Now  arc  MHBD 

=  arcs  MH^  HB  4-  BAD. 

Thatis,        ar  =  5-t-:^-f30. 


Whence,      x  =  38^. 


144 


ALGEBRA. 


II.   Let  CB  and  CD  denote  the  positions  of  the  hour  and  minnte 
hands  when  opposite. 

Let       X  =  number  of  minute-spaces  in 

arc  MHBD. 
Then  —  =  number  of  minute-spaces  in 
12         arc  HB, 
and  20  =  number  of  minute  spaces  in 

arc  MH, 
also  30  =  number  of  minute-spaces  in 

arc  BAD. 
Now  arc  MHBD 

=  arcs  Mir-\-  HB  +  BAD. 


That  is, 


X 


jB  =  20  4-  -^  -I-  30. 
12 
Whence,      x  =  64^. 

III.   Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute 
hands  when  opposite. 

Let       a;  =  number  of  minute-spaces  in 

arc  MD. 
Then  —  =  number  of  minute-spaces  in 
12         BxcHB, 
and  40  =  number  of  minute-spaces  in 

&rc  MDH, 
also  30  =  number  of  minute-spaces  in 

arc  DHB. 
,  Now  arc  MD  =  arcs  MDH+HB-DHB. 

That  is.       jc  =  40  +  :^  -  30. 


Whence,      x  =  lOJf . 


12 


49.  It  is  between  2  and  3  o'clock ;  but  a  person  looking  at  his 

watch)  and  mistaking  the  honr-hand  for  the  minute-hand,  fancies 

that  the  time  of  day  is  55  minutes  earlier  than  it  really  is.  What 

is  the  true  time? 

Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute  hands 
and  CE  the  1  o'clock  point. 

Let       0?  =  number  of  minute-spaces  in 

ATcMED. 
Then  —  =  number  of  minute-spaces  in 
12         arc  HB, 
and  10  =  number  of  minute-spaces  in 

arc  MEDH, 
also  5  =  number  of  minute-spaces  in 

arc  DHB. 
Now  arc  MED 

=  arcs  MEDH  ^  HB  -  DHB. 

Thatia,a;=10-f  :^-6. 

12 
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60.  A  hare  takes  6  leaps  to  a  dog*8  5,  aod  7  of  the  dog's  leaps 
are  equivalent  to  9  of  the  hare's.  The  hare  has  a  start  of  60  of 
her  own  leaps.    How  many  leaps  will  the  hare  take  before  she  Is 

caught? 

Let  6x  »  number  of  leaps  taken  by  the  hare. 

Then        5x  =  number  of  leaps  taken  by  the  dog. 

Also  let      a  =  number  of  feet  in  one  leap  of  the  hare. 

9a 
Then        —  =  number  of  feet  in  one  leap  of  the  dog. 


(t?" 


=  (50  + Gar)  a, 


=  oOa  +  fiox, 

7 

45ax  =  350a  +42ax. 
Divide  by  a,  3x  =  350. 

Whence,  x-116J, 

6a;  =700. 


51.  A  greyhound  makes  4  leaps  while  a  hare  makes  5 ;  but  3 
of  the  greyhound's  leaps  are  equivalent  to  4  of  the  harc*8.  The 
hare  has  a  start  of  60  of  the  greyhound's  leaps.  How  many  leaps 
does  each  take  before  the  hare  is  caught? 

Let  dx  =  number  of  leaps  taken  by  the  hare. 

Then        4x  =«  number  of  leaps  taken  by  the  greyhound. 
Also  let  Sa  =  number  of  feet  in  one  leap  of  the  hare. 
Then        4a  =  number  of  feet  in  one  leap  of  the  greyhound. 

15  ox  =  number  of  feet  passed  over  by  hare. 

16ax  "-  number  of  feet  passed  over  by  greyhound. 

240a  =>  number  of  feet  start  the  hare  has. 

.-.  16ax=«15ax+  240  a, 
aaj  =  240a. 
.-.  X  =  240, 
•    5a;  =  1200. 
4»-960. 
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52.  A  greyhound  makes  two  leaps  while  a  hare  makes  3 ;  but 
1  leap  of  the  greyhound  is  equivalent  to  2  of  the  hare's.  The 
hare  has  a  start  of  80  of  her  own  leaps.  How  many  leaps  will 
the  hare  take  before  she  is  caught? 

Let  2x  =  number  of  leaj>s  taken  by  the  greyhound. 

Then        3x  =  number  of  leaps  taken  by  the  Rare. 
Also  let      a  =  number  of  feet  in  one  leap  of  the  hare. 
Then        2a  =  number  of  feet  in  one  leap  of  the  greyhound. 
That  is,  2a;  X  2a  =  whole  distance. 

But  (80  -f  3ar)  a  =  whole  distance. 

.-.  (80  +  3x)a  =  4aa;. 
Divide  by  a,    80  +  3  a;  =  4  a;.    Whence,  x  =  80,  and  3  x  =  240. 

63.  A  rectangle  whose  length  is  5  feet  more  than  its  breadth 
would  have  its  area  increased  by  22  feet  if  its  length  and  breadth 
were  each  made  a  foot  more.    Find  its  dimensions. 

Let  X  =  number  of  feet  in  breadth. 

Then   x  ■\-  5  =  number  of  feet  in  length. 

aj(a;  +  5)  =  number  of  square  feet  in  area,  » 

a;  +  1  =  number  of  feet  in  breadth  -t  1, 

X  +  6  =  number  of  feet  in  length  + 1. 

.-.  {x  +  l)(a:  +  6)  -  x(x  +  5)  =  22. 
Whence,  x=S,  and  x  +  5  =  13. 

54.  A  rectangle  has  its  length  and  breadth  respectively  5  feet 
longer  and  3  feet  shorter  than  the  side  of  the  equivalent  square. 
Find  its  area. 

Let  X  —  3  =  number  of  feet  in  breadth, 

and  X  +  5  =  number  of  feet  in  length. 

Then  (x— 3)(x  +  5)  =  number  of  feet  in  area. 
But       .  ar  =  number  of  feet  in  area. 

.-.  x"  =  x"  +  2x  -  15.    Whence,  x  =  7J,  and  x*  =  56^. 

55.  The  length  of  a  i*ectangle  is  an  inch  less  than  double  its 
breadth ;  and  when  a  strip  3  inches  wide  is  cut  off  all  round, 
the  area  is  diminished  by  210  inches.  Find  the  size  of  the  rect- 
angle at  first. 

Let  X  =  number  of  inches  in  breadth. 

Then  2x  —  1  =  number  of  inches  in  length, 

and  6x  +  12x— 6— 36  =  number  of  inches  in  area  cut  off. 
But  210  =  number  of  inches  in  area  cut  off. 

.-.  6x+12x-6-36  =  210.     Whence,  x=  14,  and  2x-l  =  27. 
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56.  The  length  of  a  floor  exceeds  the  breadth  by  4  fc^t ;  If 
each  dimension  were  increased  by  1  foot,  the  area  of  the  room 
would  be  increased  by  27  square  feet.     Find  Its  dimensions. 

Let  X  =•  number  of  fi'ct  in  brca^lth. 

Tiien  ar  +  4  =  number  of  fe<*t  in  lonRth, 

and  ^-\-Ax  —  number  of  fe<>t  in  area, 

X  +  1  =  number  of  f<*ct  in  broadtb  +  1  Ami!, 
X  +  5  =  number  of  f«'C't  in  I^'n^i^tb  ♦  1  f«M»t, 
x*  +  6x  +  5  =  number  of  feet  in  area  afier  a«Mitinn 
But  a:*  +  4x  +  27  =  number  of  fet»t  in  area  aft4T  a<ldiUon. 

.-.  x*-|-6x  +  5  =  x»  +  4x  +  27.    Wbence,  x  -  11.  an«l  x  +  4      1.", 

57.  A  mass  of  tin  and  lead  weighing  IHO  pounds  Ioson  21 
ponnds  when  weighed  in  water ;  and  it  is  known  that  37  |mmiih1h 
of  tin  lose  5  pounds,  and  23  pounds  of  lead  lose  2  pounds,  wlieii 
weighed  in  water.     How  many  pounds  of  tin  and  of  lead  in  the 

mass? 

Let  X  =  number  of  pounds  of  tin. 

Then         180  —  x  =  number  of  pounds  of  lea«l, 

5x 
•  —  =  number  of  pounds  x  poundn  (»f  tin  1(»^«;  in 

2  ^^  water, 

—  (180  —  x)  =  number  of  poun«is  ISO  — x  {Kmnds  of  ]e,Mi 

23  lose  in  water. 

But  21  =■  number  of  pounds  tin  and  lea*!  lose  in  water. 

...:^  +  A(l80-x)  =  21. 
37       23^  ' 

Whence,  x  =  111,  and  180  -  x  -  00. 

58.  If  19  pounds  of  gold  lose  1  pound,  and  10  poumls  of  silver 
lose  1  pound,  w*hen  weighed  in  water,  find  the  amount  of  eacli 
in  a  mass  of  gold  and  silver  weighing  IOC  pounds  in  air  and  99 
pounds  in  water. 

Let  X  =  number  of  pounds  of  goM. 

Then        106  —  x  =  number  of  pounds  of  pilver, 

—  =  number  of  pounds  the  gold  loses  in  water, 
=  number  of  pounds  the  silver  loses  in  water, 


x^ 

\i 
106-x 

10 


_        IflA x 

—  H =  number  of  pounds  both  lose  in  water. 

19  10  ^ 

But  7  =  number  of  pounds  both  lose  in  water. 

.       X      .     106-X_>y 

•     .     -~~'    T   -~-~— — — ~    —     f  . 

19         10 
Whence,  x  =  76,  and  106  -  x  =  30. 
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59.  Fifteen  sovereigns  should  weigh  77  pennyweights ;  but  a 
parcel  of  light  sovereigns,  having  been  weighed  and  counted, 
was  found  to  contain  9  more  than  was  supposed  from  the  weight; 
and  it  appeared  that  21  of  these  ( oins  weighed  the  same  as  20 
true  sovereigns.     How  many  were  there  altogether? 

Let  X  =  number  in  parcel, 

77 

—  =  number  pennyweights  a  good  sovereign  weighs, 

15 

X  —  d  =  number  good  sovereigns  that  weigh  same  as  bad, 

i  l[x  —  K  )  ^  j^uniijei.  pennyweights  the  good  coins  weigh, 
15 

o(")      77       i  I 

=^  X  -^  or  —  =  number  pennyweights  a  bad  coin  weighs. 

.   44x     77(j-9) 
*  '     9     "        15      " 
Whence,     a:  =189. 

60.  There  are  two  silver  cups,  and  one  cover  for  both.  The 
first  weighs  12  ounces,  and  with  the  cover  weighs  twice  as  much 
as  the  other  without  it;  but  the  second  with  the  cover  weighs 
one-third  more  than  the  first  without  it.     Find  the  weight  of  the 

cover. 

Let  a;  =  weight  of  cover  in  ounces, 

12  +  a;  =  weight  of  first  cover  and  cup  in  ounces, 
2(16  —  x)  =  double  the  weight  of  the  second  cup  in  ounces. 

But     12  +  a;  =-  double  the  weight  of  the  second  cup  in  ounces. 
.-.  12  Fa;=2(16-a;). 

Whence,     x  =  6|. 

61.  A  man  wishes  to  enclose  a  circular  piece  of  ground  with 
palisades,  and  finds  that  if  he  sets  them  a  foot  apart  he  will  have 
too  few  by  150 ;  but  if  he  sets  them  a  yard  apart  he  will  have  too 
many  by  70.     What  is  the  circuit  of  the  piece  of  ground? 

Let  X  =  number  of  feet  in  circuit  of  field. 

Then  a;— 150  =  number  of  palisades  he  had. 
But    -  +  70  =  number  of  palisades  he  had. 

.-.  a;- 150  =  - +  70. 
3 

Whence,     x  =  330. 
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62.  A  horse  was  sold  at  a  loss  for  $  200 ;  bat  if  It  bad  t)ocn 
sold  for  $250,  the  gain  would  have  been  three-fonrtlis  of  the  loM 
when  sold  for  $  200.     Find  the  valne  of  the  horse. 

Let  X  ==  number  of  dollars  the  horse  h  worth. 

Then     250— x  =  number  of  dollara  ma^le  if  fiold  for  ^  2/iO, 
1—200  =  number  of  dollars  lost  if  sold  for  ^  2U0. 
.-.  250-x=i(x-200). 
Whence,         x  =  228f 


63.  A  and  B  shoot  by  turns  at  a  target.  A  puts  7  bullet:*  out 
of  12,  and  B  9  out  of  12,  iuto  the  centre.  Between  them  they 
put  in  32  bullets.     How  many  shots  did  each  Are? 

Let  X  =  number  of  sLots  each  fired,* 

7x 

—  =  number  of  centres  made  by  A, 

12  ^ 

—  =  number  of  centrcM  ma«lo  by  B. 
12  •  ^ 

But  32  =  number  of  centres  ma^le  by  both. 

...  1^  +  ^  =  32. 
12      12 

Whence,  x=24. 


64.  A  boy  buys  a  number  of  apples  at  the  rate  of  6  for  2  pence. 
He  sells  half  of  them  at  2  a  penny  and  the  rest  at  3  a  penny,  and 
clears  a  penny  by  the  transaction.    How  many  does  he  ])uy? 

Let  X  =  number  bought. 

Then  —  =  number  of  pence  paid, 

5 

and      -  X  -  or  -  =  selling  price  of  one-half. 
2     2       4  ^^ 

But  -  X  ■-  or  -  =  selling  price  of  the  other  half. 


V4    6y     6 

Whence,        x  -  60, 
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65.  A  person  bought  a  piece  of  land  for  #6750,  of  which  he 
kept  f  for  himself.  At  the  cost  of  $  250  he  made  a  road  which 
took  ^  of  the  remainder,  and  then  sold  the  rest  at  12}  cents  a 
square  yard  more  than  double  the  price  it  cost  him,  thus  clearing 
his  outlay  and  $500  besides.  How  much  land  did  he  buy,  and 
what  was  the  cost-price  per  yard? 

Let  X  =  number  of  yards. 

Then  —  =  number  of  yards  kept, 

—  =  number  of  yards  used  for  road, 

-  =  number  of  yards  sold. 

.-.  6750 +ix|=  7500. 
o      2 

Whence,         x  =  12,000, 
and  $6750.00-5-3;  =  $0.56  J. 


66.  A  boy  who  runs  at  the  rate  of  12  yards  per  second  starts 
20  yards  behind  another  whose  rate  is  10}  yards  per  second. 
How  soon  will  the  first  boy  be  10  yards  ahead  of  the  second? 

Let  X  —  number  of  seconds  they  are  running. 

Then  12  a;  =  number  of  yards  first  boy  runs, 

21  T 

and  =  number  of  yards  second  boy  runs. 


12a;-/'l0-|-— ^  =  20, 

12._20±2U^20, 
2 

24a;-20-21a;  =  40, 

3a;  =  60, 

a;  =  20. 


67.  A  merchant  adds  yearly  to  his  capital  one-third  of  it,  but 
takes  from  it,  at  the  end  of  each  year,  $5000  for  expenses.  At 
the  end  of  the  third  year,  after  deducting  the  last  $  5000,  he  has 
twice  his  original  capital.     How  much  had  he  at  first? 
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I^et  z  «  number  of  doUftn  he  had  at  fini. 

Then     —  —  5000  =  number  of  dollars  he  had  at  the  end  of 
^  the  first  year, 

or  — ^^—i =  number  of  dollars  he  had  at  the  end  of 

^  the  first  year, 

-(    ^~^  ' J—  5000  «  number  of  dollars  he  had  at  the  end  of 

*^  V  ^  /  the  second  year, 

or       ^^- — ! =  number  of  dollars  ho  had  at  the  end  of 

^  the  second  year, 

-( — ^^^TT — - —  )  —  5000— number  of  dollars  be  had  at  the  end  of 
3\  9  /  the  third  year. 

or        — ^~        ' =  number  of  dollars  he  had  at  the  end  of 

^'  the  third  year. 

But  2x  —  number  of  dollars  he  had  at  the  end  of 

the  third  year. 
64g- 555,000^0^ 

27  "    ** 

Whence,  x  =  55,600. 


68.  A  shepherd  lost  a  number  of  sheep  equal  to  one-fonrth  of 
his  flock  and  one-fourth  of  a  sheep ;  then,  he  lost  a  naniber  equal 
to  one-third  of  what  he  had  left  and  one-third  of  a  sheep ;  finally, 
he  lost  a  number  equal  to  one-half  of  what  now  remained  and 
one-half  a  sheep,  after  which  he  had  but  25  sheep  left.  How 
many  had  he  at  first? 

Let  X  =  number  of  sheep  he  had  at  first. 

3a:— 1 
Then  — - —  =»  number  of  sheep  he  had  left  after  first  loss, 

^  ^    *  =  number  of  sheep  he  lost  the  second  time, 

X  —  1 

=  number  of  sheep  he  had  left  after  second  loss, 


=  number  of  sheep  he  lost  the  third  time, 


2 

g-h  1 

4 

o 

— —  r=  number  of  sheep  he  had  left  afler  third  loss. 

But  25  =  number  of  sheep  he  had  left  after  third  loss. 

.'.^^  =  25. 
4 

Whence,     x  =  103. 
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69.  A  trader  maintained  himself  for  three  years  at  an  expense 
of  $  250  a  year ;  and  each  year  increased  that  part  of  his  stock 
which  was  not  so  expended  by  one-third  of  it.  At  the  end  of 
t'&e  third  year  his  original  stock  was  doubled.  What  was  his 
original  stock? 

Let  X  =  number  of  dollars  in  stock  at  first. 

Then     ^{x-2b0) 

A^ 1000 

or  =  number  of  dollars  in  stock  at  the  end  of 

^  first  year, 


|/4£-1000_25o'\ 


or  — ^— =  number  of  dollars  in  stock  at  the  end  of 

^  second  year, 

-  ( ^ 250  ]  =  number  of  dollars  in  stock  at  the  end  of 

^  V         9  /  third  year. 

But  2x  =  number  of  dollars  in  stock  at  the  end  of 

third  year. 


...  1(1^^^-250]  =  2:.. 
Whence,  x  =  3700. 


70.  A  cask  contains  12  gallons  of  wine  and  18  gallons  of 
water ;  another  cask  contains  9  gallons  of  wine  and  3  gallons 
of  water.  How  many  gallons  must  be  drawn  from  each  cask  to 
produce  a  mixture  containing  7  gallons  of  wine  and  7  gallons  of 
water? 

Let  •  X  =  number  of  gallons  drawn  from  1st  cask, 

14  —  a;  =  number  of  gallons  drawn  from  2d  cask, 

2 

-  =  proportion  of  wine  to  water  in  Ist  cask, 
o 

3 

-  =  proportion  of  wine  to  water  in  2d  cask. 

...  ^  +  |(14-x)  =  7. 

Whence,  x  =  10, 

and  14  —  a;  =  4. 
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71.  The  members  of  a  club  subscribe  each  as  many  doUan  as 
there  are  members.  If  there  had  been  12  more  members,  the 
subscription  from  each  would  have  been  $  10  less,  to  amount  to 
the  same  sum.    How  many  members  were  there? 

Let  X  —  number  of  members  of  the  club. 

Then  x  =  number  of  dollars  each  subscribed, 

a:  +  12  =  number  of  members  +  12, 
and        x~  10  =  number  of  dollars  each  would  have  subscnbeil 

in  second  case. 
But  x'  ^  number  of  dollars  all  subscribed. 

.-.  (a:  +  12)(x-10)-2*. 
Whence,  «  «  60. 

72.  A  number  of  troops  being  formed  into  a  solid  square,  it 
was  found  there  were  60  men  over ;  but  when  f ormcMl  in  a  col- 
umn with  5  men  more  in  Aront  Uian  l>or(>rc  and  tlirt'o  men  le.«ts  in 
depth,  there  was  lacking  one  man  to  complete  it.  Find  the 
number  of  troops. 

Let  X  =3  number  of  men  on  one  side. 

Then  a:*  +  60  =  number  of  men  in  the  Si^uare, 
X  +  5  =  number  of  men  on  a  side  +  5, 
X  —  3  =  number  of  men  on  a  side  —  3, 
and  (x  +  5)(x  —  3)  —  1  =  number  of  men  in  the  square. 

.-.  {x  +  5)(x-3)-l  =  x»  +  60. 
Whence,  x  =  38, 

and  x»  +  60  =  1504. 

73.  An  officer  can  form  the  men  of  his  regiment  into  a  hollow 
square  12  deep.  The  number  of  men  in  the  regiment  is  1296. 
Find  the  number  of  men  in  the  front  of  the  hollow  square. 

Let  X  =  number  of  men  in  front. 

Then      12 x  =  number  of  men  in  twelve  lines, 
and  24 X  =  number  of  men  in  twelve  lines  front  and  rear. 

12  (x  —  24)  =  number  of  men  on  a  side, 
12  (x  —  24)  X  2  =  number  of  men  on  both  sides. 
Then  24x  +  12(x  —  24)  X  2  =  whole  number  of  men. 
But  1296  =  whole  number  of  men. 

.-.  24x  +  12(x  -  24)x  2  =  1296. 
Whence,  x  =  39. 
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74.  A  person  starts  from  P  and  walks  towards  Q  at  the  rate 
of  3  miles  an  hour ;  20  minutes  later  another  person  starts  from 
Q  and  walks  towards  P  at  the  rate  of  four  miles  an  hour.  The 
distance  from  P  to  Q  is  20  miles.  How  far  from  P  will  they 
meet? 

Let  X  =  number  of  miles  first  travels. 

Then  20  -  a;  =  number  of  miles  second  travels, 

-  =  number  of  hours  first  travels, 
3 

Of)     M 

=•-  number  of  bours  second  travels. 


4 


-  = '-  +  -.    Whence,  x  =  91. 

3         4  3  '7 


75.  A  person  engaged  to  work  a  days  on  these  conditions : 
for  each  day  he  worked  he  was  to  receive  b  cents,  and  for  each 
day  he  was  idle  he  was  to  forfeit  c  cents.  At  the  end  of  a  days 
he  received  d  cents.    How  many  days  was  he  idle? 

Let  X  =  number  of  days  he  was  idle. 

Then    a  —  x  =  number  of  days  he  worked, 
and  ex  =  number  of  cents  he  forfeited, 

b{a  —  x)  =  number  of  cents  he  received, 
(ab  —  bx)  —  cx  =  wbole  amount. 
But  d  =  whole  amount. 

.  *.  {ab  —  bx)  —  cx  =  d. 

Whence,     x  =  ^^^^. 

6  +  c 

76.  A  banker  has  two  kinds  of  coins :  it  takes  a  pieces  of  the 
first  to  make  a  dollar,  and  b  pieces  of  the  second  to  make  a  dol- 
lar.   A  person  wishes  to  obtain  c  pieces  for  a  dollar.    How  many " 
pieces  of  each  kind  must  the  banker  give  him? 

Let  X  =  number  of  pieces  of  first  kind. 

Then    c  —  x  =  number  of  pieces  of  second  kind, 

-  =  the  part  of  a  dollar  in  one  piece  of  first, 

-  —  the  part  of  a  dollar  in  one  piece  of  second. 
X  .  c  —  x 


•    • 


a        b 


Whence,     x  =  ^zJl^    and  c  -  a;  =  ^(^-^). 

0  —  a  b  —  a 
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Exercise  G2. 


1.  2x+3y  =  7       (1) 

4x  -  5y  =  3       (2) 

Multiply  (1)  by  2, 

4a:  +  6y  =  14 
(2)  is  4x-5y=    3 

Subtract,  11  y  =  II 

.-.  y  =  I 

Substitute  value  of  y  in  (2), 

4rF-5  =  3. 

2.  x-2y  =  4       (1) 

2x-    y  =  5      (2) 

Multiply  (1)  by  2. 

2x-4y  =  8 
(2)  is  2x-    v  =  5 

Subtract,  —  3y  =  3 

.-.  y  =  -l. 

Substitute  value  of  y  in  (2), 

X  +  2  =  4. 

•  *•  X  ^  ^. 

3.  7x  +  2y  =  30    (1) 
-3x+    y=    2    (2) 

mis  7x  +  2y  =  30 

(2)  by  2,    -6x-|-2v=    4 

Subtract,    13  x  =26 

•  *•  X  =^  i2. 

Substitute  value  of  x  in  (1), 

14  +  2y  =  30, 
2y  =  16. 
.-.  y  =  8. 

4.  3x-5y  =  51     (1) 
2x  +  7y  =  3      (2) 

Multiply  (1)  by  2,  and  (2)  by  3, 

6x-10y  =  102 
6x-f21y=     9 

Subtract,         -31y=   93 

.•.  y  =  -3. 

Substitute  value  of  y  in  (1), 

3x  +  15  =  51, 
3x  =  36. 

•       T  —  !*> 


5.  r..T  +  4y-r»s    (1) 

3x  f  7y  -  07    (2) 

Multiply  (l)by  3.  and  (2)  by  5. 

15x-»  12y  -    174 
15x  f  y»v      3.tr» 

Subtract.         -  2:Jy      -Un 

.'.  y  ■   7. 
Sabetituie  value  of  y  in  (1). 

nx  f  is-ft*^. 

.-.  X     6. 

6.  3x  + 2^-30    (1) 
3y-2x  .  13     (2) 

Multiply  (1)  by  3.  and  (2)  by  2. 

9x  +  6y-  117 
-4x  f  6v--    2<; 

Subtract,    13x  -    la 

.'.  x«  7. 

Substitute  value  of  x  in  (1), 
21  +2y-30,  2y«lft. 
.*.  y  -  9. 

7.  3x-4v-  -T)  (1) 
4x-r»*y-l       (2) 

Multiply  (1)  by  land  (2)  l.y  3. 

12T-inv   -  -  2<) 
12r-ir»;y   - 3 

Subtract,  -  y  "  -  23 

.  .  y  «=  ^o. 

Substitute  value  of  y  in  (I), 

3x-92  =  -5.  3x  =  87. 
.-.  x-29. 


8. 


llx  +  3y=100  (1) 
4x-7y=     4^2) 

Multiply  (1)  by  4  and  (2)  by  ll. 
44x  +  12y  =  400 
44x-77y  =  44 

Subtract,  89y  =  356 

.-.  y  =  4.    • 

Substitute  value  of  y  in  (1), 

llx  +  12  =  100,  llx  =  88. 

.-.  x-8. 
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9. 


10. 


X  +  49y  = 
49a  +      y  = 


693(1) 
357(2) 


Add,       50a?  +  50y  =  1050(3) 

Divide  by  50,  a:  +  y  =  21     (4) 

Subtract  (4)  from  (1), 

48y  =  672. 
.-.  y  =  14. 

Subtract  (4)  from  (2), 

48  a;  =  336. 


(2 


•  •  iC  — ~  I . 


17a;  +    3y=    57 
-3a;  +  lGy=    23  (2) 

Multiply(l)  by  3  and  (2)  by  1 7, 

51a;  +      9y  =  171 
-51x  +  272y  =  391 

Add,  281y  =  562 

.-.  y  =  2. 

Substitute  value  of  y  in  (2), 

3a; +  32  =  23, 
-3a;  =  -9. 
•  •  a;  =  o. 


i§ 


12.  2a;-7y=    8 
-9a;  +  4y=19 

Multiply  (1)  by  4  and  (2)  by  7, 

Sx-2Sy='    32     (3) 
~63a;  +  28y=133     (4) 

Add, -55a;  =165 

.  *•  a;  =  ~~  o. 
Substitute  value  of  x  in  (2), 

27  +  4y=19, 
4y  =  -8. 
.-.  y  =  -2. 

13.  69y-17a;  =  103      (1) 
14a;-13y  =  -41    (2) 

Multiply  (1)  by  14,  and  (2) 
by  17, 

-238  a;  +  966  y=  1442  (3) 
238  a;  -  221  y  = -697  (4) 
Add  745y=    745 

.-.  y  =  l. 

Substitute  value  of  y  in  (2), 

14ar-13  =  -41, 
14a;  =  -28. 
.  .  a;  ^=  —  ^. 


11.  12a;  +    7y  =  176  (1) 

3y-19a;  =  3       (2) 

Multij.ly  (1)  by  3  and  (2)  by  7, 

36a;  +  21y  =  528  (3) 
-133a;  +  21y=    21 

Subt.,   169  a;  =507 

•  •  a;  =  o. 

Substitute  value  of  x  in  (2), 
3y  -  57  =  3, 
3y  =  60. 
.*.  y  =  20. 


14.  17a;  +  30y  =  59      (1) 

19a;  +  28y  =  77      (2) 

Multiply  (1)  by  14,  and  (2) 
by  15, 

238a;  +  420y=     826(3) 
285a;  +  420.v=  1155(4) 

_47a;  =-329 

.'.  a;  =  7. 
Substitute  value  of  x  in  (2), 

133  +  28y=77, 
28y=-56. 
.-.  y  =  -2. 
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ExKKr 

isK  r>3. 

1.                    3x-4y  =  2            (1) 
7x-9y^7            ^2) 

3.                 3x  +  2y-.32        (1) 
2<>x-  .;y   -  1           (*J) 

Transpose  —  4y  in  (1), 

Transpose  2y  in  (I), 

3x=2  +  4y. 

:)x     32     3y. 

Divide  by  coefficient  of  x. 

Divide  by  coeffi'ictit  of  t. 

^      2+4y 

> 

Substitute  value  of  x  in  (2), 

Subj»tituto  v.ilti«»  <»f  .r  in  i-K 

^(^±±!l\     9t/-7. 

2«) /:'--■    -lA     ,>,y      1. 

Simplify, 

14+  28y  -27y=  21. 
.-.  y  =  7- 

Substitute  value  of  y  in  (1), 
3X-2.S  -■=  2. 
3x  =  30. 
...  x=  10. 


r,|0     |0y 

3 

-3y 

-  1 

Snnj'lify. 

r,JO-  4(»v 

Of/ 

3. 

- 

i;«v 

r 

•»7. 

.'.  1/ 

1 ;. 

Snbptitutf  V.I 

lU"  «»! 

V  in 

<i). 

'I  ^ 

1   •>!: 

'*.•> 

2.  7x-5y  =  24        (1) 

4a;_3y  =  ll         (2) 

Transpose  5y  in  (1), 

7x  =  24 +  r)y. 

Divide  by  coefl&cient  of  x, 

24  +  hy 
7 
Substitute  value  of  x  in  (2). 

W 24^52/^  _3y^  11. 

Simplify, 
96  +  20y-21y  =  77, 

_  y  =  - 19. 
.-.  y  =  19. 

Substitute  value  of  y  in  (1), 

7x-95-=24, 
7x=119. 
.-.  x=17. 


4.  nx-7v     37        (I) 

Transpose  7y  in  (1), 

11 X    .37  *  7y. 
Divide  by  corflirimt  of  r, 

37  4  7y 

Substituto  valuo  of  x  in  (2), 
j^/,37j.lyV  9y^4l. 

Simplify. 
20G  +  5<"5y  4  OOy  =  451, 
looy  —  loo. 
.-.  y      1. 

Substituto  value  (»f  y  in  (2), 

8x  +  9--n. 

.*.  X  =  4. 
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6.  7a:  +    5y  =  60         (1) 

13a;-lly  =  10         (2) 

Transpose  5y  in  (1), 

7x  =  60-5y. 

Divide  by  coeflScient  of  a:, 

60 -5y 
7 
Substitute  value  of  x  in  (2), 

Simplify, 
780-65y-77y  =  70, 
780  -  142y  =  70. 

142y  =  710.   - 
.-.  y  =  5. 

Substitute  value  of  y  in  (1), 
7a; +  25  =  60, 
7a;  =  35. 
.'.  a:  =  5. 


7.  10a;+    9y  =  290       (1) 

12x-lly=130       (2) 

Transpose  9y  in  (1), 

10a;  =  290-9y. 

Divide  by  coefficient  of  x, 

^_290-9.y 
10 
Substitute  value  of  x  in  (2), 

j2/29^\     ny=l30. 

Simplify, 
3480 -108y-110y  =  1300, 
218y  =  2180. 
.-.  y  =  10. 

Substitute  value  of  y  in  (1), 
lOx  +  90  =  290, 
lOo;  =  200. 
.-.  a;  =  20. 


6.  6a;-7y  =  42        (1) 

7a;~6y=75        (2) 

Transpose  7y  in  (1), 

0x  =  42  +  7y. 

Divide  by  coefficient  of  x, 

:c     ^2+7.v. 
6 
Substitute  value  of  x  in  (2), 

Simplify, 

294  +  49y-36y  =  450, 
13y  =  156. 
.-.  y  =  12. 

Substitute  value  of  y  in  (1), 
6a;  -  84  =  42. 
.-.  a;  =  21. 


8.  3a;-4y  =  18        (1) 

3x  +  2y  =  0  (2) 

Transpose  4y  in  (1), 

3x=18  +  4y. 

Divide  by  coefficient  of  a;, 

^      18  +  4v 
X  = ^• 

3 
Substitute  value  of  x  in  (2), 

3^i8±ii/)  +  2y  =  0. 

Simplify. 

54  +  12y  +  6y  =  0. 

18y  =  -64. 
...  y=-3. 

Substitute  value  of  y  in  (2), 
3a;-6  =  0. 
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9.  9x-5y  =  52        (1) 

8y-3x  =  8  (2) 

Transpose  5y  in  (1), 

9x  =  52  +  5y. 

Divide  by  coefficient  of  x, 

9 
Substiinte  value  of  a;  in  (2), 

Simplify, 
72y-156-15y-72. 

57y  =  228. 

.-.  y  =  4. 

.   Substitate  value  ofy  in  (1), 
9ar-20-52. 
9x  =  72. 
.'.  x  =  8. 


11.    .  9y-7x--13        (1) 

15x  -  7y  -  9         (2) 

Transpoeo  -  7x  in  (I), 

9y  ..  13  *  7x. 

Divide  by  coefficient  ofy, 

13  f  7x 


y- 


9 


Sub5(litute  value  ofy  in  (2), 

Simplify, 

135x-91-40x..«l, 
8(Jx  >  172. 

•  •*-■*  ^. 

Substitute  value  of  x  in  (I), 
9y-ll-13. 
.-.  y  -  3. 


10.  5x-3y  =  4  (1) 

12y-7x  =  10        (2) 

Transpose  —  3y  in  (1), 

5x  =  4  +  3y. 

Divide  by  coefficient  of  x, 

^    ^  +  ^y 

Substitute  value  of  x  in  (2), 
123,_7(ii^UlO. 

Simplify, 

60y-28-21y  =  50, 
39  y  =  78. 
.-.  y  =  2. 

Substitute  value  of  y  in  (1), 
5x-6  =  4, 
5x=10. 
»'.  X  =  ^. 


12.  5x-2y-51         (1) 

19x-3y  -  ISO      (2) 

Transpose  2y  in  (1), 

5x  -  51  f  2y. 

Divide  by  coefficient  of  x, 

^     r>l  +  2y 
X  =  —   — *• 


5 


Substitute  value  of  x  in  (2), 
10pl±-2if^_3y^l80. 

Simplify, 

969  +  38y-15y  =  900, 

23y  =  -69. 

.-.  y  =  -3. 

Substitute  value  of  y  in  (IX 
5x  +  6  =  51, 
5x  =  45. 
.-.  x=-9. 
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13.  4a;  +    9y=106      (1) 

8x  +  17y  =  198      (2) 

Transpose  9y  in  (1), 

4a;  =  106  -  9y. 

Divide  by  coeflficient  of  x, 

106-9y 

Substitute  value  of  a;  in  (2), 
8/106-9yUl7y  =  198. 

Simplify, 

212-18y  +  17y  =  198. 
.-.  y  =  14. 

Substitute  value  of  y  in  (1), 

4a; +  126  =  106. 
4x=-20. 
.'.  x=  —  5. 


14.  8a;  +  3y=3 

12a;  +  9y  =  3 

Transpose  3y  in  (1), 

8a;  =  3  — 3y. 

Divide  by  coefficient  of  x, 

3-3y 


(1) 
(2) 


a;  = 


8 


Substitute  value  of  x  in  (2), 
12(^^V9y  =  3. 

Simplify, 

9-9y  +  18y  =  6, 

9y  =  -3. 

•  '  y—     15- 

Substitute  value  of  y  in  (1), 

8a;-l  =  3. 
8a;  =  4. 


Exercise  64. 


1. 


X  +  15y  =  53 
3a;  +      y  =  27 


(1) 
(2) 


Transpose  15  y  in  (1)  and  y 

in  (2), 

x  =  53-15y(3) 

3a;  =  27-y      (4) 
Divide  (4)  by  3, 

.  =  27^     (5) 
Equate  values  of  x, 

53-15y  =  ^^      (6) 

Reduce, 

159-45y  =  27-y, 
44y  =  132. 

•••  y  =  3. 

Substitute  value  of  y  in  (2), 

3x  +  3  =  27, 
3a;  =  24. 
.*.  a?  =  8. 


2.  4a;  +    9y  =  51  (1) 

8x-13y  =  9  (2) 

Transpose  9y  in  (1),  and  — 13y 
in  (2). 

4a;  =  51-9y   (3) 
8a;  =  9  +  13y  (4) 

Divide  (3)  by  4  and  (4)  by  8, 
_  51  -  9y 
4 


x  = 


(5) 


X 


_  9  +  13y 


8 


(6) 


Equate  values  of  a;, 

51-9y_9-hl3y   ,^x 
4  8         ^  ^ 

Reduce, 

102-18y  =  9  +  13y. 
.-.  y  =  3. 

Substitute  value  of  y  in  (1), 

4a; +27  =  51. 
.*.  a;  =-6. 
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3.  4i  +  3y  =  48  (1) 

5y-3x=22  (2) 

TranflpoBO  3y  in   (1)  and  5y 

^^(^)'      4x  =  48-3y     (3) 
3x  =  5y-22     (4) 

Divide  (3)  by  4  and  (4)  by  3, 

^     48  -  3y 

by -22 

^=3  — 

Equate  values  of  x, 

48 -3v  '  by -22 

4^3' 

Reduce, 

144  -  9y  =  20y  -  88. 
-29y  =  -232. 
.-.  y  =  8. 

Substitute  value  of  y  in  (1), 

4aj  +  24  =  48, 
4x=24. 
.•.»=.  6. 


!!•! 


5.         5x-   7y"33 
llx+12y"100 

Transpoee  —  7y  in  (1)  aad  12y 

>"»  (2).      5x  -  33  +  7y     (3) 
nx-lOO-12y(4) 
Divide  (3)  by  5  and  (4)  by  11, 

5 
100  ~  I2y 

* ^11 

Equate  valars  of  x, 

33  f  7y      KK)    ■  12y 

5       "*         11       ' 
Redace, 

3G3  f  77y  -  500  -  60y, 
147y  --  147. 
.-.  y  -  1. 

SabsUtutc  value;  ofy  in  (1), 

5x  -  7  -  33, 
bx  -  40. 
.%  x  —  8. 


(2) 


4  2x  +  3y  =  43 

lOx-    y=7  (2) 

Transpose  3y  in  (1)  and  y  in 

(^)'  2x  =  43  -  3y     (3) 

10x=7+y         (4) 

Divide  (3)  by  2  and  (4)  by  10, 

43 -3y 

2 

^     1±JL 
10 
Equate  values  of  x, 

43-3y_7+y 

2  10 

Reduce, 

215  -  15y  =  7  +  V. 
-  16y  =  -  208. 
.•.y=13. 

Substitute  value  ofy  in  (1), 

2x  +  39  =  43.       • 
.*•  x»2. 


[2) 


6.  5x  +  7y  =  43 

llx  +  9y-(J9  (I 

Transpose  9y  in  (2)  and  7y 

*'^(^)'      5x=13  -7y     CJ) 
llx==(51)-i)y     (1) 

Di vide  (3)  by  5  and  (1)  by  11. 

,     43   -  7v 

'^— 5      • 
69 -9y 

X  S3  if. 

11 

Equate  values  of  x, 

43  -  7y     G9  -  Oy 
5  11 

Reduce, 

473_77y-345  -45y, 
-  32y  -  -  128. 
.-.  y-4. 

Substitute  value  ofy  in  (1), 

5x  +  28  =  43. 
.*.  x«3. 
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7.  8x-21y  =  33  (1) 

6a;  +  35y  =  177  (2) 

Transpose  21  y  in  (1)  and  35  y 

^^(2).       8.r  =  33+21y   (3) 
Ga:=  177 -35y  (1) 
Divide  (3)  by  8,  and  (4)  by  6, 

33  4- 21  y 

8 
177 -35y 


X 


x  = 


6 


Equate  values  of  x, 

33  4-21y     177-35y 
8  6 

Reduce, 

99  +  63y=708-140y, 
203  y  =  609. 
.-.  y  =  3. 

Substitute  value  of  y  in  (1), 

8a; -63  =  33, 

8a;  =  96. 

.'.  a;  =  12. 


9.       21y  +  20a;  =  165  (1) 

77y-30a;  =  295  (2) 

Transpose  20  a;  in  (1)  and  30  a; 

^^(^)'21y  =  165-20a;(3) 
77y  =  295  +  30a;  (4) 

Divide  (3)  by  21  and  (4)  by  77. 

165 -20  a: 

y  =  - 


y  = 


21 
295  -f  30  a; 

77 


Equate  values  of  j;, 

165  -  20a;  _  295  +  30a; 
21  77 

Reduce, 

1815 -220  a;  =  885  + 90  a;, 
-310a;  =  -930. 
•  *■  a;  =  o. 

Substitute  value  of  x  in  (1), 

21y  +  60  =  165, 
21y  =  105. 
.•;y  =  5. 


8.  3y-7x  =  4  (1) 

2y  +  5a;  =  22  (2) 

Transpose  7  a;  in  (1)  and  5x 

^"(-)'      3y  =  4  +  7x       (3) 
2y  =  22-5a;     (4) 

Divide  (3)  by  3  and  (4)  by  2, 

,,   .4  +  7a; 

22-5aj 

y —■ 

Equate  values  of  y, 

4  +  7a;  ^22 -5a; 

3  2 

Reduce, 

8  + 14a;  =  66 -15a:, 
29  a;  =  58. 
•  *•  a;  =  aj. 

Substitute  value  of  a;  in  (1), 

3y-14  =  4. 
.-.  y  =  6. 


X 


10.     lla;-10y  =  14  (1) 

5a;  +    7y  =  41  (2) 

Transpose  — lOy  in  (1)  and  7y 

^'^(^)'  lla;=10y  +  14   (3) 
5a;  =  41-7y     (4) 

Divide  (3)  by  11  and  (4)  by  5, 

lOv  +  14 

41 -7y 
5 
Equate  values  of  x, 

lOy +  14^41 -7y 

11  5 

Reduce, 

50y  +  70  =  451  -  77y, 
127y  =  381. 
.-.  y  =  3. 

Substitute  value  of  y  in  (1), 
11a; -30  =14. 
t%  »  =  4, 
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11.         7y-3a:=139  (1) 

2a:  +  5y  =  91  (2) 

Transpose  *Jy  in  (1)  and  by 

'""^^^^     3x  =  7y-139  (3) 

5y  W 


2z  =  9f - 
Divide  (3)  by  3  and  (A)hj  2, 
^^7y-139 


2 

Equate  values  of  x, 

1y  -  139      91  -  by 
3  2 

Reduce, 

14  y  -  278  =  273  -  16y, 
29y  =  551. 
.-.  y=19. 

Substitute  value  of  y  in  (4),   ^ 

2a;  =  91  -  95, 
2a:  =  -  4. 

•  •  a?  ^^  —  ^. 

12.     17x  4-  12y  =  59  (1) 

19a; -4y    =153  (2) 

Transpose  12y  in  (1)  and  4y 

^^^^'  17x  =  59-12y  (3) 
19a;=153  +  4y  (4) 

Divide  (3)  by  1 7  and  (4)  by  19, 

^=59^li2y 

17 

19 
Equate  values  of  x, 

153-f  4y_59-12v 

19  17 

Beduce, 

2601  +  68y  =  1121  -  228  y, 
296y  =  - 1480. 
.'.  y  =  --5. 

Substitute  value  of  y  in  (1), 

17a:-60  =  59. 
.'.  a;  =  7. 


18.     24x  f    7y  -27  (1) 

8x-33y  -  115  (2) 

TranBi>o8o  7y  in  (1)  and  33y 

'''^-^'  21x-   27 -7y     V^) 
^x-  115i33y  (I) 

Divide  (3)  by  24  and  ( J)  by  8, 

x-27.-   7y, 

24 

^       nri  i  33y 
X  ■-  —  __-rf. 

Equate  valiiox  of  x, 

27_  21     1J''»  *  -^ly 
21      "        ~8"      ' 

Reduce, 

27-7y-3ir>  4  90y. 
-  \Oi\y    318. 
.-.  y--3. 

Substitute  valu*-  of  y  in  (3), 

21 X     27  +  21. 
21 X     4s. 
•  •  X  ■"*  ^. 


14.  a;-3y-10      (1) 

y  =  3x-23     (2) 

Transpose  3x  and  y  in  (2), 

3x  =  23+y        (3) 

Divide  (3)  by  3, 

x=23±jf. 

3 
Equate  values  of  x, 

3y-19=:^5-±J^. 
^  3 

Reduce, 

9y-57  =  23  +  y. 
8y  =  80. 
.-.  y  =  10. 

Substitute  value  of  y  in  (1), 

X  =  30  -  19. 
.•.  X  =  11. 
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Exercise  65. 


1.  aj(y  +  7)  =  y(a:+l)(l) 

2a:+^20  =  3y  +  l    (2) 

Simplify  (1). 

xy-\-1x  =  xy+y. 
Transpose  and  combine, 

1x-y  =  0  (3) 

Transpose  and  combine  (2), 

2x-3y  =  -19      (4) 
Multiply  (3)  by  3, 

21aj-3y=  0 
(4)  is  2a;-3y  =  -19 
Subt.,     19a;  =     19 

Substitute  value  of  x  in  (3), 

7-y  =  0. 
.-.  y  =  7. 


2.       2x-^^-^  =  0 
5 


(1) 
(2) 


Simplify  (1), 

10a;-y  +  3-20  =  0. 
Transpose  and  combine, 

10a:-y  =  17  (3) 

Simplify  (2), 

9y+a;-2-27  =  0. 
Transpose  and  combine, 

a;  +  9y  =  29  (4) 

Multiply  (3)  by  9, 

90a;-9y  =  153 

(4)  is  a;  +  9.v=    29 

Add,       91a;  =182 

.'.  X  =  2. 
Substitute  value  of  x  in  (4), 

2  +  9y  =  29. 
.-.  y  =  3. 


a;  +  3     y-2 
5(a;  +  3)  =  3(y-2)+2(2) 

Simplify  (1), 

2y-4  =  3a;  +  9. 

Transpose  and  combine, 

2y-3a;  =  13  (3) 

Simplify  (2), 

5a;  +  15  =  3y-6  +  2. 

Transpose  and  combine, 

5a._3y=-19  (4) 

Multiply  (3)  by  3  and  (4)  by  2, 
6y-   9a;  =     39 
-6v  +  10a;=-38 
Add,  a;  =  1. 

Substitute  value  of  x  in  (3), 
2y  -  3  =  13. 
.-.  y  =  8. 


4.   l=li_2^±2  =  0 
5  10 


(1) 
(2) 


6        4 
Simplify  (1). 
2a;-8-y-2  =  0, 

2a;-y  =  10     -         (3) 

Simplify  (2), 

2a;  +  3y-6  =  36, 

2a;  +  3y  =  42  (4) 

Subtract  (4)  from  (3), 
2a;-    y=      10 
2a;  +  3.v=     42 

-4y=-32 
.-.  y  =  8. 

Substitute  value  of  y  in  (3), 
2a; -8=  10. 
•  *•  a?  *=  y. 


TELA.CHEas'   EDITION.  1C5 


Simplify  (1), 

Transpose  and  combine. 

Simplify  (2), 

Transpose  and  combine, 

Multiply  (3)  by  3. 
Multiply  (4)  by  8, 

Add, 

Substitute  value  of  y  in  (3), 


Simplify  (1), 

Transpose  and  combine, 

Simplify  (2). 

Transpose  and  combine, 

Multiply  (3)  by  15. 
Multiply  (4)  by  4, 

Subtract, 

Substitute  value  of  y  in  (3), 


s 


(x  +  l)(y  +  2)-(x  +  2)(y  +  l)--l 
3(x+3)-4(y +4)--8 

Simplify,  (1),       a:y  +  y  +  2x  +  2-.a5y-2y-x-2----l. 

Combine,  x  -  y  »  -  1  (3) 

Simplify  (2).  3x  +  9  -  4y  -  10  -  -  8. 

Transpose  and  unite,  3x-4y-l  (4) 

Multiply  (3)  by  3,  3x  -  3y       -  3 

Subtract, 

Substitute  valae  of  y  in  (3), 


-y-      2 

.-.  y  -  -  2. 

x+2  --1. 

.-.  X  -'  -  3. 

g^x-2     10 -X     y-10 
5             3               4 

(U 

2y +  4     2x  f  y     X  f  13 

(2) 

3               8               4 

\      f 

12x  -  24  -  200  f  2()j-   -  ir,i/   -  ir/) 

32x  -  ir>y-7r 

O) 

16y  +  32  -  i\x  -  3y   -  «Jx  f  7x. 

~  12j  fl3y-4«5 

(«) 

9fix-     l">y  =  222 

-%x  f  i(My-:;»;s 

r)i»v-  •'»'»o 

.-.  y   -  10. 

32x-ir><)  -  74. 

32  X  -  224. 

.-.  x=7. 

.y     x+1      y  +  2._2(x-y) 

(1) 

3            4              5 

^-3      y-3„2y     X 

(2) 

4            3 

20x  +  20  -  15y  -  30  -  2lx  -  21  y. 

-4x  +  yv  =  io 

(:') 

3a;-9-4y+l'2  =  24y  -  12x. 

15x-28y 3 

(4) 

GOx  -  135y  =  -  150 

G0x-112.v  =  -    12 

-  23y  =  -  138 

.-.  y  =  6. 

-4x  +  54  =  10, 

-4x  =  -44. 

.-.  x  =  ll. 
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Simplify  (1), 
Transpose  and  combine, 
Simplify  (2), 

Transpose  and  combine, 
Subtract  (3)  from  (4), 


Substitute  value  of  x  in  (4), 


8. 

Sx-2y  5x-Sy 
5  3 

2a-3.v  4a;~3y 

3  2 

9x-6y-\-25x-l5y 

19ar-21y 

4ar-6y  +  12a?-9y 

16a;-21y 
19x-21y 


=  a;  +  l 

=  y +  1 

=  15a;  +  15. 

=  15 

=  6y  +  6. 

=  6 
=  15 


—  3a? 

48-21y 
-21y 


-9 
3. 

6, 

-42. 

2. 


9. 


Simplify  (1), 


2a?  -  y  -f-  3     a;  -  2y  -f  3 

3  4 

3g-  4y +  3     4a?-  2y-9 

4  3 

8x- 4y  +  12-3a;  +  6y~9 
Transpose  and  combine,  5a?  +  2y 

Simplify  (2),  9a?  -  12y  +  9  +  16a?  -  8y  -  36 

Transpose  and  combine,  25a?  —  20y 

Divide  (4)  by  5,  5a?  —  4y 

(3)  is  5a?  +  2y 

Subtract,  —^y 


=  4 


=  4 


48. 
45 
48. 
75 


15 
45 


Substitute  value  of  y  in  (3), 


5a? +  10 
5a? 


10. 


Simplify  (1). 
Simplify  (2), 

Multiply  (3)  by  3, 
(4)  is 

Subtract, 

Substitute  value  of  y  in  (3), 


18a? 
54  a? 

54  a? 
54  a? 


lja?  = 

4  J  a? 

16y 
4y 

48  y 


-30 
5. 

45. 
35. 
7. 

1  Jy  +  4A 
Jy-2ift 

53 
-259 

159 
-259 


-44y 

•••y 

18a? +  152 
18a? 


'    •  tX/  — 


418 
-9}. 

63, 

-99. 

-5J. 


(1) 
(2) 

(3) 
(4) 


(1) 
(2) 

(3) 
(4) 


(1) 

(2) 

(3) 
(4) 
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«  +  2y  +  3         4«-5y  f6    ' 
3  19         ^2) 


6«-6y +  4     3z  +  2y  t  1 

Simplify  (1).  55x  -  59y  -  -  87  (3) 

Simplify  (2),  -  105x  +  101  y  -  73  (4) 

Transpose  59 y  in  (3)  and  101  y  in  (4),  and  divide  by  55  and  \0j 
respectively,  _  51)^  —  87 

"       56     ' 

*""        105 

„       ,        ,  .  59y-87      lOly-73 

Equate  values  of  «,  — ^^^     -—     — 5  . 

^  55  10.> 

Simplify.  1239y  -  1827  -  1 1 1 1  y  -  sn3. 

128y-1024. 

.*.  y  ^  8. 

Substitute  value  ol  y  in  (3),  55x  -  472  -  -  87. 

55  X  -*  385. 

.•.  X  — 7. 


12. 


Simplify  (1). 

Transpose  and  combine, 

Simplify  (2). 

Transpose  and  combine. 

Multiply  (3)  by  3. 
Multiply  (4)  by  7, 
Subtract, 


Substitute  value  of  x  in  (3), 


y-x       8 

7 

(1) 

8x-|-8y  =  15y  -15j. 
23x-7y-'0 
63x-3y-44-=7()0. 
G3x-3y-74l 

(3) 
(4) 

C9x-21y=     0 
441x-21y=     5208 

-372x            =-5208 

.-.  X  =  14. 

322  -7y-0, 
-7y-^   -322. 

.•.  y=»46. 


la. 

3*-5y+3    2«+y 

(1) 

4          2     3 

(2) 

Simplify  (1), 

15i-25y  +  30  =  4a!  +  2y. 

Tranapose  and  combine, 

ll*-27y  =  -30 

(3) 

Simphfy  (2), 

96-3a:  +  6y-6i  +  4y. 

Traiupose  and  combioe. 

-9i  +  2y  =  -96 

W 

Mul«ply(3)bya, 

99i-243y  =  -   270 

Multiply  (4)  by -11, 

99i-   2-lv^     1066 

Subtract, 

-221y  =  -1326 

-9i  +  12  =  -96. 
.-.  x  =  12. 

jj^  4I-3V-7     3i     2v 

5 

m 

5               10      15 

6 

y-1     a     3y     ^_y-g     I 

+  -L 

(2) 

3         2      20        "    15       6 

i( 

Simplify  (1). 

24;=-18y-42  =  9i-4y- 

25 

Tranapose  and  combine. 

15i-14y  =  17 

(3) 

Simplify  (2),                 20y  - 

20  +  30i-9y-60-4y-4i  + 

lOx 

+  «' 

Transpoee  and  combine, 

24i  +  7y  =  8S 

(4) 

Multiply  (4)  by  2, 

48i  +  I4y-172 

(6) 

(3)18 

15:b-14v=    17 

Add  (3)  and  (5), 

631             =  189 
.-.1  =  3. 

Snbatitut«valuflofa:in(3), 

4S-14y=17.' 

-       ^=^ 

(1) 

|,^2.3 

(2) 

2,-j,.?0 

id  combine, 

(3) 

2B  +  3y-6=3G. 

id  combine, 

2r  +  3y-42 

(4) 

2z-    v  =  10 

(3) 

4V-32 

.■■»-». 

ilueofy  in  (4), 

2i  +  24  =  42. 
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11 


(I) 


l-3g^ll-3y/ov 
7  5       ^"^ 

Simplify  (1)  and  (2). 

3x  +  12y  =  99  (3) 

15jr-21y  =  -72       (4) 

Divide  (3)  by  3  and  (4)  by  15, 

3 

^^^72^21y. 

15 
Equate  values  of  x, 

99-12y_-72-i-21y. 

3  15 

Simplify, 

495  -  60y  =  -72  +  21  y. 
-Sly  =  - 567. 
.-.  y  =  7. 

Substitute  value  of  y  in  (3), 
3x  +  84  =  99. 
.-.  X  =  6. 


17.    5x-J(5y  +  2)  =  32  (1) 

3y  +  J(x  +  2)  =  9  (2) 

Simplify  (1)  and  (2), 

20x-5y  =  130        (3) 
x  +  9y  =  25  (4) 

Multiply  (4)  by  20. 

20x  +  ISOy  =  500         (5) 
20x-     5y  =  130        (3) 

Subtract,     185y  =  370 
.•.y  =  2. 

Substitute  value  of  y  in '(3), 
20X-10-130, 
.*.  x  =  7. 


18.        3x-0.25y-28  (1) 

0.l2x  +  0.7y  -  2.M       (2) 

Multiply  (1)  by  0.01. 

0.12x-0.01y  -1.12       (3) 
0.12x+    0.7  v   -'M        {^) 

Subtract,    -  0.7 1  y  -  -    112 

.-.  y  -  2. 

Salwtitute  value  ofy  in  (I), 

3x-0.r>  .28. 
,'.  X  -9  5. 


19.  7(x-l)-3(y  f8)(l) 

4x  +  2  _^()y  +J)    ..,. 
9^2        ^"^ 

Simplify  (1)  and  (2), 

7x  -  7  =  3y  I  24. 

7x-3y  =  31  (.'.) 

8x  +  4  =  45y  4  81, 

8x-45y  =  77  (I) 

Multiply  (3)  by  8  and  (4)  by  7. 
mx-    24y-21S 

5(Tx-3ir)y--r,::{) 

Subtract,     201y  =  -29l 
.-.  y  =  -l. 

Substitute  value  of  y  in  (3), 
7x  +  3  =  31. 

•     'T  -=  4 

•     •     •  ^  X  > 
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20.    7a:  +  t(2y  +  4)  =  16  (1) 

3y-J(aJ  +  2)-8  (2) 

Simplify  (1). 

35x  +  2y +  4  =  80. 

Transpose  and  combine, 

35a;  +  2y  =  76  (3) 

Simplify  (2), 

12y  -  a;  -  2  =  32. 

Transpose  and  combine, 

12y  -  a;  =  34  (4) 

Multiply  (4)  by  35, 

-  35  a; +  420y  =  1190 
35a;  +     2.v=      76       (3) 

422y  =  1266 

.-.  y  =  3. 

Substitute  value  of  y  in  (3), 

35a;  +  6  =  76, 
35  a;  =  70. 
.'.  a;  =  2. 


21.    5£^  +  3a,  =  4y-2     (1) 

5^+^ _  3a;^2y  ^  2 v-2     (2) 
6  4  ^  ^  ^ 

Simplify  (1), 
5a;  -  6y  4-  39a;  =  52y-26. 

Transpose  and  combine, 

44a;-58y  =  -26       (3) 

Simplify  (2), 
10a;+12y-9a;+6y  =  24y-24. 

Transpose  and  combine, 

a;_6y  =  -24       (4) 

Multiply  (4)  by  44, 

44  a; -264y  =  - 1056 
44a;-  58y  =  -  26  (3) 

206  y  =  1030 

.-.  y  =  5. 

Substitute  value  of  y  in  (4), 
a;-30  =  -24. 
.  •.  X-  6. 


Simplify  (1), 
Simplify  (2), 
Transpose  and  combine  (1), 

Transpose  and  combing  (2), 
Divide  (1)  by  2, 


22. 

5a;-3  3a;-19 
2  2 

2a;  +  y  9a;  — 7 
2  8 

15a;-9-9a;  +  57 

16a;  +  8y-18a;  +  14 

4a;  +  6y 


Substitute  value  of  y  in  (4), 


2a;  +    y 
2a;  +  3y 


4     3y--a; 
3 

3(y  +  3)     4ar  +  5.v 
4  16 

24-6y +  2a;. 

12y-H36-4a;-5y. 

-24 

22 
-12 


(1) 

(2) 


2y  = 

.-.  y  = 

2a?-17  = 
2a;  = 


-34 

-17. 

22, 
39. 
19J. 


(3) 
(4) 


I. 
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23. 

3y  +  U  =  i^Zjd£jJy}  +  31-4x   (l) 

(«  +  7)(y-2)  +  3-2«y-(y-l)(x  +  l)  (2) 

Simplify  (1),  3rry-3y«+12y  +  llx~lly  +  44 

=  4x*-aw-3y»  +  31ir-31y  +  124-4a:»  f  4Ty-iejr  (3) 

Transpose  and  combine,     32y  —  4x  =-  80  (4) 

Divide  by  4,                             8  y  -  x  -  20  ( r») 

Simplify(2),    xy  +  7y-2x-14  +  3-2xy-xy-y  +  x  +  l  («J) 

Transpose  and  combine,       8y  —  3x»12 
Subtract  (5),  8y~    x°20 

-2x  =  -8 
.•..x  =  4. 
Sabstitate  value  of  x  in  (5),    8y  —  4  »  20, 

8y»24. 
.%  y-3. 

24. 

6x  +  9     3x  +  5y  ^  J,  ^.t_i     (\\ 

4           4x  — 6™  2* 

§iLt7.(5x-3y^4  4y     U         ..,. 

10  2y-8  5  ^  ' 

Multiply  (1) by 4.  6x  +  9  +  ^^  ^-^-IS  +  Gx  +  fi. 

i2X  —  o 

Transpose  and  combine, -*  =  12. 

^  2x  — 3 

Divide  both  sides  by  (2),  ^r^  •=  «• 

2x  — 3 

Multiply  by  2x -  3,  3x  +  5y  -  12x - 18. 

Transpose  and  combine,  —  9x  +  5y  =  —  18  (3) 

Multiply  (2)  by  10                 8y  +  7  +  ^^"^"^'^y  -  40  +  8y  -  18. 
Transpose  and  combine,  j-^  =  15. 

Divide  both  sides  by  15,  —   .  =  1- 

Multiply  by  y  —  4,  2x  -  y  -  y  -  4. 

Transpose  and  combine,  2x  —  2y  =  —  4. 

Divide  by  2,  x-y-^-2  (4) 

Multiply  (3)  by  1  and  (4)  by  9,  _  9x  +  5y  -  -  18 

9x  — t);/  -=  —  18 

Add,  -4y  =  -36 

•••  .V  =  9. 
Substitute  value  of  y  in  (4),  x  -{)  =  —  2. 
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26.  x-^^l^^^20-?^^^^     (1) 
23-x  2  ^  ^ 

,,^^  =  30-^     (2, 

Multiply  (1)  by  2.  2x-  ^-f^  =  40  -  59  +  2 «. 

23  —  X 

Transpose  and  combine,  ^  ~ —  =  19. 

Multiply  by  23  -  a;.  4y  -  2a:  =  437  -  19a:. 

Transpose  and  combine,  4y  +  17a:  =  437  (3) 

Multiply  both  sides  of  (2)  by  3,         Zy  ^-  ^^^iLz^  =  90  -  73  +  3y. 

X  — 18 

Transpose  and  combine,  ^  ~    =17. 

X  — 18 

Multiply  bya:^18,  3y-9=17a;-  306. 

Transpose  and  combine,  3y  —  17a;  =  —  297  (4) 

Add  (3),  4.v  +  17a:=     437 

ly  =140 

.-.  2/ =  20. 

Substitute  value  of  y  in  (3),  80  +  17a;  =  437, 

17  a;  =  357. 
.-.  a:  =  21. 


Exercise  66. 


1.  X  -\-y  =  a  (1)  2.  ax  +  hy  =  c         (IJ 

x-y  =  h  (2)  px-\-qy  =  r         (2) 

Add.  2x        ^a^h  """^'^P'^ (')  ^/£""^  (') ^^;tl 

•  •      opa;  +  opy  =  cp        (3J 

_  a_+_&  gpa;  -f-  agy  =  ar       (4) 

•'•^~"~^  Subt.,     y{bp-aq)  =  cp~  ar. 

Subtract  (2)  from  (1),  .  *.  y  =  ^-H^. 

6p  — agf 

23/  =  a  -  J.  Multiply  (1)  by  q  and  (2)  by  6, 

•  ••  y  =  — ^ —  opx  +  ogy  =  or 

Subt.,     {aq~~hp)x=cq~hr 

aq  —  bp 


TEACHEBS'   EDITION.  173 


3.                 mx  +  ny  =  a            (1)  4.            ax+by^e            (1) 

px-^qy  =  b            (2)  ax  •¥  ey -- d            (2) 

Multiply (1) by p and (2) by m,  Subt..      (b'-e)y^  c-d 

mpx-\-npy  =  ap          (3)  ^          e--d 

mpx  +  m^  =  mb         (4)  *           6  -  c 

Sub.,  (np-mq)y  =  ap-mb  Multiply  (1)  by  c  and  (2)  by  &. 

*  '  ^ ~ np—mq  abxj^bcy^  hil^ 

Multiply  (1)  by  g  and  (2)  by  n,  Snbt.,  (ac-a6)x     r*-    bd 

mqx  +  n^ry  =  ag  •  x  —  ~  -  -— • 

Tipa?  +  n^  =  nb  o(c-  6) 


Sub.,  {mq  —  np)x  =  aq  —  nb 

5.       tiMj  — ny  — r  (1) 

m'j?  -\-vfy  =  f'  (2) 

Multiply  (1)  by  »/,  mm'x  —  m'ny   -  m'r  (.**) 

Multiply  (2)  by  m,  mm^x  -t-  m  n^/      fur^ (J) 

Subtract,  (m'n  +  in  nf)y  =  mr'  —  mW 

m'n  +  m  n' 
Multiply  (1)  by  n',  mn'j?  —  nn'y  =  n'r 

Multiply  (2)  by  n,  m'na:  +  nn'y  ^  nr' 

Add,  (mvf  +  »n'n)x  ^  n'r  +  717* 

•  *•  X  -  — — ■ 

mn'  -f  ff*'n 

6.  aa;-|-6y  =  c  (1) 

dx^fy^i?  (2) 

Multiply  (1)  by  rf,  orfa;  -f  6rfy  ■=  cd 

Multiply  (2)  by  a,  adx  +  a/y  ---  oc* 

Subtract,  6dy  —  q/y  -^  cd  —  at? 

Multiply  (1)  by/,  ajx  -^bfy^cf 

Multiply  (2)  by  6,  bdx  -f  %  =  b<? 

Subtract,  {af—bd)x='cf—b<? 
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7. 


X     y 
a     0 


(1) 

(2) 


X     V 

0     a 

Simplify  (1),  bx  +  ay  =  abc     (3) 
Simplify  (2),  ax  +  bcy  =  0         (4) 

Multiply  (3)  by  a  and  (4)  by  6, 

abx  +  a*y  =  a'6c 
aZ>x  +  b'^cy  =  0 

Subt.,         a*y  —  b'^cy  =  a*6c 

(a»-&»c)t/  =  a^6c. 

_a^ 

Multiply  (3)  by  be  and  (4)  by  a, 

b^cx  +  a&cy  ==  ab^c^ 
a?x  +  o6cy  =  0 

Subt.,         b'^cx  —  a^x  =  a5*c' 

(6«c-a2)a;  =  a5V. 
ab^c' 


X  = 


9. 


a 


(1) 

(2) 


6  +y      3a  +  a; 
ax  +  26y  =  rf 
Simplify  (1), 

3  a*  +  ax  =  b^  -\-by. 

Transpose  and  combine, 

ax-   by  =  b^-3a*      (3) 
(2)is     ax-}-2by  ^  d 

Subt.,       -  36y  =  h^-'Sa^-  d 

.   ,^     3a«-5'  +  (^ 

Multiply  (3)  by  2, 

2ax-26y  =  26^-6a» 
(2)  is     ax  +  2by  =  d 


Add,  3  ax 


x  = 


3a 


i-'c-a*' 


8.  a^x  +  cdy 

ax—  cy 

Simplify  (2). 

abdx  —  6cc?y 

Multiply  (1)  by  b, 

ah^x  +  6cc?y 
(3)  is      abdx  —  bcdy 

Add,     {ab'^ -{•dbd)x 


2        (1)   10.    -5 
a—  0 


2L_  = 


=  d-5  (3) 
=  25      (4) 


b  +d 
b  +  d 


or,  X  =  — - 


Multiply  (1)  by  d, 

abdx  +  cd^y 
abdx  —  bcav 


ab^b  +  d) 
1^ 

db 


•U. 


2d 
d-b 


(3)  is 

Add,     (cd*  +  bcd)y  =  b  +  d 

b  +  d 


'••y 


or,y--. 


cd(b-{-d) 
1 


a-\-b     a  —b  a  +  b 

a+b     a—b  a—b 

Add  (1)  and  (2), 

2x  1 


(1) 
(2) 


+ 


a+b     a+b     a—b 

Simplify, 

2x(a-6)  =  2a, 
x(a  —  6)  =  a. 

a 

.'.  x  = -• 

a  —  b 

Subtract  (1)  from  (2), 

2v 1  i 


a—b     a  —  b     a+b 
Simplify, 

2y(a  +  &)-26, 
y(a  +  6)  =  6. 

a  +  b 
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11. 

a{a-a:)  =  6(x  +  y~rt)  (1) 

a(y_5-x)-6(y-6)  (!') 

Simplify  (1),  a»  -  ax  =  &x  +  fry  -  a&.  (3) 

Simplify  (2),  ay~ah-ax  =  htj-1^.  (4) 

Transpose  a*  and  6x  in  (3),  ox  +  6x  -»  a*  f  <//>  -  hj  (5) 

Transpose  ay  —  aft  in  (1),  ax -^  ay  ~ah  -by  \  l^,  (6) 

Divide  (5)  by  (a  +  6)  and  (6)  by  a.        x  ^  ^  '^'  ^, 

a  t  6 

^     ay  —  ah-  by  -^  l^ 

a 

Equate  values  of  x.  '^  +  °*-^y  -  ^  "*     ^^  »  ^. 

a  +  6  a 

Simplify,  a*  +  a»6  —  a6y  ^a*y  —  a'6  -  ft»y  f  6*. 

a^  +aiy -  6^  -  a"  +  2a*6  -  &•. 

.*.  y  «a  +  6. 
Substitute  valne  of  y  in  (6),        ox  +  6x  —  a*  +  a6  —  a6  -  6'. 

.'.  x  =  a  — 6. 


12. 

X  -  V  t  I 


.'.  X 


(a-l)(6-l) 
Subtract  (5)  from  (6),    2(a - 1)(6  -  l)y  =  2(a  - h). 

a  —  h 

•"•y-(a-l)(6-l) 


(1) 


£~y-l 

x+y-1 
Simplify  (1),  X  —  y  +  1  «  ox  --  ay  -  a. 

Simplify  (2),  X  +  y  +  1  =•  6x  +  Ay  -  6. 

Trans,  and  combine,  (a — 1)  x — (a  —  1)  y  =  a  +  1  (3) 

(6-l)x+{6-l)y  =  6  +  l  (4) 

Multiply  (3)  by  6  - 1  and  (4)  by  (a-1), 

(a-l)(6-l)x-(a-l)(6-l)y  =  (a+l)(5-l)  (r,) 

(a-l)(&-l)x-f(a-l)(5-l)y==(a-l)(6-H)  (6) 

Add,  2(a-l)(6-l)x  =  2(a6-l) 

a5-l 
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13.      „.4,  +  »-l±£ 

(1) 

(a-i)i. (•*»)!, 

(2) 

Simplify  (1), 

2ai-26j)==a'  +  6' 

(S) 

Simiilify  (2), 

«.-».-.j,-S,.0 

W) 

Id  (3), 

2a 

In  <4), 

,     »»+»» 

Equate  values  of  x 

n'+6=  +  2fi!/     ay  +  6y 
3o                a-i 

Simplify. 

Traoapose  and  combine,     Za^y  +  26'y  =  o*  -  a'6  +  ofi' 


Substitute  vaJue  of  j  in  (1), 


«.  +  »;,.,? 

(1) 

S  +  S,     (.<-> 

(2) 

Simplify  (2), 
Add  (1)  and  (3). 

P) 

2iw  =  c'-a'  +  6' 

„ 

<1), 

2a 
ar  +  Sj-i- 
a^-6y  =  -a»  +  6' 

.•.»--  +  ■'■-*■. 
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15. 


^+-y-«2a  (I) 

a+6     a-o 

£Z-K  „  JL±1.  (2) 

Clear  (1)  of  fractions,     ox  —  far  +  ay+6y-2a*  —  2aA«  (3) 

Clear  (2)  of  fractions,  a*x-k^bl^x-a*y-  6*y  »  2a^x  4  2aAy  (4) 

^    ,^,  2a»-2aA»-  ox  *  hx 

In  (3),  .  y  = 


a  f  fr 

a«  4^  2aA  f  6»  * 
20*  —  2a6*  -  ox  f  6x     a» x  -  2a5x  i  ff'x 


In  (4).  y 

^'"''^  a  +  6  a»f2a6f6« 

2a*  -  2a»6*  -  a«x  +  2<i*6—  2a6»  +  6«x  =  a*x  -  2a6x  f  6«x. 
Transpose  and  combine,  2a*z  -  2abx  =  2a*  -  2a'6»  f  2a*&  -  2aA». 

Divide  by  2  a,  ox  -  6x  -*  o'  ~  ah'  h  a^h  -  6* 

a  -  o 
or,  x  =  a«  +  2a6  +  6». 
Substitute  value  of  x  in  (3), 

a'  +  2o»6  +  a6»-a»6-2a6»-6*  +  ay  f  6y  =  2a» -  2ai>». 
ftanspose  and  combine,  oy  +  6y  ^  a*  -  a*6  -  aft*  +  M. 

a»  -  aVi  -   a//»  ♦  6» 

•••  y  -= ; —  — • 

^  a  +  6 

or.  y  -  a*  -  2a6  +  6*. 


16. 

6aj  _  6c  ^  ay  -  oc  (1) 

X  —  y  «  a  —  6  (2) 

Transpose  (1),  6x  -  ay  =  (6  -  a)  c 

Multiply  (2)  by  a,  ax-ay  =  {a-h)a (3) 

Subtract, 


(6-a)x«c(6-a)  f-a(6-a) 

.•.  x  =  (j  +  a. 

6x  —  ay  =•  (6  —  a)  c 

(1) 

6x-6y«(a-6)6 

W 

Multiply  (2)  by  6, 

Subtract,  (h  -  a)y  =  c(6  -  a)+  6(6  -  a) 

.*.  y  —  c  +  6. 


i=l-.  (1) 

y-0 
0(1  -  fl)  +  6(y  -  6)  +  ate  =  0  (2) 

Simplify  (1).  x~a/-a-bt  {3) 

(2)is  ox  +  Ay^a'  +  ft'-ofe  (4) 

Multiply  (3)  by  a,  ax  —  arji  =  a'  —  abc 

Subtract,  by  +  acy  =  6" 


(<.  +  6)x-(«-fi)y  =  4a*  (l) 

■     (a-6)»+(a  +  %  =  2a'-26»  (2) 

Multiply  (1)  by  (a  -  6), 

(a'-i0i-(o-S)'y-4Q'6-4ai'  (3) 

Multiply  (2)  by  (o  +  h). 

(o'-J')i  +  (o  +  J)»y  =  2o>-2a6'  +  2a'6-26*  (4) 
Subtract (3) from (4),  (2tf  +  2fi')y  =  2o'-2o'6  +  2ai'-26'.   ' 

•■.  y  - 


Miiiapiy(i)br(o  + 

i)i.nd(2)bv(o-6- 

^■4a. 
^2a'. 

i  +  4a4" 
-2o'6-2a6' 

+  2ff 

Add, 

(2a'  +  2S'),. 
19. 

^20" 

+  2o'6  +  2a5' 
6. 

+  2lfl 

ombL 

.-,  +  2(.-i). 

=  2(a. 
■  0 

-bf 

\ 

^-y^2a-26- 

ue,         2oj(  +  2i3;- 

ii-y  = 

ay  +  fti  - 

^2a'. 
^26- 
,a'- 
.2afi 

~b)* 

-iab  +  2V 
-2a 

iab  +  b* 
-2a' 

(4  +  a)^. 
in(6),      d-a-y. 

.26- 

-2a. 
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20. 

(a~6)(x  + 

y)- 
y)  + 

(a  — 6)(x--y)-.a' 

(1) 

(a+6)(x-y)"6» 

(-•i 

Simplify  (1), 

2&X  +  2ay  -  o» 

(•••) 

Simplify  (2), 

2ax-2&y'   6* 

(«) 

Multiply  (3)  by  a. 

2a6x  +  2a»y  -  a* 

Multiply  (4)  by  6, 

2a*x-26»v-A» 

Subtract, 

(2a«+26»)y-a»-A» 

^      2(a«  i  6») 

Multiply  (3)  by  6. 

2i»x  1-  2a&y  -  a»& 

Multiply  (4)  by  —  a, 

-2a«x  +  liiby  .'  -  ab^ 

Subtract, 

(2a»  +  26«)x-a«6-jaA» 
2(a»4  6") 

£X£RCISB   67. 

L                     U?-10 

(0 

^.               _  +  _  ..a 

0) 

»    y 

X     y 

4      3^ 
_  -J.  _  =  20 

(2) 

3     4. 
-  f  -  -6 

(-') 

«    y 

'    y 

Multiply  (1)  by  4, 

Multiply  (1)  by  3, 

4     8.^ 

3     fi      „ 

*  +  2  =  40 

(3) 

-  +  -.-3a 

(3) 

«   y 

*   y 

(2)i8             -  +  ?  =  20 

(2)18           ?  +  !=-& 

«   y 

^    y 

Subtract,             -=20 

o 
Subtract,           -  .^i  3  a     & 

y 

y 

•••y=J. 

Multiply  (1)  by  3, 

^     3a--6 

^5-      30 

(4) 

Multiply  (1)  by  2. 

»    y 

(2)  by  2.       ?  +  ?=     40 

(5) 

*   y 

^      4 

X     y 

(2)i8           2  +  ?  =  6 

«    y 

nil            1              O                              ^  .M. 

Subtract,  -  -        =  —  10 

1 

X 

Subtract,    i        -6-2o. 

or,  lOx  =  5. 

X 

•••  « =»  l- 

•    X-       ^ 

6-2o 


3. 

2      5      4 
z     3y"27 

4i  +  y     72 

(1) 
(2) 

M  =  «         (2, 

8x(2)i3 

2      5        4 
X     3y"27     . 

(3) 

MulUpl,(l)by(4). 
(2)by3,      2_I?.i8 

Snbtract, 
SnbstitQt< 

29     29 

.•.y.9. 
vJn.ofyi.(l), 

Subtract.           -1=    2 

••■y--! 

2      5      4 

;-  ST/ 

2_  9, 
I     27' 

Substitute  value  of  y  in  (1), 
?  +  8  =  5, 

.-.  »  =  6. 

^^?  (>' 

4. 

U?  =  4 

(1) 

5+r^  <" 

Multiply 

«   y 
(1)  by  3. 

5  +  5.12 
'    y 

l-l.  i 

X     y 
?-8 

y 

.-.y.l. 

r* 

^  =  4 

(2) 

Multipij  (1)  by  6  and  (2)  by  a, 
ab     6» 

— + - = 61; 

(2)  is 
Subtract 

Subtract.      *-T°°  =  ac  -  6b 

Multiply  (1)  by  0  and  (2)  by  6, 
a'     06     o'e 

*!  +  ^  =  *!£ 

Subtr„l,      .■-»".A-»^ 

.-.  ^_      oft(a  +  6) 
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Multiply  (1)  by  5, 
Multiply  (2)  by  2, 

Subtract, 


Multiply  (1)  by  2, 
Multiply  (2)  by  3 

Subtract 


7. 


2 

.   3 

+  — " 

>5 

ax 

fry 

0 

o 

—  —  m 

3 

ax 

6y 

10 

+  1^- 

25 

ax 

4y 

10 

4 

A 

ox 

6y 

19 

19 

by 

1 
b 

.-.  y- 

4 

+  r-- 

10 

ax 

Ay 

15 

G 

9 

ax 

»y 

19 

19. 

OX 

1 

Multiply  (1)  by  n,      'J^  ^.  ---  -  n{m  +  «) 

nic      my 

mn     m'      m(m*  +  ti') 


m 


Multiply  (2)  by  1'       '_  +  "  -  ^ 

n         fujny  « 

Subtract, 


(1) 
(2) 


fL4    »-=-m  +  n  (1) 

nx     7/iy 

.T      y 
mn      7i' 


71*  —  IT?  _ 

_v}{m  +  n)- 
n 

7l»- 

m{m^ 
7n» 

+  n«) 

mny 

y- 

1 

^          « 

771 

mn^  - 

-7/1*- 

7n'*7i' 

Substitute  value  of  y  in  (2),     a:  =  -• 
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Multiply  (1)  by  6. 
Multiply  (2)  by  a, 


Subtract, 


Multiply  (1)  by  a, 
Multiply  (2)  by  6, 


Add. 


a       a     b 

9.      -  +  -  =  m 

0     a 

=  n 

X     y 

oh     ^      1^ 
X      y 


(1) 
(2) 


a6 


=  an 

y 


a«  +  6* 


a6 


fero  — an 


—  +  _  =  am 

«     y 

6»     oft     , 
=6n 

a:      V 


a«  +  6« 


=  am+  hn 

a«  +  6« 
am  +6n 


x  = 


£X£RCIS£   68. 


(2) 
(3) 

(1) 


1.  5a;  +  3y-62  =  4 

3a;-y +22  =  8 
a;-2y +  22  =  2 

(l)is         5a:  +  3y-62=   4 
3  X  (2)  is   9g--3y  +  62  =  24 

Add,       14  a;  =28 

(l)i8         5aj  +  3y-62=   4  (1) 
3x(3)i8   3a;-6y  +  62=    6 

Add,  8a:-3y  =10  (4) 

Substitute  value  of  x  in  (4), 

16-3y  =  10, 
_3y  =  -6. 

.•.y  =  2. 

Substitute  values  of  x  and  y 

in  (3), 

2-4  +  22  =  2, 
2z=.4. 


? 


2.      4a;-5y  +  22  =  6 

2a;  +  3y-2  =  20       (2) 
7a;-4y  +  32  =  35       (3) 

Multiply  (1)  by  3  and  (3)  by  2, 

12a;-15y+62=     18  (4) 
14g-  8y+62=     70 

Subt.,-2a;-  7y        =-52  (5) 

Multiply  (2)  by  3  and  (3)  by  1, 

6a:+9y-32  =  60 
7a;-4y+32  =  35 

Add,    13a;+6y        =95      (6) 

Multiply  (5)  by  5  and  (6)  by  7. 

10a;  +  35y=     260 
91a;  +  35y=     665 

Subt.,  -81a;  =-405 

.'.  a;  =  5. 

Substitute  value  of  x  in  (6), 

65  +  5y  =  95. 
.-.  y  =  6. 

2  =  8. 
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3.  X  +  y  +  «  =» 

5a!  +  4y  +  3z=» 

15z  +  10y  +  6a!»- 

(3)i8       15x+10y+6z- 
6x(l)is   6g+  6y+62« 

Subtract,  9a;+  4y        « 

(2)  is  5x+4y+32 

3x(l)i8     3a+3y-h3z 

Subtract,    2x+  y        «= 

(4)  is  9a;  +  4y  = 

4x(5)i8        .8a;  +  4y  = 

Subtract,  x  «= 

Substitute  value  of  x  in 

2  +  y- 


(?) 


6 
22 
53  (3j 

53 

3G 


17  .(4) 
22 


=  18 


4 

17 
16 


(5) 


Substitute 
in  (1). 


.-.  y  = 

values  of  x 

1+2+2= 
.*.  2  = 


«     I 

(5). 
.4. 

2.. 

an<l 

6. 
3. 


4.  4x-3y  +  2  =  9     (I) 

9x  +  y-52  =  16  (2) 
a.«4y  +  32  =  2     (3) 

(l)iB         4x-3y+     2=   9 
3x(2)i8  27x+3y-152  =  48  (4) 

Add,       31 X       -142  =  57  (5) 

Multiply  (2)  by  4, 

36x+4y-202-64  (6) 
(3)  is  x-4y+  32=   2 

Add,       37  X        -172  =  66  (7) 

Multiply  (5)  by  37, 

1147x-5272'=2046 
31x(7)is  1147x-5182  =  2107 
Subtract,  -92  =  -63 

.*.  2=7. 

Substitute  value  of  z  in  (7), 

37x-119  =  66, 
37x=185. 

.'.  X  — 5. 

Substitute  values  of  x  and  y 

in(l),    20-3y  +  7  =  9. 

_  3y  =  —  18. 


6. 


8s  +  4y-3t 
X  +  3y-< 
4x  — 5y  +  4« 

(l)i«   8x+4y-3f 
3x(2)is  3x+9y-32 

Subt.      5x-5y 
Multiply  (2)  by  4. 


-8 


(3) 


6 
21 


^-15(4) 


(3)« 
Add, 


4x-  r)v+42- 


4x+12y-42-28 

36     (5) 
(5)  by  5. 

-  -  \or> 


8xf  7y 
Multiply  (4)  by  7  and 


Add, 


35x  -  STiy 
40x  t  35^. 

75x  "  '     . 
.*.  X  - 

Substitute  value  of  x 

5-6y- 
.5y. 
.".  y  • 

Substitute  values  of 

in  (2).     1  +  12-2. 


.*.  2  — 


75 
.  1. 

in  (4). 

-  -  ir.. 

-  -21). 
-4. 

X  and  y 

-7. 
6. 


6.      12x  +  5y-42  = 
13x-2y  +  5y- 
17x-y-  2- 

(l)i«      12x+5y-42- 
4x(3)iB68x-4y-42  = 

Subt.,    56x-9y 

(2)  is      13x-2y+52  = 

5x(3)  is  85x-5v-52  = 

Add,     98x-7y 
Multiply  (7)  by  9  and 
882x-63y  = 
392x-63y 

Subt.,     490x 

.-.  x« 

Substitute  value  of  x 

196 -7y  = 
.-.  y  = 

Substitute  values  of 
in(l),  24+45-42 « 

.*.  2  = 


29 

58 

-  15 

29 


=  31 


(1) 
(3) 

(4) 
(5) 


(<5) 
(7) 


■    7»> 

.133 

(5)  by  7. 

.1197(8) 
.   217(9) 


-    9H0 
-2. 

in  (7), 

=  133. 
=  9. 

X  and 
-29. 
-10. 
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7. 


(I)i8 
(3)iB 

Add, 


z-y-z 
X  -\-y  —z 
x-\-y  -\-z 

x-y-z 

X  +  y  -\-  z 
2x 


5  (1) 
25  (2) 
35  (3) 

5 
35 


•     •    •w   ~~" 


40 
20. 


Sabstitute  value  of  a;  in  (2)  and  (3), 

y-2=   5 
y  +  2  =  15 


Add, 


Subtract, 


2y  =20 
.-.  y  =  10. 
-  22  =  -  10. 

.*.  2  =  5. 


8.  a;+y  +  2  =  30  (1) 

8a;  +  4y  +  22  =  50  (2) 

27a; +  9y  + 32-64  (3) 

Multiply  (1)  by  2, 

2a;  +  2y  +  22  =  60  (4) 
(2)  is     8a;  +  4y  +  22  =  50 


Sub., -6a;-2y  -» 

Multiply  (1)  by  3, 

3aj  +  3y +  32  = 
(3)  is    27a;  +  9y  +  32  = 

Sub.,-24a;-6y  •= 

Multiply  (5)  by  3,      - 

-18x-6y  = 
(7)  is         -24a;-6y  = 


10(5) 


90  (6) 
64 


26  (7) 

30  (8) 
26 


Subtract,       6  a?  =4 

Substitute  value  of  x  in  (8), 

-  12  -  6y  =  30. 
.-.  y--7. 

Substitute  values  of  x  and 

in(l),       1-7  +  2  =  30. 
.-.  2  =  36 J. 


Multiply  (1)  by  2, 
Multiply  (2)  by  3, 

Add, 

Multiply  (2)  by  7, 
Multiply  (3)  by  16, 

Add, 

Multiply  (6)  by  154, 
Multiply  (9)  by  3, 

Subtract, 


9.  15y 

15a; 

18a: -(72 -13) 

20a;  +  30y-482 
45a;-36y  +  482 

65a;-    6y 

105a;-   84y  +  1122 
288a; -224y-  lf22 


70 
-208 


393  a;- 308  y 


10,010a;  ■^924y 
1,179  a; -924y 


=  ^138 

17,248 
-414 


8,831a; 


X  = 


Substitute  value  of  x  in  (6), 


130 -6y 

.*.  y 
Substitute  values  of  x  and  y  in  (1), 

20  +  45  -  242 


.'.  2  = 


17,662 
2. 

112. 
3. 

41. 
1. 


242 -10a; +  41  (1) 
12y-162+10  (2) 
I4y  (3) 

82 
30 

112 


(6) 

a) 

(8) 
(9) 
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10.  3aB  — y-H2 

5x  +  3y-22 
7«-l-4y-52 

Multiply  (1)  by  2, 

6x  —  2y  +  22 
(2)18     5x4-3y-22 

Add,    llaf+    y 
Multiply  (1)  by  5. 


17  (1) 
10  (2) 
3     (3) 


34  (4) 
10 


(3)i8 

Add. 
(5)  is 

Add, 


15z  — 5y  f  bz 

22x-    y 
lla?+    y 


44  (5) 


-85  (6) 
=_3 

-  88  (7) 
=  44  (5) 


33a;  =  132 

•*.  a:  -=  4. 

Substitute  value  of  x  in  (5), 

44  +  y  =  44, 
.'.  y  =  0. 
From  (1),  2  =  5. 


12.  x+2y+32-6 
2x  +  4y  +  22-8 
3x+2y +  8«-10l 

Multiply  (1)  by  2. 

2z  +  4y  +  62-  12 
{2)i«    2x-t-4y  +  22-    8 

Subtract,  42-   4 

.♦.  2-1. 

(2)18     2x+4y+  22-8 
2x(3)  iB6x-H4yfU?2-     202 

Subt,-4x        -142-  -11>4 

Substitute  value  of  2  in  (H), 

-4x-14  -  -194. 
-4x--  IhO. 
.\  X  "  45. 

Substitute  values  uf  x  and  2  in 

45  +  2y  +  3  -  t5, 

2y  -  -  42. 
.'.y-      21. 


i 


(5) 


(7) 


(1). 


11.  «  +  y  +  2  =  5    (1) 

3x-5y  +  72  =  75  (2) 

9x-ll2+10  =  0     (3) 

Multiply  (1)  by  5, 

5x  +  5y+    52=   25(4) 
(2)  is   3x-5y+    72=    75 
Add,   8x  +122  =  100(5) 

Multiply  (5)  by  9  and  (3)  by  8, 

72x  +  1082=  900 

72x-   88  2  =  -80 

Subtract,  1962=  980 

.*.  2  =  5. 

Substitute  value  of  z  in  (3), 

9x-56  =  -10, 
9x  =  45. 

.'.  x  =  5. 

Substitute  values  of  x  and  z 

in(l), 

5  +  y  +  5  =  5. 

.-.  y  =  -5. 


13.        x-3y-22 

2x  — 3y  +  52 

5x  +  2y  —  2 

Multiply  (3)  by  2. 

10x  +  4y-22 
(l)i8      X-3V-22 


1 

--  19 
12 

24 
1 

"23" 


Subt.,  9x+7y 

Multiply  (3)  by  5, 

25x+10y-52=     00 
(2) is      2x~  3vfr)z=^-19 

=     41 
=      23 


Add,  27x+  7y 
(5)  is    9x-f  7y 


Sub.,  18  X 


18 


x  =  l. 


(I) 
(12) 
(3) 

W 

(^) 
(7) 


Substitute  value  of  x  in  (5), 

9  +  7y  =  23. 
.-.  y  =  2. 

Substitute  values  of  x  and  y  in  (1), 

1-6-22  =  1. 
.-.  2  = -3. 


14.                     3j:-2y  =  5 

(1) 

16.                     2^-3y  =  3        n 

(2) 
(3) 

3y-4'^  =  7       M 
-b%  +  U-2       {3) 
(l)is      2ir-3w          =   3 

Multiply  (2)  by  5  and  (3)  by  2, 

(2iu               3y-4>=    7 

20i-15y+10i-     55(4) 

Add.      2i          -4^  =  10 

2i-  4y-103  =  -l 

1(5) 
(6) 

{3)18    -5i          +4j=   2 

Add,    23ii-19y         =     4 

Add.    -3i                   -12 

Multiply  (1)  by  19  and  (G)  by  2, 

.-.  I--4. 

57i-38y  =  95 

(7) 

-  8  -  3y  =  3, 

44i-38y  =  82 

(8) 

-3y  =  lL 

Subtract,    13i           =13 

.•.y  =  -33. 
Substitute  value  ofi  in  (3), 

■"■  ^^'• 

20  +  4«=2, 

SiibHtitutevalueofiinO), 

3  -  2y  -  5. 

.•..;-4j; 

-2y  =  2. 

.■.y  =  -l 

17.             ix-Ay  +  dz^l       (\) 

in  (2), 

4  +  3f-2z  =  ll, 

ri-Gy  +  7i  =  2       (3) 

{l)is        3r-4y+ez  =  l 

r.x(2)  is  12i+l  2y-6i  -  6       (4) 

.-.1=2. 

Add,      15i+  8y         =7       (5) 

Multiply  {2)  by  7, 

14B+14y-7==7      (6) 

(3)iB         7i-6y  +  7!:=2 

15.                 ar+    y            =1 

(1) 

Add,       21 »+  8y        -  9       (7) 

,j+    z-    9 

(2) 

Subtract  (7)  from  (6), 

(3) 

-6i  =  -2. 

r  +  2y  +  2=  =  lG 

.-.  3:=i- 
Sub^titutevalueofIin(7), 

a;  +  y+s  =  7J 

(*) 

7  +  8y  =  9. 

1)  from  (4). 

85  =  2. 

z~&\. 

.-.y-i. 

2)  from  (4), 

I--1 

in  (2). 

3)  from  (4), 
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18. 


7«  — 3y  =  30 

9y  —  5z  =  34 

X  H-  y  4-  z  «=  33 

Multiply  (3)  by  7. 

7a:  +  7y +  7z  =  231 
(l)ifl     7a;-3v  °    30 


(2) 
(3) 


(5) 


Subtract,      10y  +  72  =  201 

Multiply  (2)  by  10  and  (5)  by  9, 

90y-    502=        340(6) 
90v+    632=     1809(7) 

Subtract,  -1132  =.-1469 


SnbeiitatA  yalae  of  s  in  (5). 

lOy  +  91  -  201. 
lOy-UO. 
.•.y-lL 

SabBtitoteyalaeii  of  y  and  t  in  (?»). 

»+ 11 +  13-33. 
•••  «  "  9. 


x+2^4-^ 
2     3 


13. 


6. 


19. 


Simplify, 

Ga?  +  3y  +  2z=  36 
2x  +  6y +  32  =  -6 
3a; +  2y  + 62  =  102 


1  +  1-5 

X     y 

5-1  —  6 


3_1,5 


(1) 

(2; 

(3) 


3x(l)i«18x+9y+ef-108 
(3) is        3x-f-2y+G2  ^  1(>2 

Sub..     15xf7y        -     6      (4) 
2x(2)ia4xfl2y+6z'--    12 
(3)i«      3x4-  2yf62-'      102 

Sub..        x+lOy        --114   (A) 
Subtract  7  X  (5)  from  10  x  (4). 

143J-858 

••.  X  =-  G. 

Substitute  value  of  f  in  (5), 

y---12. 
Substitute  values  ofx  and  y  in  (1). 

2-18. 


20. 


(1) 
(2) 

(3) 


Multiply  (G)  by  4  and  (3)  by  3, 

108 


12     32 

—  +  — 

X        z 

12     9 

+  - 

X       z 


15 


Add 


Multiply  (1)  by  3  and  (2)  by  2, 


Subtract, 


U?  =  15        (4) 
X     y 

.?  +  5  =  -12     (5) 

g    y 

?  +  ?=      27     (6) 

X      z 


41 

—  =  123 

2 

.*.  2=5. 
Substitute  value  of  2  in  (3), 

9-1  =  6. 

X 

.•.  x=  1. 

Substitute  value  of  x  in  (1), 

l+?  =  5. 

y    , 
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ALGEBRA. 


Add, 
(l)ia 

Subtract, 


1     1     1 

-  + =a 

X     y     z 

1      1      1      I. 
X     y     z 

1      1      1 

-  + =  c 

y      2      X 


21. 

(1)       (4)  iB 


(2) 
(3) 


111  r         ,>.x 

-  +  -  +  -  =  a-\-h-\-c  (4) 
X     y     z 

1      1      1 

-+ =  a 

X     y     z 


—% 

2      , 

z 


••.  a  = 


5  +  c 


(2)i8 

Sabtract, 


1  1  1 
-  4-  -  +  - 
a;     y     e 

1      1      1 

+  - 

X     y     z 


a  +  6  +  c 
h 


(4)  is 
(3)  is 

Subt, 


2 

y 


'-y 


1    1    1 

-  +  -  +  - 

X     y      z 

1      1      1 

-  +  -  +  - 
X     y     z 


a  -\-  c 

2 
a  +  c 

a  +  6  +  c 


=  c 


2 
a; 


•  •  yc  —^ 


a-\-h 

2 
a  +  6 


22. 


Multiply  (1)  by  a, 
Multiply  (2)  by  &, 
Multiply  (3)  by  c 

Add  (4),  (5),  and  (G), 
Subtract  twice  (4)  from  (7), 
Subtract  twice  (5)  from  (7), 
Subtract  twice  (G)  from  (7), 

In  (8). 
In  (9), 
In  (10). 


bz  +  cy 

az  -\-  ex 

ay  -f  bx 

ahz  +  acy 
abz  +  box 
acy  +  bcx 


=  a 
=  c 


i^62  +  2acy  +  2bcx 
2bcx 
2acy 
2  abz 


X  — 


y= 


z  — 


5«  4.  c2  -  a« 

y  +  o'-g* 
26c 

2ac 

2ai> 


(1) 
(2) 
(3) 

(4) 
(6) 
(6) 

(7) 

(8) 

(9) 
(10) 
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23. 


|-^  +  i  =  n  (1) 

Multiply  (1)  by  60  and  (2)  by  3<). 


180    48     60      ^^^ 

+  —  =  456 

X       y       z 

10     15     GO      ,^^ 
—  +  — +  —  =  305 


Sub., 


170    63 


=  151 


(«) 


X       y 
Multiply  (2)  by  60  and  (3)  by  30, 

^     y      z 

4    45 
Sub,--+—  =127         (9) 

X     y 

Multiply  (6)  by  2  and  (9)  by  86, 
340     126 


X         y 
340      3825 


+ 

X 


y 


=  302       (10) 
=  10795  (11) 


Add, 


3699 


=  11097 


y 
•••y  =  i 

Substitute  value  of  y  in  (9), 
-  -  +  135  =  127. 

X 

8a;  =  4. 

•  •  *  ^^  ♦. 

Substitute  values  of  x  and  y 

in  (5), 

60 
20+45  +  — -305, 

2 

2402  =  60. 


24. 


Add. 


2     3     4 

^ 

X     y      z 

56     7 
X     y     z 

9      10     8 

-  + 

y      2     X 

i     7 

-     +  - 

X       2 


2.9  (1) 
-10.4(2) 
li.9    (3) 

7.4      (\) 


(5)       Multiply  (1)  by  2, 


(2)  is 

Subt.,     - 
(4)  is 

Subtract, 


4  6  8 
—  f  - 
X     y     z 

5  6     7 

1  l-» 

f  - 

X  2 

1     7 

—  f  - 

X      z 
8 

2 
.'.  2 


5.8      (5) 

-lo.u»;) 


'  1*5.2    (7) 
7.1    (H) 

-    8.8 


Substitute  value  of  z  in  ( 1), 


-"  +7.7-7.4. 

X 


Simplify,    -1  +  7.7.r  -  7.1  j-, 

Zx  -  10. 
.-.  X  -  3J. 

Substitute  values  ofx  and  2  in  (1), 
0.6  -  5  +  4.4  =  2.9. 

y 

Simplify, 

0.6y-3  +  4.4y  =  2.9y. 
.-.  y  =  If 


26 

2     1      3 

-0 

(1) 

(5,1.                   1-3  =  2 

3      2 

2    y 

-- 

(2) 

Mul.(3)by3,    5  +  |.4 

1  +  1 

-ij 

P) 

Add,                 ?       =8 

Multiply  (1)  by  2. 
,2)U                Xl 

=  0 
=  2 

(4) 
(5) 

SubstitaU  vaIueofxm{5}, 
24_3_2. 

H  +  l-Lo.o. 

7     y      7 

.■.,  —  31 

(1). 

Add,             *       -1 

X                2 

-2 

26. 

Add  <1)  and  (2), 

2a;£-o+6 

(1) 
(2) 
(3) 
W 

Multiply  (2)  by  6  and 
abx 

(3)  by  .. 

i§ 

Add,  abx  +  aex -  b'y +  d^  -6'  +  c* 

Substitute  value  of  i  in  (7), 

a^b  +  a'o  +  ah'  +  abc      ,»-        »\  i*        ■ 
(i'-c^y-fi'  +  c'. 

,..y-i!i--" 
1  values  of  x  and  i/  in  (3), 
6     o&tf  +  ac*  +  fee'  -  i'e  ~  2^* 
2(b>-<-') 


2(f 

-'^) 

bz^ 

c. 

ZVc 

~ab^- 

abc-b' 

3Je 

2(6»- 
-o6- 

ac-b^ 
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27. 

2j-y^3y-f-2tx-y-g_^4  /i\ 

3  4  6  ^  ' 

Simplify,  40x -  20y  =  45y  +  30«-  12x  -  12y  -  12z  «  210 

4<)x-20y-2IO  (1) 

45y  +  :i()r  -2U)  (2) 

12x-l2y-12r-2IO  (3) 

Divide  (1)  by  20.  2x  -  y  -  12  (4) 

Divide  (2)  by  15.  3y  +  2*  -  10  (5) 

Divide  (3)  by  1 2,  x  -  y  -  2  -« 20  («) 

Multiply  (4)  by  3,  6x  -  3  y  -  3G  (7) 

(5)  is  3y  f  22      10 

Add.  6x  +22 -52  («) 

;4)i8 


I 


6x 

+ 

22 

-52 

2x 

-y 

..    12 

X- 

-y 

—  r 

20 

X 

+  2 

--8 

3x 

f  2 

'     26 

X 

f2 

-   8 

6)  is 
Subtract,  x        +  2  -  -  8  (9) 

(8)+ 2  is 
(9)  is 

Subtract,  2x         "   J^ 

,%  X  =  17. 

Substitute  value  of  x  in  (^\  y  -  22. 

Substitute  value  of  y  in  (5),  «  -  —  26. 

28. 

x~y  ^x-a-h  /jv 

a        a  ^h  -\  c 
y  —  z     X  —  a  —  h 


h        a  +  6  +  c 

x  +  2     X  —  a  —  h 


(2) 
(3) 


c        a  +  6  f  c 

x(a  +  6  +  c)  -  y(a  +  6  +  c)  =  ax  -  a*  -  a&  ( 1) 

-z(a  +  &  +  c)  +  y(a  +  6  +  c)  =»  6x  -  6»  -  a6  (•')) 

x(a  +  ft  +  c)  +  2(a  +  6  -i-  c)  ="  ex  —  PC  --  6c (<>) 

Add,  2x(a  +  6  +  c)  =  x(a+6+c)-a»-6*-2tt6-ac-6<j 

x{a  +  6  +  c)  =  —  ^a*  +  6'  +  2aA  +  ac  +  6c). 
.".  x=»  —  (a  +  6). 

Froin(4).   —  (a+6)(a+6+c)-y(a+6+c)  =  -  2a*  -  2a6, 
or,  — y(a+6+c)  =  —  a'  +  6'  +  oc  +  6c. 

,-.         (a+M(a-6-c) 
a-f  6  +  c 
From(6),   — (a+6)(a+6+c)+z(a+6+c)=- -2ac- 26c, 

2(a+6+c)  =  a»  +  2a6  +  6»  -  ac  -  6c. 
.         (a  +  6-c)(a  +  6) 
a  +  6  +  c 
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Exercise  69. 

1.  The  sum  of  two  nnmbers  divided  by  2  gives  as  a  quotient 
24,  and  the  difference  between  them  divided  by  2  gives  as  a  quo- 
tient 17.    What  are  the  numbers? 

Let  X  =  first  number, 

and  y  =  second  number. 

Then  ^^^^  =  24  (1) 

2  ^  ^ 

and  ^^^^  =  17  (2) 


Add  (1)  and  (2),  x  =  41 

Subtract  (2)  from  (1),  y  =  7. 

2.  The  number  144  is  divided  into  three  nnmbers.  When  the 
first  Is  divided  by  the  second,  the  quotient  is  3  and  the  remainder 
2 ;  and  when  the  third  is  divided  by  the  sum  of  the  other  two 
nnmbers,  the  quotient  is  2  and  the  remainder  6.  Find  the  num- 
bers. 

Let  X  =  first  number, 

y  =  second  number, 
and  z  =  third  number. 

Then  a:  +  y  +  2  =  144  (1) 

x-2     o  ^2) 

(3) 

(4) 

(5) 
(6) 


id 

=  0 

^-6  =  2 

x  +  y 

Simplify  (2), 

x-Sy  =  2 

Simplify  (3), 

z-2y-2x=     6 

Multiply  (1)  by  2, 

2x  +  2y +  2z  =  288 

Add  (5)  and  (6). 

32  =  294 

.-.  2  =  98. 

Substitute  value  of  z  in  (1),  a;  +  y  +  98  =  144, 

a;  +    y  =  46 

(4)  is 

a;-3y=    2 

Subtract, 

4y  =  44 

.-.  y  =  ll. 

Substitute  value  of  y 

in  (7),      a; +  11  =  46. 

.*.  a;  =  35, 

(7) 
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3.  Three  times  the  greater  of  two  nambera  exceeds  twice  the 
less  by  10 ;  and  twice  the  greater  together  with  three  times  the 
less  is  24.    Find  the  nnmbers. 

Let  X  =  greater  number, 

and  y  =  less  number. 

3x-2y-10  (1) 

2x  +  3y  -  24  (2) 

6x-   4y-     20 
6a; -t-    9y»     72 


Then 
and 

Multiply  (1)  by  2, 
Multiply  (2)  by  3, 
Subtract, 


-13y 


-62 

.-.  y-4. 
Substitute  value  of  y  in  (1),  3x  -  8  >  10. 

.-.  x  =  6. 


4.  If  the  smaller  of  two  nnmbers  be  divided  by  the  greater, 
the  quotient  is  0.21  and  the  remainder  0.0057;  bat  if  the  greater 
be  divided  by  the  smaller,  the  qootient  is  4  and  the  remainder 
0.742.    What  are  the  nnmbers  ? 


Let 
and 

Then 


Hence, 

and 
Simplify  (1), 

Simplify  (2), 


Multiply  (3)  by  4, 
(4)  is 

Add, 


X  » larger  number, 
y  »  smaller  number. 

-  =  smaller  divided  by  larger, 

-  =  larger  divided  by  smaller. 

^  y  0.0057 

X     .  ^  0.742 
-  =  4  + 

y  y 

.  y  =  0.21  X  +  0.0057 

y  -  0.21  X  =  0.0057 

x  =  4y  + 0.742 

x-4y  =  0.742 

4y-0.84x  =  0.0228 
-4v+         x^  0.742 


(1) 

(2) 

(3) 
(4) 


Substitute  value  of  x  in  (4), 


0.16x  =  0.7648 
.-.  x  =  4.78. 

_4y  =  - 4.038 
•*•  y  » 1XX)95. 
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5.  Seven  years  ago  the  age  of  a  father  was  four  times  that  of 
his  son ;  seyen  years  hence  the  age  of  the  father  wUl  be  doable 
that  of  the  son.    What  are  their  ages? 

Let  X  =  namber  of  years  in  father's  age. 

Then    x  +  7  =  number  of  years  in  father's  age  7  years  hence, 

X  —  7  =  number  of  years  in  father  s  age  7  years  ago. 
Let  y  =  number  of  years  in  son's  age. 

Then   y  +  7  =  number  of  years  in  son's  age  7  years  hence, 
y  —  7  =  number  of  years  in  son's  age  7  years  ago. 

a;-7  =  4(y-7)  (1) 

x  +  7  =  2(y  +  7)  (2) 

x^Ay 21  (3) 

x-2y=       7  (4) 

Subtract.  -2y  =  -28 

.•.y  =  14. 

Substitute  value  of  y  in  (4), 

a:-28  =  7. 
.  •.  a:  =  35. 

6.  The  sum  of  the  ages  of  a  ^ther  and  son  is  one-half  what 
it  will  be  in  25  years ;  the  difference  between  their  ages  is  one- 
tliird  of  what  the  sum  will  be  in  20  years.    What  are  their  ages? 

Let  X  =  number  of  years  in  fsither's  age, 

and  y  =  number  of  years  in  son's  age. 

Then    x  +  y  —  sum  of  ages, 
X  +  y  +  60  —  sum  of  ages  in  twenty-five  years. 

,_^^T±Jt±^  (2) 

Simplify  (1),  X  +  y  =  50 

Simplify  (2).  2x-4y  =  40 

(3)  is  X  +    y  =  50 

(4)  ^  2  is  x-2y  =  20 

Subtract,  3y  =  30 

.-.  y  =  10. 
Substitute  value  of  y  in  (3), 

x-i- 10  =  50. 
.-.  x  =  40. 
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7.  If  B  give  A  $25,  thej  will  bare  equal  suibs  of 
if  A  give  B  $22,  B's  money  will  be  doable  tbai  of  A. 

mach  has  each? 

Lefc  X  =  number  of  dollan  B  hit*, 

and  y  =■  number  of  dollars  A  has. 

Then  x  —  25  —  number  of  dollarB  B  h^*  afvr  ^''^.t.z  f  -T  ;  •  A 
y  +  25  =  number  of  dollan  A  baa  a-Vr  r«-  r  -.r  iS 
x-25  =  y +  25 

y  —  22  =»  number  of  dollars  A  has  aft/  r  ;r.".'  J  ?  -T  t.    L 
X  +  22  =  number  of  dollars  B  has  afurr  re>.«.:»  llj  f  -» 
x  +  22  =  2(y-22)  «.- 

Transpose  and  combine, 

X-   y=     50  r 

x-2y  =  -G6  {i 

Subtract,  y=    110 

Substitute  value  of  y  in  (3), 

X- 116  =  50. 
.-.  X  - 166. 


8.  A  fanner  sold  to  one  peracNi  80  boaheb  of  wheat  md4  ¥» 
bushels  of  barley  for  $67.50;  to  another  person  he  ^»A  U) 
bushels  of  wheat  and  30  boshels  of  barley  for  #^5.  What  was 
the  price  of  the  wheat  and  of  the  barley  per  boabel? 

Let     X  =  number  of  dollars  received  per  \n^\.*:\  ,f  w:.-  *• 
and         y  —  number  of  dollars  received  per  bu^L*:!  of  'j^j'^ty 

Then  30x  +  40y  -  67J  '  1 . 

50x  +  30y  =  85  'J; 

Simplify  (1),  60x  +  80y  =  1 35  Ti , 

Multiply  (2)  by  I.    60x  +  36y  =  102  (4/ 


Subtract, 

44y 

-   33 

•y 

-1 

Substitute  value  of  y  in 

(3). 

60x 

+  60  = 

135. 

60x» 

75. 

•*•  X 

-u. 

9.  If  A  gives  B  $6,  lie  wilt  then  have  $Q  less  than  B ;  but 
if  he  receives  95  from  B,  three  times  his  mooef  will  be  $20  more 
IhaD  four  times  B's.    How  much  has  each  ? 

Let  X  —  number  of  doltara  A  haa 

and  y  =  number  of  dollars  B  has. 

Then  w  —  5  ■=  namber  of  dollars  A  has  after  giving  B  $5, 

and  y  +  5  =  number  of  dollars  li  lias  after  receiving  $5. 

Hence,  ar  —  5  =  y  +  5  —  6, 

and  3(j  +  5)-4(y^5)  +  20. 


Transpose. 

-y 

4 

(1) 

3i' 

4y  = 

-15 

(2) 

Mnltiply(l)by3, 

3x- 

-3v^ 

12 

(3) 

(2)  is 

■6x- 

4y  = 

-15 

■.y- 

37 

Substitute  value  of  y 

n(l), 

X 

-27  = 

4. 

31. 

10.  The  cost  of  IS  horses  and  14  < 
S  taorsea  &aA  3  cows  Is  $660.  What  is 
cow  respectively? 


Let                     X  ~  nnmber  of  dollars  a  horse  costs, 
ad                        y  =  number  of  dollars  a  cow  costs. 

Then                             12a;  +  I4j,  -  1900 
nd                                     5x+    3;/ =  650 
Multiply  (1)  by  3,       36i  +  42j)  =  5700 
TWni.i„l„  /(J)  by  14,      70i  +  42y  =  9100 

(1) 
(2) 
(3) 
(4) 

34x             -3400 

.-.  i-lOO. 

value  of  a  in  (2), 
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11.  A  certain  fraction  becomes  equal  to  2  when  7  In  added  to 
its  numerator,  and  equal  to  1  when  1  b  subtracted  from  Its 
denominator.    Determine  the  fraction. 


Let 

X 

y 

-»  required  fraction. 

By  conditions, 

?_+_7^ 

y 

=  2 

(1) 

and 

Simplify  (1), 
Simplify  <2), 
Transpose  (3), 
Transpose  (4), 

X 

y-1 

x  +  7^ 

X 

x~2y 
X-    y 

=  1 

-2y 

-y-1 

:'      -7 
--1 

(2) 

(3) 
(«) 
(f-) 

Subtract, 

y 

-     6 

Substitute  value  of  y  in  i 

P). 

ar-12 

--7. 

.'.  fraction  =  |. 

.'.  X 

—  5. 

12.  A  certain  fraction  becomes  equal  to  \  when  7  Is  added  to 
its  denominator,  and  equal  t«  2  when  13  is  added  to  iU  numera- 
tor.   Determine  the  fraction. 

Let  -  =  required  fraction. 

y 


By  conditions,       — 

1 

0) 

y 

+  7 

2 

and                         ^^ 

• 

13 

y 

=  2 

(2) 

Simplify  (1),        2x 

-y 

=  7 

(•'5) 

Simplify  (2),        x  - 

•2y  = 

=  -13 

(4) 

Multiply  (3)  by  2, 

4a;- 

-2y  = 

=     14 

(4)  is                    x- 

-2y  = 

=  -13 

Subtract,           3x 

=     27       , 

t 

.'.  X 

=  9. 

Substitute  value  of  i 

T  in  1 

(3). 

18 

-y 

=  7. 

.-.  y: 

=  11. 

.%  fraction  -=  ^y. 

13.  A  cerUrin  fraction  becomes  equal  to  J  when  the  denomi- 
nator l8  increased  by  i,  and  equal  to  jf  when  tlie  numerator  la 
dimlniabcd  by  IS.    Detenniue  the  fraction. 


Simplify  (I). 
SimpUfy  (2), 
Tranapoae, 

Multiply  (3)  by  20. 
MultiE.in4)l>yr, 

4l2-615-20«. 

4!i-20y  =  G15 
180r-140y=       560 
2S7i-liOy=      4305 

Snbtraol, 

Snbetitnte  value  of  sr 
.-.  fraction- JJ. 

-  mix              =  -  3845 
.-.  :r=35. 

n(3),315-7y-28. 
.•.y  =  4l. 

14.  A  certain  fractloD  becomes  equal  to  |  If  7  be  added  to  the 

numerator,  and  equal  to  3  T  7  be  subtracted  from  the  denomina- 
tor.   BctermlDC  the  fraction. 


y    ^3 

(1) 

.lify(l). 

5!?(i), 

X        3 
y-7"8 

31  +  21  =  2y. 
3z-2y  =  -21 

8jr-3y-21. 
8*-3y  =  -2, 

(2) 

(3) 
(4) 

.iply(3)by3, 
■iply  (i)  l>y,2, 

9i  -  6y  =  -  r.3 
lGi-6y  =  -43 

u 

raot, 

-■7x           =  -  21 
.-.1  =  3. 

titute  valuoofi 
action  =  A,. 

n(3) 

D-2y--21. 
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15.  Find  two  fractions  with  niimeratora  2  and  6  rcspvcUvclj, 
whose  sum  is  1},  and  if  their  donominatore  arc  Interchanged 

their  sam  is  2. 

Let  X  ==  denominator  of  first  fraction. 

and  f/  —  denominator  of  second  fraction. 

Then  -  +  --^  0) 

X     y     2 

and  ?  ^  '*  ,  2  (2) 

y    ' 

Multiply  (1)  by  2.  ^  »  P  ,  3  (3) 


_ 

+  - 

B.  — 

X 

y 

2 

2 

5 

4 

,2 

y 

j; 

4 

10 

«> 

-   ♦ 

— 

-=  3 

X 

y 

25 

-     4 

10 

.  10 

X 

y 

21 

-7 

.T 

• 

•.  J 

"3. 

Multiply  (2)  by  5.  ^-  <  '"  .  10  (4) 

Subtract, 


Substitute  value  of  x  in  (2),  y  «•  6. 

.*.  first  fraction  =  J,     second  fraction  =  J. 

16.  A  fraction  which  is  equal  to  ]  is  Increased  to  j\  when  a 
certain  number  is  added  to  both  Its  numerator  and  dciiomliiaUir, 
and  is  diminished  to  J  when  one  more  than  the  same  numlKT  Is 
subtracted  from  each.    Determine  the  fraction. 

Let  X  equal  numerator,  y  the  denominator,  and  z  the  nambor 
to  be  added. 


Then                                                    -  -  ^ 

(1) 

y  I 

x-^z      8 

(-') 

y  +  z    n 

.a                             '-^^A 

(3) 

y-(2+i)    9 

^     f 

Clear  of  fractions  and  transpose, 

3a;-2y  =  0 

(«) 

lla;-8y  +  3z  =  0 

(■•) 

9a:-5y-42  =  4 

(fi) 

Multiply  (5)  by  4,    44a;- 32y  +  12^  =   0 
Multiply  (6)  by  3,    27g- 15y- 122  =  12 

Add,  71a: -47y  =12  (7) 

Multiply  (7)  by  3,  21 3  z  -  141  y  =  36 

Multiply  (4)  by  71 ,         213a:-142y=   0 

Subtract,  y  =  36 

Substitute  value  of  y  in  (1),  x  •=  24. 

.-.  fraction  =  ff. 


17.  The  sum  of  the  two  digits  of  a  number  is  10,  and  ir  64  be 
added  to  the  Dumber  the  digits  will  be  intercbtmgud.  What  is 
the  number? 


Let                                        I  =  digit  in  t 

ns' place 

n'l                                           y  "  digit  in  u 

nils'  place 

Then                          lOi +  y  -  number. 

By  conditions,               i  +  ji  =  10 

0) 

nd                        10j:  +  jr  +  51  =  10y  +  i, 

91-93/=  -54. 

Dividabyg,                  i-y  =  -6 

(2) 

Add  (1)  and  (2),                2i-4. 

Subtract  (2)  from  (1),        2y  =  16. 


18.  The  sum  of  the  two  digits  of  a  number  Is  G,  and  If  the 
number  be  divided  bj  the  sum  of  the  digits  the  quotient  is  4. 

What  is  the  nnmber? 


en 

y  =  digit  in  units'  plac 
lOi  +  y  -  nnmber, 

t 

i  +  y-fi  (1) 
10^.4                        (2) 

ar  of  fractione. 

\Ox  +  y~  24 

i  +  y=   6 

Jtract, 

9x        =18 

.-.  s-2. 

jstitute  value  of 

»  in  (1). 
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19.  A  certain  number  is  expressed  by  two  digits,  of  which  the 
tens*  digit  is  the  greater.  If  the  number  be  divided  by  the  sum 
of  its  digits  the  quotient  is  7 ;  if  the  digits  be  intercbanged,  and 
the  resulting  number  diminished  by  12  l)c  divided  by  the  differ- 
ence between  the  two  digits,  the  quotient  is  0.     What  Is  tho 

Duml)er? 

Let  X  =  digit  in  tens*  place, 

and  y  »  digit  in  units'  place. 

Then  lOx  +  y  =  number. 


By  conditions. 
Simplify  (1), 

«  +  y 

lOy  +  ar-12     g 
3ar-Gy=.0 

0) 

(2) 

Simplify  (2). 
Multiply  (3)  l.y  f , 

-8a:  +  19y-12 
hx-UUj   ■    0 

(4) 

Add, 

Substitute  in  (3), 

3y  -  12. 
.'.  y ""  4. 
«-8. 

.'.  number  =  84. 

20.  If  a  certain  number  be  divided  by  the  sum  of  it^  two 
digits,  the  quotient  is  6  and  the  remainder  3;  if  tlm  digits  Yk*  in- 
terchanged, and  the  resulting  nnml>er  )>e  divided  hy  tlic  sum  of 
the  digits,  the  quotient  is  4  and  the  remainder  9.     Wliat  is  tlic 

number? 

Let  X  =»  digit  in  tens'  place, 

and  y  =  digit  in  units'  ])Iaco. 

Tlien  lOjc  +  y  =  number. 

By  conditions,  — - — ^~     =0  (1) 

12.y_±^ -_? .-.  4  (2) 

ar  +  y 
Clear  (1)  and  (2)  of  fractions,  transpose  and  combine, 

4a;-5y  =  3  (3) 

-3a;  +  Gy  =  9  (4) 

Divide  (4)  by  3,  -  a;  +  2y  -  3  (5) 

Add  4  X  (5)  and  (3),         -4a?  +  Sy  =  12 

4a;  — 5y=    3 

3y  =  15 
.-.  y=5. 
Substitute  value  of  y  in  (3),  a;  =-  7. 

.•,  number  =  75. 


21,  ir  n  certain  immbor  bo  UivltlccJ  by  the  sum  of  its  two 
digits  dlminislicd  b;  2,  the  quotieat  Is  5  and  the  reminder  1 ;  if 
the  digits  be  interchanged,  and  the  resulting  number  be  divided 
by  the  sum  of  the  digits  Increased  by  2,  the  quotient  Is  6  and 
the  remitiniler  8.    Find  the  number. 


Let                 I  =  digit  ii 

1  tens'  place, 
n  unite  place. 

id                    y  =  digit  ii 

Then  10a:4y  =  number. 

lO^  +  J-      5  1          '        . 

x^y--l             x  +  y-2 

id 

lOv  +  x      ^,         8 

a  +  y  +  2             3:  +  y  +  2 

Clear  of  fractiouB, 

10x  +  y  =  5i  +  5!/-10  +  l. 

103;+j:-5i  +  5y+10+-8. 

TranspoBB  and  combine 

.     5i-4y--9                    (n 

5y-4r=lS                      M 

Multiply  (1)  by  5, 

25i-20y  =  -45 

Multiply  (2i  by  4,       - 

.I0i  +  20y=      72 

^     Subatituto  value  of  x  in  (1), 
.  number  =  3G. 


(C  Drat  of  the  two  digits  of  a  nuraber  is,  when  doubled, 
on  tl)e  second,  and  the  number  Itself  is  less  by  G  than 
the  sum  of  the  digits.     What  is  the  number? 

,et  X  =  digit  in  tons'  place, 

y  =  digit  in  unita'  place, 
'hen   lOi  4  y  ^  number. 

ly  conditions,  2l  =  y  +  3  (1) 

10i  +  y  +  S-5i  +  53/  (2) 

'ranspoao  and  combine.        23;  -  y "  3  (3) 

5a;-4y  =  -(!  (4) 


ubHtitulflvalnoof  arin  (3), 
■■  number  =■  GO. 
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23.  A  number  is  expressed  by  three  digits,  of  which  the  first 
aud  last  are  alike.  By  interchanging  the  digits  In  the  units* 
and  tens'  places,  the  number  is  increased  by  54 ;  bat  If  the  dlj^lts 
in  the  tens'  and  hundreds'  places  are  intcrchan;i^eil,  9  must  be 
added  to  four  times  the  resulting  number  to  malce  It  equal  to  the 
original  number.     What  is  the  number? 

Let  X  =  digit  in  hundreds*  and  units*  place, 

and  y  =  digit  in  tens*  place. 

Then  lOlx  +  lOy  =  number. 

By  conditions,  llOx  +  y  -  101  x  f  lOy  f  54      (1) 

4(llx  +  100y)f9--10lx  f  lOy  (2) 

Transpose  and  combine  (1),    9x  -  9y  =»  M  ('•) 

Divide  (3)  by  9,  x-y--0  0) 

Transpose  and  combine  (2), 

-  57x  +  390y  -  ~  9 
Multiply  (4)  by  57,  57x-    57y   ^312 


Add. 

Substitute  value  of  y  in  (i), 
.'.  number  ^717. 

333y-  =  333 
.-.  y  «  1. 
x-7. 

24.  A  number  is  expressed  by  three  digits.  The  sum  of  the 
digits  is  21 ;  the  sum  of  the  first  and  second  exceeds  the  third 
by  3;  and  if  198  be  added  to  the  number,  the  dibits  In  the  unltH* 
and  hundreds'  places  will  be  interchanged.     Find  the  number. 

Let  X  =  digit  in  hundreds*  place, 

y  =  digit  in  tens*  place, 
and  2  =  digit  in  units'  place. 

Then    lOOx  +  lOy  f  2  =  number. 

By  conditions,  x  +  y  +  «  «  21  (1) 

and  X  +  y  —  2  «=  3  (2) 

lOOx  +  lOy  +  2  +  198  =  lOOz  f  lOy  +  x        (3) 
Subtract  (2)  from  (1),  22  =  IS. 

.-.  2  =  9. 

Divide  (3)  by  99,  x  -  2  «  -  2  (1) 

Substitute  value  of  2  in  (3),         x  —  9  =  —  2. 

.•.  x  =  7. 
Substitute  values  of  x  and  2  in  (2),  y  =  5. 
.*.  number  =  759. 
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25.  A  nomber  is  expressed  by  three  digits.  The  sum  of  the 
digits  is  9 ;  the  nninber  is  equal  to  forty-two  times  the  sum  of 
the  first  and  second  digits ;  and  the  third  digit  is  twice  the  sum 
of  the  other  two.    Find  the  number. 


Let 

X  =  digit  in  hundredfl'  place, 

y  =  digit  in  tens'  place, 

and 

z  =  digit  in  units'  place. 

Then 

ar  +  y  +z  =  9 

100a:  +  lOy  +  2  =  42(a:  +  v) 
2  =  2(x  +  y) 

From  (2), 

58a;-32y  +  2  =  0 

From  (3), 

-2a:-    2y -1-2  =  0 

Subtract, 

60a: -30y        =0 

Divide  by  30, 

2a:-v=0 

Subtract  (3)  from  (1).          3x  +  3y  =  9 

Divide  by  3, 

a;  +  y  =  3 

(4)  is 

2x-y  =  0 

Add. 

3a;        =3 

(1) 

(2 
(3) 


(4) 
(5) 


.*.  a:  =  1. 
Substitute  value  of  x  in  (5),  y  =  2. 

Substitute  values  of  x  and  y  in  (1),  z  =  Q. 
.'.  number  =  126. 

26.  A  certain  number,  expressed  by  three  digits,  is  equal  to 
forty-eight  times  the  sum  of  its  digits.  If  198  be  subtracted  from 
the  number,  the  digits  in  the  units'  and  hundreds*  places  will  be 
interchanged;  and  the  sum  of  the  extreme  digits  is  equal  to 
twice  the  middle  digit.    Find  the  number. 

Let  X  =  digit  in  hundreds'  place, 

y  =  digit  in  tens'  place, 
and  2  =  digit  in  units'  place. 

Then  100  a;  +  lOy +  2  =48(a: -i-y -f2)     (1) 

100a;  -I-  lOy  +  z  -  198  =  IOO2  +  lOy  +  a:    (2) 

and  x  +  z^2y  (3) 

Frora(l),       52a; -38y- 472  =  0  (4) 

From  (2),  99a; -992=  198. 

Divide  by  99,  a:  -  2  =  2  (5) 

From  (3),  a;  -  2y  +  2  =  0  (6) 

Subtract  19  X  (6)from  (4),  33  a;  -  C62  =  0. 

Divide  by  33,  a:  -  22  =  0  (7) 

Subtract  (7)  from  (5),  2  =  2. 

Substitute  value  of  2  in  (5),  a*  =  4. 

Substitute  values  of  x  and  z  in  (6),  y  =  3. 

.*.  number  =  432. 
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27.  A  waterman  rows  30  miles  and  back  in  12  hoars.  He 
finds  that  he  can  row  6  miles  with  the  stream  in  tlic  same  lime 
as  3  against  it.  Find  tlie  time  he  was  rowing  up  and  down 
respectively. 

Let  X  =  number  of  hours  Iio  rowo<l  down, 

and  y  =  number  of  hours  ho  rowed  up. 

By  conditions,  ar-f-y--»12                  (1) 

and  6x-3y                 (2) 

Transpose  (2),  5a:— 3y-=.    0 

Multiply  (1)  by  3,  3jr  +  3y  «  36 

Add,  8  a:  -38 

Substitute  value  of  «  in  (1),  4}  +  y  »  12. 

.-.  y-7}. 


28.  A  crew,  which  can  pull  at  the  rate  of  12  miles  an  hoar 
down  the  stream,  finds  that  it  talces  twice  a^  loni;  to  rome  up  the 
river  as  to  go  down.    At  what  rate  does  the  stream  flow? 

Let  X  =  rate  of  pulling, 

and  y  =  rate  of  stream. 

Of  +  y  =  rate  down  stream, 
X  —  y  =  rate  up  stream. 
Then  a  +  y  =  12  (1) 

g-y=   6  (2) 

Subtract.  2y=    6 

.  *.  y  =  3  =>  rate  stream  flows. 

Substitute  value  of  y  in  (1), 

X  +  3  =1 12, 

x-12~3. 
.«.  X  — 9. 


29.  A  man  sculls  down  a  stream,  which  runs  at  the  rate  of  4 
miles  an  hour,  for  a  certain  distance  in  1  hour  and  40  minutes. 
In  returning  it  takes  him  4  hours  and  15  minutes  to  arrive  at  a 
point  3  miles  short  of  his  starting-place.  Find  the  distance  he 
pulled  down  the  stream  and  the  rate  of  his  pulling. 


Let                 x~  rate  the  mftn  sculla. 

and                    y  -  number  of  milea  ho  goes. 

Then        z  -f  4  —  rat«  going  down  the  stream. 

and              I  -  4  =  rate  going  op  the  stream. 

{x  +  4)4  =  number  of  miles  he  goes. 

.■.(==  +  4)Hy 

(1) 

and                                 {i-4)-V=y-3 

(2) 

4x(l)ifl                    20i+    80  =  12y 

(3) 

3x{2)iB                    51i-a)4  =  13y-36 

(i) 

Snbtract.                -31i  +  284=             36 

.:  1  =  8,  rate  of  polling. 
Subslitutoviiluoofiin(l).     y  =  20. 

own  a  stream  a  distance  of  20  milee  and 
Ue  Qnds  he  can  row  2  miles  against  tlic 
e  he  can  row  3  miles  with  It.  Find  the 
1  and  of  his  rowing  up  the  stream;  and 

■te  of  rowing, 
te  of  etream. 


— jr">+y 

(1) 

»-  +  JL.i„ 
+y   «-y 

(2) 

—  5, 

(3) 

■•of.  in  (2). 

?  +  ?-» 
8y     4y 

.■.,.(. 

—u. 

J^-'"" 

BofmnQingdown) 

20         t•,^■ 

9  of  Towing  np). 
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31.  A  grocer  mixed  tea  that  cost  him  42  cents  a  pound  with 
tea  that  cost  him  54  cents  a  pound.  He  had  30  pounds  of  the 
mixture,  and  by  selling  it  at  the  rate  of  GO  cents  a  pouud,  he 
gained  as  much  as  10  pounds  of  the  cheaper  tea  cost  him.  How 
many  pounds  of  each  did  he  put  into  the  mixture? 

I 

Let  X  =  number  of  pounds  of  tea  at  42  cents, 

and  y  ■■=  number  of  pounds  of  tea  at  54  cents. 

Then  x  +  y  =  30  (1) 

42x  +  54y  =  1800 -420       (2) 

Multiply  (1)  by  42,  42a;  +  42y  =  1260 

42  a; +54y  =  1380 
12y=    120 

.-.  y-10. 

a;  +  10  =  30. 

.-.  a;  =  20. 


32.  A  grocer  mixes  tea  that  cost  him  90  cents  a  pound  with 
tea  that  cost  him  28  cents  a  pound.  The  cost  of  the  mixture  is 
$61.20.  He  sells  the  mixture  at  50  cents  a  pound,  and  gains 
$3.80.    How  many  pounds  of  each  did  he  put  into  the  mixture? 

Let  X  =  number  of  pounds  of  tea  at  90  cents, 

and  y  =  number  of  pounds  of  tea  at  28  cents. 

28  y  =  number  of  cents  second  kind  cost. 
Then  90  a;  +  28y  =  number  of  cents  whole  cost, 

X  -vy  =^  number  of  pounds  in  whole  mixture, 
and  50  (aj  +  y)  =  number  of  cents  received. 


Hence, 

50a;  +  50y  =  6500 

(1) 

90  a; +  28y  =  6120 

(2) 

Multiply  (1)  by  H, 

28  a; +  28y  =  3640 

(3) 

Subtract, 

62  a;            =  2480 
.%  a;  =  40. 

Substitute  value  of  a;  in  ( 

1),               y  «  90. 
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33.  A  farmer  has  28  bushels  of  barley  worth  84  cents  a  bushel. 
With  his  barley  he  wishes  to  mix  rye  worth  $  1.08  a  bushel,  and 
wheat  worth  $1.44  a  bushel,  so  that  the  mixture  may  be  100 
bushels,  and  be  worth  $1.20  a  bushel.  How  many  bushels  of 
rye  and  of  wheat  must  he  take? 

Lot  X  =  number  of  bushels  of  wheat, 

and  y  =  number  of  bushels  of  rye. 

Then    2352  =  cost  in  cents  of  barley, 
144  a;  =  cost  in  cents  of  wheat, 
108  y  =  cost  in  cents  of  rye, 
and        12,000  =  cost  in  cents  of  mixture. 

a;  +  y  +  28  =  100, 

a:  +  y  =  72  (1) 

144a;  +  108y  -f  2352  =  12000, 

144  a;  +  108t/  =  9648  (2) 

Divide  (2)  by  36,  4  a?  +  3  y  =  268                    (3) 

Multiply  (1)  by  3.  3a;  +  3y  =  216                    (4) 

Subtract,  x          =  52       ' 

Substitute  value  of  x  in  (1),  y  =  20. 

34.  A  and  B  together  earn  $40  in  6  days ;  A  and  C  together 
earn  $64  in  9  days ;  B  and  C  together  earn  $80  in  15  days.  What 
does  each  earn  a  day? 

Let  X  =  number  of  dollars  A  earns  in  one  day, 

y  =  number  of  dollars  B  earns  in  one  day, 


and                 z  =  number  of  dollars  C  earns  in  one 

•  day. 

Then 

a;  +  y  =  ^ 

a;  +  2  =  6 

(1)' 
(2) 

and 

y  +  2  =  M 

(3) 

Simplify  (1), 

3a;  +  3y          =20 

(4) 

Simplify  (3), 

3y +  32  =  16 

(5) 

Subtract, 

3a; 

-32=   4 

(6) 

Multiply  (2)  by  3, 

3a; 

+  32  =  18 

(7) 

Add, 

6a; 

=  22 
.-.  a;  =  3f. 

Substitute  value  of  x  in  (1), 

y  =  3. 

Substitute  value  of  x  in  (2), 

3  =  2J. 
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35.  A  cistern  has  three  pipes,  A,  B,  and  C.  A  and  B  will  flli 
it  in  1  hoar  and  10  minutes ;  A  and  C  in  one  hour  and  24  inln- 
ates;  B  and  C  in  2  hours  and  20  minutes.    How  long  will  It  take 

each  to  fill  it? 

Let  X  =>  number  of  minutes  it  takes  A  to  fill  it, 

y  =  number  of  minutes  it  takes  B  to  fill  it. 

and  z  =  number  of  minutes  it  takes  0  to  fill  it. 

-,  -,  -,  =  parts  A,  B.  C  can  fill  in  one  minute. 
X  y  z       ^ 

Hence.  1  + 1  ^  L  (i) 

(2) 
(3) 


X 

y 

1 

14 

X 

z 

1 

84 

U 

y 

1 

z 

1 
140 

I 

X 

".if 
y 

z 

\  r 

"«0 

z- 

-420. 

y- 

-210. 

X  - 

-  105. 

Add,  and  divide  by  2, 

Subtract  (1), 
Subtract  (2), 
Subtract  (3), 


36.  A  warehouse  will  hold  24  boxes  and  20  bales ;  6  boxe« 
and  14  bales  will  fill  half  of  it.  How  many  of  each  alone  will  It 
hold? 

Let  X  =  number  of  boxes  it  will  hold, 

and  y  =  number  of  bales  it  will  hold. 

Then      -i  -  =  parts  one  box,  one  bale,  can  fill. 
X  y 

24      20      ,  ... 

Hence,  —  +  —  =1  (1) 

X       y 

«         14         1  /ov 

and  -  +  —  =  o  ^^/ 

X      y      2 

4X(2)-(1)  1  =  1. 

.-.  y  =  36. 
Substitute  value  of  y  in  (2),  x  »  54. 
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37.  Two  workmen  together  complete  some  work  in  20  days ; 
but  if  the  first  liad  worked  twice  as  fast,  and  the  second  half  as 
fast,  they  would  have  finished  it  in  15  days.  How  long  would  it 
take  each  alone  to  do  the  work? 

Let  X  =  nnmber  of  days  it  would  take  the  first  alone, 

and  y  =  nnmber  of  days  it  would  take  the  second  alone. 

Then      -,  -  =  parts  they  can  do  in  one  day, 

-  +  -  =  part  both  could  do  in  one  day, 

2      1 

and       -  -f  -^  =  part  they  could  do  if  first  worked  twice  as  fast, 

*     2y        and  second  worked  half  as  fast. 

(1) 

and  f  +  _L  =  J.  (2) 


.  . 1 

X     y 

1 
20 

X     2y 

1 
15 

3 

4y 

1 
60 

.-.  y  = 

=  45. 

X  = 

=  3G. 

(l)-iof(2)is 


Substitute  value  of  y  in  (1), 

38.   A  purse  holds  19  crowns  and  6  guineas ;  4  crowns  and  5 
guineas  fill  J  J  of  it.    How  many  of  each  alone  will  it  hold? 

Let  X  =  number  of  crowns  bag  holds, 

y  =  number  of  guineas  bag  holds. 

Then  -  =  part  of  bag  1  crown  occupies, 

-  =  part  of  bag  1  guinea  occupies. 

X      y  ^  ' 

and  1  +  5  =  1^  (2) 

a:     y     63  ^^ 

5x(l)-6x(2)is  Zl  =  213 

X       63 
.••  X  =  21. 

Substitute  value  of  x  in  (1),      12  +  5  =  i. 

21     y 

.-.  y  =  63. 
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39.  A  piece  of  work  can  be  completed  by  A,  B«  and  C  together 
in  10  days;  by  A  and  B  together  in  12  days;  by  B  and  C,  If  B 
work  15  days  and  C  30  days.  How  long  will  it  take  each  alone 
to  do  the  work? 

Let  X  =>  number  of  days  it  takes  A, 

y  =  number  of  days  it  takes  B, 

and  z  =  number  of  days  it  takes  C. 

Then  -i  -,  and  — ,  respectively,  =  part  each  can  do  in  one  day. 

X     y     z      10 

i.i«l  (2) 

ar     y      12  ^  ' 

and  "t:  +  T "  ^  (^) 

Subtract  (2)  from  (1). 


Substitute  value  of  z  in  (3), 


Substitute  value  of  y  iu  (2), 


X 

y 

IJ 

15 

30 

1 

—  + 

—^     Sd 

y 

2 

1^ 

J^ 

z 

GO 

• 

'.  z^ 

60. 

15 

.  1 

^ 

+  -" 

'1. 

y 

2 

• 

■•y  = 

^30. 

1  . 

1 

1 

-  -H 

'     ■» 

X 

30 

12 

I.. 

1 

X 

'20 

• 

:  x  = 

«20. 

40.  A  cistern  has  three  pipes,  A,  B,  and  C.  A  and  B  will  fill 
it  in  a  minutes ;  A  and  C  iu  6  minutes ;  B  and  C  in  c  minutes. 
How  long  will  it  take  each  alone  to  fill  it? 

Let  X  =  number  of  minutes  it  takes  A, 

y  =  number  .of  minutes  it  takes  B, 

and  z  =  number  of  minutes  it  takes  C. 

Then  -.  -,  -,  respectively,  =  part  each  fills  in  one  minute, 
X  y  z 

and  -  +  -  «  part  A  and  B  fill  in  one  minute. 

«    y 

But  -  =  part  A  and  B  fillin  one  minute. 

a     ^ 
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1      1      1 

.  .  _-!-_  =  _ 

X     y     a 

m 

111 

_  +  _  = 

X     z      b 

(2) 

111 

-  +  -  =  - 
y     z      c 

(3) 

Add,  and  divide  by  2, 

1      1      1      bc^-ac  +  ab 
X     y     z            2abc 

(4) 

Subtract  (1)  from  (4), 

1      ac  -\-  ab  —  bc 

z            2(JLbc 
^_        2abc 

ac  -\-(ib  —  bc 

Subtract  (2)  from  (4), 

1      ab  —  ac-\-bc 
y           2abc 

ab  —  ac-\-bc 

Subtract  (3)  from  (4), 

1      ac  —  ab-\-bc 

X           2abc 
2abc 

ac  —  db  +  be 

41.  A  man  has  $10,000  invested.  For  a  part  of  this  sum  he 
receives  5  per  cent  interest,  and  for  the  rest  4  per  cent;  the  in- 
come from  his  5  per  cent  investment  is  650  more  than  from  his 
4  per  cent.    How  much  has  he  in  each  investment? 

Let  X  =  number  of  dollars  invested  at  5%, 

and  y  =  number  of  dollars  invested  at  4%. 

Then    x  -h  y  =  total  number  of  dollars  invested. 

.-.  a; +  y  =  10,000  (1) 

As  he  receives  5%  on  x  dollars,  =  interest  at  5%. 

As  he  receives  4%  on  y  dollars,  —2^  =  interest  at  4%. 

lUU 

But  interest  at  5%  is  $50  more  than  that  at  4%. 

...l£_ij^  =  50  (2) 

100      100  ^  ^ 

Simplify  (2),  5  a;  -  4  y  =       5000 

Multiply  (1)  by  5,  5g  +  5y  ==      50000 

Subtract,  -Gy-- 45000 

.-.  y  =  5000. 

Substitute  value  of  y  in  (1),  x  =  5000. 
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42.  A  sum  of  money  at  simple  interest  amounted  In  fi  yeani 
to  $26,000,  and  in  10  years  to  330,000.  Find  the  sum  and  the 
rate  of  interest. 

Let  X  =  number  of  dollars  at  interest, 

and  y  =  rate  of  interest 

Then       -^  =  interest  on  x  dollars  for  one  year, 

-^  =  interest  on  x  dollars  for  t\x  years, 

and  ^  =  interest  on  x  dollars  for  ton  years. 

.-.  ^  +  x  =  2fi.0()0  (1) 

100  ^  ' 

and  ^5£y  ^x^  30,000  (2) 

100  ^  ' 

Multiply  (1)  by  5,  ?^  +  5  x  =- 130,000 

Multiply  (2)  by  3,  ??  -^J^  +  3  x  -  90,000 


Subtract,  2x  --  40.000 

.-.x- 20.000. 
Substitute  value  of  x  in  (1),  y  =  5. 


43.  A  sum  of  money  at  simple  interest  amounted  In  10 
months  to  $26,250,  and  in  18  months  to  $27,250.  Find  tlie  sum 
and  the  rate  of  interest. 

Liet  X  =  sum, 

and  y  =  rate  of  interest. 

Then  -^  =  interest  for  onn  year. 

100  ^ 

Since  10  months  equals  J  of  a  year, 

-  of  -^  =  interest  for  10  months, 
6      100 

and  -  of  -^  =  interest  for  18  months. 

2      100 

But  26,250  —  X  =  interest  for  10  months, 

and  27,250  —  x  =  interest  for  eighteen  months. 
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...  ^  =  20,250 -X  (1) 

600         '  ^  ' 

and  1^  =  27.250  -  x  (2) 

200  ^  ^ 

Multiply  (1)  by  I,  |^=23»:^ 

Subtract.  o^l00.000-4x 

5 
4  a:  =  100.000. 
.-.  a:  =  25,000. 
Substitute  value  of  x  in  (2),  y  =  6. 

44.  A  sum  of  money  at  simple  interest  amounted  in  m  years 
to  a -dollars,  and  in  n  years  to  h  dollars.  Find  the  sum  and  the 
rate  of  interest. 

Let  X  =  sum, 

and  y  =  rate  of  interest. 

Then      --^  =  interest  on  sum  for  m  years, 
100  ^ 

and  -^  =  interest  on  sum  for  n  years. 

100  ^ 

...^?y  +  x  =  a  (1) 

100  ^  ^ 

and  r^^x^b  (2) 

100  ^  ^ 

Multiply  (1)  and  (2)  by  100, 

TTwy +  100a:=100a  (3) 

nxy  +  100a?  =1006  (4) 

Multiply  ^3)  by  n,       mrucy  +  100 ?ix  =  100 an 
Multiply  (4)  by  m,       mnan/  -\- 100  ma;  =  1006m 

Subtract,  100  nx -100?7ia;  =  100  an -100  6m 

Divide  by  100,  nx  —  mx  =  an  —  6m, 

an  —  6m 

.%  x  = 

n—  m 

Substitute  value  of  x  in  (3), 

many  —  m^hy     lOOan— 1006m  _ 

n  —  Tn,  n  —  m 

Multiply  by  n  —  m, 

many  -  m'6y  4-  lOOan  —  100  6m  =  lOOan  -  100am, 

many  —  m*6y  =  1006m  —  100  am, 
any  —  m6y  =  1006  —  100a. 
_  100(6 -a) 

* '  ^       an  —  6m 
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45.  A  sum  of  money  at  simple  interest  amounted  in  a  roontlia 
to  c  dollars,  and  in  h  months  to  d  dolUurs.  Find  the  sum  and  the 
rate  of  interest. 

Let  X  —  snm, 

and  y  =  rate  of  interest. 

Then  -^  =  interest  of  f  x  for  one  year, 

'  +  r"?^  =  amount  of  $ z  for  a  months, 
1200  ^  ^ 

SB  +  -^-  =  amount  of  fa?  for  b  months. 


VAX) 

(1) 

1200 

(2) 

Simplify  (1),                     azy  +  1200i  -  1200e 

(3) 

Simplify  (2),                       iiy  +  1200x   .  12()()J 

(1) 

Multiply  (3)  by  b  and  (1)  by  a. 

ahxy  M20O6i-120OJc 

(5) 

ahxy  +  12<J0ajr .-.  \2i*)ad 

(G) 

(6)  -  (5)  is  1200aj{a  -  Z»)  -  1 200 (ad-  he) 

.   ^      ad—  he 
a  —  b 
Substitute  value  of  x  in  (3), 

a,(^).1200(-f-5f')-1200c. 

Simplify,  ay  (ad-  he)  +  1200(a<f  -  5c)  =-  1200(ac  -  he). 

Transpose  and  unite,         ay  (ad  —  6c)  =  1200  a  (<t  -  d). 

1200(c-d). 
^         ad-he 

46.  A  person  has  a  certain  capital  invested  at  a  certain  rate 
per  cent.  Another  person  has  $  1000  more  capital,  and  his  capi- 
tal invested  at  one  per  cent  better  than  the  first,  and  receives  an 
hicome  $80  greater.  A  third  person  has  $  1500  more  capital,  and 
his  capital  invested  at  two  per  cent  better  than  the  first,  and  re- 
ceives  an  Income  $  150  greater.  Find  the  capital  of  each,  and 
the  rate  at  which  it  is  invested. 
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Let  X  =^  capital, 

and  y  =  rate. 

^^^  (g  + 1000)  (y  + 1)  ^  interest  on  capital  ?1000  greater,  at  1% 
1^  greater, 

and       (£±i^2K2LL21  =  interest  on   capital  fl500  greater,  at  2% 
1^^  greater. 

^  +  80  =  interest  on  first  capital,  increased  by  $80, 

■^  +  150  =  interest  on  first  capital,  increased  by  $  150. 

(a;  +  1000)(.v  +  l)_  xy      qq  .^. 

100  100  ^  ^ 

(a;  +  1500)(y  +  2)^xs^     .gQ  .^l 

100  100  ^  ^ 

Simplify,  ay  +  lOOOy  +    aj  +  1000  =  ay  +  8000, 

ay  +  1500y  +  2x  +  3000  =  ay  + 15000 

Combining,  lOOOy  +    a;  =  7000  (3) 

1500y  +  2a;  =  12000  (4) 

Multiply  (3)  by  2,  2000y  +  2a:  =  14000  (5) 

(4)  is  1500y  +  2a;  =  12000 

Subtract,  500y  =    2000 

.-.  y  =  4. 
Substitute  value  of  y  in  (5),  x  =  3000. 

.-.  the  capitals  are  $3000,  $4000,  $4500;  and  the  rates  4%,  5%,  6%. 

47.  A  person  has  $12,750  to  invest.  He  can  buy  three  per 
cent  bonds  at  81,  and  live  per  cents  at  120.  Find  the  amount 
of  money  he  must  invest  in  each  in  order  to  have  the  same 
income  from  each  investment. 

Let  X  —  number  of  dollars  in  three  per  cent  bonds, 

and  y  =  number  of  dollars  in  five  per  cent  bonds. 

Then =  interest  of  money  invested  in  three  per  cents. 

But  - — ^-  =  interest  of  money  invested  in  five  per  cents. 

300  a;  ^500y  /j* 

81  120 

x^y=  12750  (2) 

Reduce  (1),  8a;-9y  =  0 

Multiply  (2)  by  8,  8a;-f8y  =  102000 

Subtract,  i7y  =  102000 

.-.  y  =  6000. 
Substitute  value  of  y  in  (2),  x  =  6750, 
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48.  A  and  B  each  invested  $1500  in  bonds;  A  in  throe  per 
cents  and  B  in  four  per  cents.  The  bonds  were  bought  at  such 
prices  that  B  received  $  5  interest  more  than  A.  Both  classes  of 
bonds  rose  ten  points,  and  they  sold  out,  A  receiving  $50  more 
than  B.    What  price  was  paid  for  each  class  of  bonds? 

Let  X  =  amount  paid  for  $1  three  per  cents, 

and  y  =  amount  paid  for  $1  four  per  cents. 

1500 


X 

1500 

y 


=  face  value  of  three  per  cents, 
=  face  value  of  four  per  cents. 


1500       3 

X  —  =  income  from  three  per  cents. 

a;        100  r  . 

1500    ,    4         .  e         r 

X =  income  from  four  per  cents. 

y        100  * 

Then    (m^A.]-(m^±]^s. 
/1500     J10\_/1500^_10N     50 

^  X      loo;    V  y      i<wy 

Simplify.  7-f  =  ^  (1) 

5-5  =  1  (2) 

X     y 

Multiply  (2)  by  20,  -  ^  +  --  =  20  (3) 

y       X 

Add  (1)  and  (3),  ?  =  5. 

X 

.-.  a;  =  0.60. 
Substitute  value  of  x  in  (2),      5  —  =  1. 

y 

.•.3/  =  0.75. 

That  is,  the  three  per  cents  were  bought  at  60  and  the  four 
per  cents  at  75. 
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49..  A  person  inycsts  $10,000  in  three  per  cent  bonds,  6 1G,500 
in  three  and  one-half  per  cents,  and  has  an  income  from  both  in- 
vestments of  $  1056.25.  If  his  investments  had  been  $  2750  more 
in  the  three  per  cents,  and  less  in  the  three  and  one-half  per 
cents,  his  income  wonld  have  been  62}  cents  greater.  What 
price  was  paid  for  each  class  of  bonds? 

Let  X  =  amount  paid  on  f  1  three  per  cent  bond^, 

and  y  =  amount  paid  on  f  1  three  and  one-half  per 

cent  bonds. 

Then     x =  number  of  dollars  income  from  first  invest- 
or         100         ment, 

and  X  — ^  =  number  of  dollars  income  from  second  in- 

y         100         vestment. 

.30000     115500^^05^25  (1) 

lOOar        200y  ^  ' 

12750       3 

X  ——  =  number  of  dollars  income  of  3  per  cents  if 

X         100         the  stated  addition  in  the  amount. in vest- 
1  oi?^/)      qi  cd  had  been  made, 
X  — ^  =  number  of  dollars  income  of  3}  per  cents  if 

y         100         the  stated  deduction  in  the  amount  invest- 

^^250    96*^50         ®^  ^^  been  made. 

Then   +  — —  =  number  of  dollars  income  on  both. 

100a;      200y 

...^^^^^mo.m   ^  (2) 

Multiply  (1)  by  5,  1^5^  +  ^^^^  =  5281.25  (3) 

^  -^  ^  ^    -^  100a;         200y  ^  ^ 

Multiply  (2)  by  6.  ^^^  +  577500  _  ^3^ ^  ^5  (4) 

100  X         200  y 

Subtract,  ^^^  =  1060, 

100a; 

106000a;  =  79500. 

.-.  a;  =0.75. 

That  is,  the  3  per  cent  bonds  were  bought  at  75. 

Substitute  value  of  x  in  (1), 

30000      115500^1(^53  25. 
75  200 y 

11^  =  656.25. 
200y 

.-.  y=0.88. 
That  is,  the  3}  per  cent  bonds  were  bought  at  88. 
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50.  The  sum  of  $2500  was  divided  iuto  two  oucqual  parte 
and  iDYested,  the  smaller  part  at  two  per  cent  more  than  the 
larger.  The  rate  of  interest  on  the  larger  sam  was  afterwards 
increased  by  1,  and  that  of  the  smaller  sum  diminished  by  I ;  and 
thus  the  interest  of  the  whole  was  increased  by  one-fourth  of  its 
value.  If  the  interest  of  the  larger  sam  had  been  so  increased, 
and  no  change  been  made  in  the  interest  of  the  smaller  sum,  the 
interest  of  the  whole  would  have  been  increased  one-third  of  lu 
valae.    Find  the  sums  invested,  and  the  rate  per  cent  of  each. 

Let  X  »  number  of  dollars  in  larger  part, 

and  y  =>  nnmbcr  of  dollars  in  smaller  part 

Then  z+y  =  2500  (1) 

Let  2  =  rate  per  cent  on  largor  part, 

and  s  +  2  «  rate  per  cent  on  fimallcr  part. 

Then  a:z  +  y(z  +  2)  =  interest  on  whole  amount. 

Changing  rate  per  cent, 

2  + 1  =  rate  per  cent  on  larijor  j»art, 
and  s  +  1 »  rate  per  cent  on  smaller  part. 

Then        x(2  +  l)  +  y(z  +  l)  =  intere5«t  on  whole  after  change. 

Then        a:(2  + 1)  +y  (2  + 1)  =  }  [«  +  y  («  +  2)]  (2) 

Changing  rate  per  cent  again, 

2  +  1  =  rate  of  largor  part, 
2  +  2  =  rate  of  Fmaller  part. 

Then      aj(2+ 1)  4-y(2  +  2)=  J[ar2  +  y(2  +  2)]  (3) 

Simplify  (2),  4a:  —  6y--a«  —  yz  =  0. 

Simplify  (3),  3  a?  -  2y  -  aa  -  yz  =  0.  (4) 

Subtract,  «-4y  =  0  (6) 

Subtract  (5)  from  (1),  5y  =  2500. 

.-.  y-=500. 
Substitute  value  of  y  in  (4),  x  =  2000. 

Substitute  values  of  x  and  y  in  (3), 

6000-1000-20002-5002  =  0, 

-25002  =  -6000. 
.-.  2  =  2. 
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61.  If  the  sides  of  a  rectangular  field  were  each  increased  by 
2  yards,  the  area  would  be  increased  by  220  square  yards ;  if  the 
length  were  increased  and  the  breadth  were  diminished  each  by 
5  yards,  the  area  would  be  diminished  by  185  square  yards. 
What  is  its  area? 

Let  X  =  number  of  yards  in  length, 

and  y  =  number  of  yards  in  wioth. 

Then        xy  =  number  of  yards  in  area. 

(x  +  2)(y  +  2)  =  rry  +  220  (1) 

lx  +  5)(y-5)  =  xy--lS5  (2) 

Simplify  (1),  xy  +  2x +  2y +  4:  =  xy  +  220, 

2x  +  2y  =  2l6, 

a;  +  y  =  108  (3) 

Simplify  (2),  xy  —  5x  +  5y  —  &  =  xy  —  lS5, 

5x-6y  =  160 

x-y  =  S2  (4) 

Add  (4)  and  (3),  2  a:  =140 

.-.a;  =  70. 

Subtract  (4)  from  (3),  2y  =  16. 


,\  xy  =  2660  square  yards. 


.••3/  =  38. 


52.  If  a  given  rectangular  floor  had  been  3  feet  longer  and  2 
feet  broader  it  would  have  contained  64  square  feet  more ;  but  if 
it  had  been  2  feet  longer  and  3  feet  broader  it  would  have  con- 
tained 68  square  feet  more.  Find  the  length  and  breadth  of  the 
floor. 

Let  X  =  number  of  feet  in  length, 

and  y  =  number  of  feet  in  breadth. 

Then        xy  =  number  of  feet  in  surface. 

(a;  +  3)(3/ +  2)  =  a:.y  + 64  (1) 

(a;  +  2)(y  +  3)  =  a;y  +  68  (2) 
Simplify  (1),             ary  +  3y  +  2a;  +  6  =  a:y  +  64. 

3y  +  2a;  =  58  (3) 
Simplify  (2),             a;3/  +  2y  +  3a;  +  6  =  a;y  +  68. 

2y  +  3a;=62  (4) 

Multiply  (3)  by  2,  6y  +  4a;=    116 

Multiply  (4)  by  3,  6y -f  9a;  =    186 

Subtract,  —6  a;  =  —  70 

.-.  a;  =  14. 

Substitute  value  of  a;  in  (3),    3y  +  28  =  58, 

3y  =  30. 
.•.  y  =  10. 
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53.  In  a  certain  rectangiilar  garden  there  is  a  strawberry-bed 
whose  sides  are  one-third  of  the  lengths  of  the  corresponding 
sides  of  the  garden.  The  perimeter  of  the  garden  exceeds  that 
of  the  bed  by  200  yards ;  and  if  the  greater  side  of  the  garden 
be  increased  by  3,  and  the  other  by  5  yards,  the  garden  will  be 
enlarged  by  645  square  yards.  Find  the  length  and  breadth  of 
the  garden. 


J 

51 


Let 

and 

Then 
and 

Also, 


X  =  number  of  yards  in  length  of  garden, 
y  =  number  of  yards  in  width  of  ganlon 
2a:  +  2y  -  penmeter  of  garden, 
xy  -=  area  of  garden. 


X 


number  of  yard.s  in  hn^th  of  b<*d, 


^  =»  number  of  yards  in  widtli  of  be<i. 

3  ^ 


t — \-'^  =  i>crimeter  of  bed. 


and 

Then 

Add  3  to  one  side  of  garden,  x  +  3. 
Add  5  to  other  side  of  garden,  y  +  5. 
Then  (x  +  3)(y +  5)  =  area. 

2x  +  2y-(|?  +  |^]^200. 


Simplify, 

Sunplify, 
Multiply  (1)  by  5, 

Subtract, 


x  +  y  =  150 
(a;  +  3)(y +  5)  =  xy +  615. 

5a;  +  5y  -=  750 


(1) 


(2) 


2y  =  120 
.-.  y  =  60. 
Substitute  value  of  y  in  (1),      a?  +  GO  =  150. 
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54.  In  a  mile  race  A  gives  6  a  start  of  100  j'^ards,  and  beats 
him  by  15  seconds.  In  the  second  trial  A  gives  B  a  start  of  45 
seconds,  and  is  beaten  by  22  yards.  Find  the  rate  of  each  in 
miles  per  hour. 

Let  X  =  number  of  yards  A  runs  in  one  second, 

and  y  =  number  of  yards  B  runs  in  one  second. 

Since  there  are  1760  yards  in  one  mile, 

and   =  number  of  seconds  A  ran  in  first  and  second 


X  X 


trials  respectively. 


and  =  number  of  seconds  B  ran  in  first  and  second 

y  y  trials  respectively. 

Then  1?60_1^^15  (1) 

and  1^_1^  =  _45  (2) 

X  y 

Multiply  (1)  by  88.  146080  _  15^^     ^.^^ 

Multiply  (2)  by  83,      -11^  + llf^^ -3735 
Add,  _12^%_2415 

X 

Therefore,  A  runs  4^^  yards,  or  -^  of  a  mile,  in  one  second, 
and  in  one  hour  (=  3600  seconds),  9  miles. 

Substitute  value  of  x  in  (1),  y  =  4. 

Therefore,  B  runs  4  yards  in  one  second,  or  S^^j  miles  in  one 
hour. 

65.  In  a  mile  race  A  gives  B  a  start  of  44  yards,  and  beats  him 
by  51  seconds.  In  the  second  trial  A  gives  B  a  start  of  1  minute 
and  15  seconds,  and  is  beaten  by  88  yards.  Find  the  rate  of  each 
iia  miles  per  hour. 

Let  X  =  number  of  yards  A  ran  in  one  second, 

and  y  =  number  of  yards  B  ran  in  one  second. 

,   =  number  of  seconds  A  ran  in  first  and  second 

^  ^  trials,  respectively. 

,   =  number  of  seconds  B  ran  in  first  and  second 

y         y  trials,  respectively. 
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Then 

1710     17G0      ^, 

(t) 

and 

1672     17G0 

X          y 

(2) 

Multiply  (1)  by  19, 

33410  ^  32Gai .         ,^^ 

X             y 

Multiply  (2)  by  20. 

334-10     3r>200         .^^^^ 

*         y 

Add. 

251)6  _        ggj 

y 

.-.  y  =  4|. 

Therefore,  B  runs  4}  yards  per  second,  or  10  mih*  per  hour. 

Substitute  value  of  y  in  (1),  x  "  5}  j. 

Therefore,  A  runs  b\\  yards  per  second,  or  12  uiilc:i  \^t  hour. 

56.  The  time  which  an  express-train  takes  to  go  120  miles  Is 
tj  of  the  time  taken  by  au  accommodation-train.  The  kIowit 
train  loses  as  much  time  in  stopping  at  different  stations  an  it 
would  take  to  travel  20  miles  without  stopping;  the  expn-vs- 
train  loses  only  half  as  much  time  by  stopping  as  tlie  acconiin<H 
dation-train,  and  travels  15  miles  an  hour  faster.  Find  tlie  rate 
of  each  train  In  miles  per  hour. 

Let  X  =  the  rate  of  the  accommodation -train, 

and  y  =  the  rate  of  the  express-train. 

120 

=  number  of  hours  accommo<]ation- train  goos  120 

*  miles  without  stopping, 

120 

=  number  of  hours  it  takes  express- train  to  go  120 

y  miles  without  stopping, 

20 

—  —  number  of  hours  accommodation-train  loses  in 

«  stopping, 

—  =  number  of  hours  express- train  loses  in  stopping, 

X 

1 =  number  of  hours  accommodation -train  goes  120 

^        *  miles  including  stops, 

h  —  =  number  of  hours  express- train  goes  120  miles 

y        ^  including  stops. 
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120^10^9/120^aOA  ^ij 

y        X      14  \  X        X  J 

y-x=W  (2) 


Simplify  (1),  120a;  -  80y  =  0 

Multiply  (2)  by  80,  -80x  +  80y  =  1200 

Add,  40a;  =  1200 

.  •.  a;  =  30. 
Substitute  value  of  x  in  (2),  y  =  45. 


57.  A  train  moves  from  P  towards  Q,  and  an  honr  later  a 
second  train  starts  from  Q  and  moves  towards  P  at  a  rate  of  10 
miles  an  hour  more  than  the  first  train ;  the  trains  meet  half-way 
between  P  and  Q.  If  the  train  from  P  had  started  an  hour  after 
the  train  from  Q,  its  rate  must  have  been  increased  by  28  miles  in 
order  that  the  trains  should  meet  at  the  half-way  point.  Find 
the  distance  from  P  to  Q. 

Let  X  =  number  of  hours  first  goes  half  the  distance. 

Then    a;  —  1  =  number  of  hours  second  goes  half  the  distance. 

Let  y  =  rate  of  first. 

Then  y  +  10  =  rate  of  second. 

Hence,  xy  =  one-half  of  the  whole  distance. 

But  {x—l){y+  10)  =  one-half  the  whole  distance. 

.-.  {x~l)^  +  lO)  =  xy. 
Simplify,    10a;-y  =  10  (1) 

In  second  statement, 
if  a;  —  2  =  number  of  hours  first  goes  half  distaAce, 

and  y  +  28  =  rate  of  first, 

then    {x  —  2){y-\-  28)  =  one-half  of  the  whole  distance. 

But,  from  (1),     xy  ^  one-half  of  the  whole  distance. 
.-.  (a;-2)(y-h28)  =  xy  (2) 

Simplify  (2),  28a;-2y  =  56 

2  X  (1)  is  20a;  -  2y  =  20 

Subtract,  8  a;  =36 

,',  X  =  4J. 
Substitute  value  of  x  in  (1),  y  =  35. 

Therefore,  one-half  the  distance,  xy,  is  157}  miles,  and  the 
whole  distance  is  315  miles. 
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58.  A  passenger-train,  after  travelling  an  hoar,  meets  with  an 
accident  which  detains  it  one-half  an  hoar ;  after  which  it  pro- 
ceeds at  four-fifths  of  its  nsnal  rate,  and  arrives  an  hoar  and  a 
qaarter  late.  If  the  accident  had  happened  30  miles  farther  on, 
the  train  wonld  have  been  only  an  hoar  late.  Determine  the 
nsnal  rate  of  the  train. 

Let  X  ==  number  of  miles  train  usually  goes  per  hoar, 

and  y  =>  number  of  miles  train  traveb. 

^ =  number  of  hours  usually  required, 

and      ^  ~     =  number  of  hours  actually  required  after  accident. 

y 

Since  the  detention  is  }  hour,  and  the  train  is  1}  hours  late,  the 
loss  in  running-time  is  }  of  an  hour. 

,  y-x     y-g^3  jjj 

42  X         4 

5 
If  the  accident  had  occurred  30  miles  farther  on,  the  loss  in 

running-time  would  have  been  J  an  hour. 

.y-x-ZO     y-g-30^1  ^2) 

' "         4x  X  2 

5 
Simplify  (1),  y-4x=.   0 

Simplify  (2),  y-3x^30 

Subtract,  x  =  30 

59.  A  passenger-train,  after  travelling  an  hour,  is  detained  15 
minutes ;  after  which  it  proceeds  at  three-fourths  of  its  former 
rate,  and  arrives  24  minutes  late.  If  the  detention  had  taken 
place  6  miles  farther  on,  the  train  would  have  been  only  21  min- 
utes late.  Determine  the  usual  rate  of  the  train. 
Let  X  =  usual  rat©  of  train  per  hour, 

and  y  =»  number  of  miles  train  has  to  run. 

y  _-  ar=  number  of  miles  train  has  to  run  after  detention, 

?^^-^  =  number  of  hours  usually  required  to  run  y  — x 
^  miles, 

and        y~^  =  number  of  hours  actually  required  to  run  the 
2^  y  —  x  miles. 

4  " 
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Since  the  detention  was  15  minates,  and  the  train  is  24  miniites 
late,  tlie  loss  in  ranning-time  is  9  minates  =  ^  of  an  hoar. 

3 


3£  a?        20  ^  ' 

4 
If  the  detention  had  occurred  5  miles  farther  on,  the  loss   in 

nmning-time  would  have  heen  6  minutes  =  -^  of  an  hour. 

.  y-3^-5     y-x-b  ^  1  ^2) 

"  '        3£  X  10  ^  ' 

4 
Simplify  (1),  20y-29x=     0 

Simplify  (2),  20y  -  26  X  =  100 

Subtract.  3x=100 

.-.  a;  =  33f 

GO.  A  man  bought  10  oxen,  120  sheep,  and  46  lambs.  The 
cost  of  3  sheep  was  equal  to  that  of  5  lambs ;  an  ox,  a  sheep,  and 
a  lamb  together  cost  a  number  of  dollars  less  by  57  than  thv 
whole  number  of  animals  bought ;  and  the  whole  sum  spent  was 
9  2341.50.  Find  the  price  of  an  ox,  a  sheep,  and  a  lamb,  respeo 
tively. 

Let  X  =  number  of  dollars  paid  for  an  ox, 

y  =  number  of  dollars  paid  for  a  sheep, 
and  z  =  number  of  dollars  paid  for  a  lamb. 

10a:  +  120y  +  46z  =  number  of  dollars  paid  for  all. 

.-.  lOo;  +  120y  +  462  =  2341.50  (1) 

«  +  y  +  2  =  119  (2) 

3y=.52  (3) 

(1)  is  lOx  +  120y  +  462  =  2341.50 

Multiply  (2)  by  10,  lOa?  +    lOy  +  IO2  =  1190 

Subtract,  llOy  +  362  =  1151.50  (4) 

Multiply  (4)  by  3,  330y  +  IO82  =  3454.50. 

Multiply  (3)  by  110,        330y  -  5502  =  0.  ' 
Subtract,  658  2  =»  3454.50. 

.-.  2  =  5.25. 
Substitute  value  of  2  in  (3),  y  =  8.75. 

Substitute  values  of  y  and  2  in  (2),   x  =-  105, 
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61.  A  fanner  sold  100  head  of  stock,  consisting  of  liorHcn, 
oxen,  and  sheep,  so  that  the  whole  realized  $  11.75  a  bead ;  while 
a  horse,  an  ox,  and  a  sheep  were  sold  for  $110,  $62.50,  and 
$7.50,  respectively.  Had  he  sold  one-foaith  of  the  namber  of 
oxen  that  he  did,  and  25  more  sheep,  he  would  have  received  the 
same  sum.  Find  the  number  of  horses,  oxen,  and  sheep,  respec- 
tively, which  were  sold. 

Let  X  =  number  of  horses, 

y  =  number  of  oxen, 
and  z  —  number  of  sheep. 

Then  a;  +  y +  2- 100  (I) 

110x  +  621y  + 742=  1175  (2) 

and      nO.  +  (lxlf^)+f +  f-1175  (3) 

Multiply  (3) by  8,  880a;  +  125y  +  602=»  7900 
Multiply  (2)  by  8,  880x  +  500y  +  602  =  91(H) 


Subtract.  -  375y  -  - 1500 

.•.  y  -  4. 

Substitute  value  of  y  in  (1),         x  +  2  =  96  (4) 

Substitute  value  of  y  in  (2), 

llOx  +  250 +  7j2=  1175. 
110x  +  7i2-925. 

Multiply  by  2,  220a;  +  152  =  1850 

Multiply  (4)  by  15,  15g  + 152  =1440 

Subtract,  205  x  =410 

•  *•  X  ^  ^. 
Substitute  values  of  x  and  y  in  (1),      2  =  94. 
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62.  A,  B,  and  C  together  subscribed  $100.  If  A's  subscrip- 
tion liad  been  one-tenth  less,  and  B*s  one-tenth  more,  C's  must 
have  been  increased  by  $  2  to  make  up  the  sum ;  but  if  A's  had 
been  one-eighth  more,  and  B*s  one-eighth  less,  C's  subscription 
would  have  been  $  17.60.     What  did  each  subscribe? 

Let  X  =  number  of  dollars  A  subscribed, 

y  =  number  of  dollars  B  subscribed, 
and  z  —  number  of  dollars  C  subscribed. 

—  =  ^  of  A's  subscription, 

^-^  =  H  of  B's  subscription, 

2  +  2  =  $2  more  than  C's  subscription, 

—  =  f  of  A's  subscription, 
o 

-^  =  J  of  B's  subscription, 

100  =  number  of  dollars  all  subscribed, 

—  H ^  +  z  +  2  =  number  of  dollars  all  subscribed, 

10       10 

—  +  — 2^  +  17.5  =  number  of  dollars  all  subscribed. 
8        8 

.-.  a;+y  +  2  =  100  (1) 

^  +  ii^  +  2  +  2  =  100"  (2) 

10       10  ^  ^ 

?^  +  l2/  + 17.5  =  100  (3) 

8        8 

Multiply  (1)  by  10,    lOx  +  lOy  +  IO2  =  1000 

Simplify  (2).  9a;  +  11  y  +  IO2  =    980 

Subtract,  x-      y  =20  (4) 

Simplify  (3),  9  a;  +  72/  =  660 

Multiply  (4)  by  7,  1x-1y=^  140 

Add,  16  a;  =  800 

.',  x  =  50. 
Substitute  value  of  x  in  (4),  y  =  30. 

Substitute  values  of  x  and  y  in  (1),   z  =  20. 
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63.  A  gives  to  B  and  C  as  much  as  each  ofthem  has ;  B  gives 
to  A  and  C  as  much  as  each  of  them  then  has ;  and  C  gives  to  A 
and  B  as  much  as  each  of  them  then  has.  In  the  end  each  of 
them  has  $6.     How  much  had  each  at  first? 

Let  X  =>  number  of  dollars  A  had  at  firfit, 

y  »  number  of  doUan  6  had  at  firot, 
and  2  =  number  of  dollars  C  hu'l  at  firbt. 

X  —  y  —  2  =  number  of  dollars  A  ha'l  at  Ut  distribution, 

2v  =  number  of  dollars  B  hud  at  1st  distribution. 

2z  =  number  of  dollars  C  had  at  1st  distribution, 

2y— {(x— y— z)+2z}  =  number  of  dollars  B  ha<l  at  2d  distribution, 

or  3y  —  X  —  z  =>  number  of  dollars  B  ha^l  at  2d  distribution, 

2x—  2y  —  2z  =  number  of  dollars  A  had  at  2d  distribtUion, 

4z  =  number  of  dollars  C  hud  at  2d  distribution, 

4z-{(2x-2y-2z)+(3y-z-2)},  or  7s  -a- -y 

~  number  of  dollars  C  Iia<l  at  r>d  dii^trihution, 
4x  — 4y  —  4z  -■=  number  of  dollars  A  had  ut  .'id  distrilnition, 
6y  —  2x  —  2z  ^  number  of  dollars  B  ha<l  at  3<1  di.»«trihution. 


.*.  72  —  X  — y  ^  6 

0) 

4x-4y-4z-G 

(2) 

Cy-2x-22"G 

(3) 

Multiply  (1)  by  4. 

28z-4x-4y-24 

(2)  is 

—  4z  +  4x  —  4y  =^    0 

Add, 

24z           -8y-30 

(^) 

Multiply  (1)  by  2. 

14z-2x-2y=12 

(3)  is 

-2z-2x  +  Gy=    G 

Subtract, 

IGz           -8y=    G 

ro 

(4)13 

24z           -8y  =  30 

« 

Subtract, 

82                    =24 

Substitute  valuo  of  z  in  (5),  y  =•  ^l- 

Substitute  values  of  y  and  z  in  (1),    x  =•  9|. 
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64.  A  pays  to  B  and  C  as  mach  as  each  of  them  has ;  B  pays 

to  A  and  C  one-half  as  much  as  each  of  them  then  has ;  and  C 

pays  to  A  and  B  one-ithird  of  what  each  of  them  then  has.     In 

the  end  A  finds  that  he  has  $1.50,  B  $4.16|,  C$0.58;.    How 

much  had  each  at  first? 

Let  X  =  number  of  dollars  A  had  at  first, 

y  =  number  of  dollars  B  had  at  first, 

and  z  =  number  of  dollars  C  had  at  first. 

x  —  y  —.2  =  number  of  dollars  A  has  left  after  giving  to  B 
and  C, 
2y  =  number  t)f  dollars  B  has  after  A  pays  him, 

22  =  number  of  dollars  C  has  after  A  pays  him, 
^~    y  ~ — ^  =  number  of  dollars  A  has  after  B  pays  him, 

-^ •  =  number  of  dollars  B  has  left  after  paying  A  and  C, 

Zz  =  number  of  dollars  C  has  after  receiving  B's  money. 


number  of  dollars  A  has  after  C  pays  him, 


4a?  — 4y—  ^z  _ 
2 

— V~  ^~ — ?  =  number  of  dollars  B  has  after  C  pays  him, 

— ^  ~  ^  ~  y  =  number  of  dollars  C  has  after  paying  A  and  B. 
o 

_,  4£-4ir=i5  =  i.5o  (1) 

2  ' 

10y-2»-2^  ^  4  jgj  ^2) 

"'-''-y  =  0.58J  (3) 

3 

Simplify  (1),  x-y-z=  0.75  (4) 

Simplify  (2),  lOy- 2a; -22  =12.50  (5) 

Simplify  (3),  ll2-»-y  =  1.75  (6) 

(4)  is  x  —  y  —  z=  0.75 

Add  (4)  and  (6),  10z-2y  =  2.50  (7) 

(5)  is  10^-2.^-22  =  12.50 
Multiply  (4)  by  2,             -2?/ +  2a;- 22  =    1.50 

Add,  87/  -^42=14.00  (8) 

Multiply  (7)  by  4,  -  8y  +  402  =  10.00 

(8)  is  8?/-   42  =  14.00 

Add,  :iG2  =  24.00 

.  •.  2  =  0.661. 

Substitute  value  of  z  in  (8),  y  =  2.08J. 

Substitute  values  of  y  and  z  in  (4),         a;  =  3.50. 
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Exercise  70. 


1.        2x+lly  =  49. 
Transpose,     2x  =  49  —  1 1  y. 

.-.  a:  =  24-5y  +  i:^. 


Let 


Ji  = 


m, 


l-y  =  2m. 
.*.  y  =  1  —  2in. 

Substitute  value  of  y  in  original 

equation, 
2x  +  ll-22fii«49. 

.*.  x=  19  +  11m. 
If     m  =  0,      x=19,  y  =  l. 
If     m=  — 1,  x=8,    y  =  3. 


2.     .    7x  +  3y  =  40. 
Transpose,     3y  =  40  —  7x. 
.-.  y  =  13-2x  + 


l~x 


Let 


.•.  x=  1  — 3m. 

Substitute  value  of  x  in  original 
equation, 

7-21m  +  3y  =  40, 

3y  =  21m+33. 

.'.  y  =  7m  +  11. 

If     m  =  0,      y  =  ll,  x  =  l. 

If     m  =  -l,y  — 4,    x  =  4. 


3.       5x  +  7y  — 53. 
Transpose,  5x  -  53  —  7y. 

.-.  x-lO-y  +  ^-'r- 
x-lO+y-^?^. 


Multiply  by  3, 
3x-30+  3y 


9--fiy 
5 

-i-v+^-r^. 


5 


Let 


4-y 


m, 


4  —  y  =  5m. 
.%  y  =^  4  -5m. 

From  given  equation, 

x  =  5  +  7m. 
If  m  =  0,      x  =  5,    y-4. 


4. 

a?  + 

10y  = 

29. 

Transpose 

,       X- 

=  29- 

lOy. 

If 

y  = 

l.a: 

=  19. 

If 

y  = 

=  2,  X 

=  9. 

If 

y  = 

=  3,x 

=  -1 

• 

•    • 

,  y  can  only  = 

« 1  or 

2. 

X  can  only  = 

:  19  or  9. 
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6.         3a;+8y  =  61. 

3a  =  61-8y. 

.'.X  =20-2y+^^. 


a:-20  +  2y 

Multiply  by  2, 
2a;-40  +  4y 


^l_-2^. 


2-4y 


.  2-y 


Let 


2zL^  = 


771, 


2  — y  =  3m. 
.  %  y  =  2  —  3  m. 

Substitute  in  original  equation, 
3.r  +  16-24m  =  61, 

3a:  =  45  +  24m. 

.•.  a:=  15  +  8  m. 

If     m  =  0,      a:=15,  y  =  2. 
If     m  =  — 1,  a;='7,    y  =  5. 


7.      16a;+7y  =  110. 

7y  =  110-16a;. 


Transpose, 

y +  2a;-15== 

Multiply  by  4, 
4y  +  8a;-60  = 


5 -2a; 


20-8a; 


2-a;  + 


6-a; 


T  i.  6  —  X 

Let  — -—  =  m, 

7 
6  —  a;  =  7m. 
.'.  X'^S  —  7m. 

Substitute  in  original  equation, 
96-112m  +  7y  =  110, 

7y  =  14  +  112m. 
.'.  y  =  2  +  16?n. 

If         w  =  0.  X  =  6,  y  =  2. 


6.  8x  +  5y  =  97. 

5y  =  97-8a;. 

.'.  y  =5 19— a; + 


2-3a; 


y  — 19  +  a;  = 

Multiply  by  2, 
2y- 38  4- 2a: 


2 -2a: 


4-6a; 


=  -a:  + 


4  —  a: 


Let 


4  —  a; 


=  m. 


.*.  a;  =  4  —  5m. 
Substitute  in  original  equation, 

32-40m  +  5y  =  97, 

5y  =  65  +  40m. 

.'.  y  =  13  +  8  m. 

If     m  =  0,      a?  =  4,  y  =  13. 
If     m  =  —  1,  a:  =  9,  y  =  5. 


8.     7a:  +  10y  =  206. 

7a:  =  206-10y. 

.•.a:=29-y  +  ?— ^• 
^         7 

oo  .         3(1 -y) 
a;  —  29  +  V  =    ^  ^   ^^- 


Let 


hlJL^ 


m. 


.'.  y  =  1  —  7m. 

Substitute  in  original  equation, 
7a; +  10 -70m  =  206, 

7a:  =196  + 70m. 
.-.  a:  =  28  +  10m. 

If  7M  =  0,  a:  =28,  y  =  l. 
If  m  =  -l,  x=18,  y  =  8. 
If     m  =  -2,  a;=^8,    y=»15. 
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9.  12x-7y=l. 

Transpose,        7y  =  12aj  —  1. 

r.y-x 

Multiply  by  3. 


5a:-l 


3y-3a:  =  2ar  + 


x-3 


11.    23y-13x-3. 

Transpose,  13z-23y  •  3. 

lOy  -  3 
*  13 

Malttply  by  4. 

4x-4y-3y-fy"^?. 


13 


Let 


a:-3 


=  m. 


Let 


y-12     _ 
13 


.*.  X  =  7wi  +  3. 


.•.y»13m  +  12. 


Substitute  tbis  value  of  x  in  origi-    Substitute  Ibis  value  of  y  in  orig- 
nal  equation, 

84wn-36-7y  =  l, 

7y  =  35  +  84m. 

.'.  y  =  5  +  1271*. 

If  m  =  0,  X  =  3,  y  -  5. 


inal  equation, 
23(13m+12)-13x-3. 

i3x-2tmm  +  273. 
.-.  x-23m  +  21. 
If         iii-O,  x*21.  y  -  12. 


10.         5x-17y  =  23. 

6x=23  +  17y. 

o 

-      o        3-f  2y 
x-4-3y= — -^' 

Multiply  by  3, 

3x-12-9y=l  +  y+i^. 

o 

Let  iiy-m. 

5 

Then  y  =  5TO  — 4. 

Substitute  tbis  value  of  y  in  origi- 
nal equation, 

5x-17(5m-4)  =  23, 

6x- 85m +  68  =  23, 

6x  =  85w  — 45. 

.•.  x=  17m  —  9. 

If  TO=  1,  x  =  8,  y  =  1. 


12.      23x  -  9y  -  929. 

9y-2:rr     029. 

.•.y-2j--l()3r''-'~"-^. 
^  9 

y-2x  +  103  =  -"-  --. 

Multiply  by  2, 
2y-4x  +  2(V)  =  x  + 

x-4 


x~4 
9 


Let 
Tben 


9 


=  m. 


X  -  4  =  9  m. 

.'.  x  =  9m  +  4. 

Substitute  this  value  of  y  in  orig- 
inal equation, 

207m+92-9y  =  029, 

9y  =  207  m -837. 

.-.  y  =  23m  -93. 

If         m  -  5,  X  -  49,  y  -  22. 


23x^33y  +  43. 
.-.x-l+y  +  iOiS 
Let  JLjJ.m. 

Then  y-23ni-2. 

Snbttitate  this  v&lae  of  y  in  original  eqnatioa 
23*-33(23m-2)  =  43. 
23 1- 759 H. +  66-43, 

23 1  =  759™ -23. 
,-.  i  =  33mi-1. 
-  32,  y  -  21. 


=  19  +  22».. 
.1  equation, 
=  73. 


=  10472  + 12210m. 
-476  + 555m. 
-19.  y-476. 
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15.  How  many  f  racUous  are  there  with  deBomiaators  tS  and 

18  whose  sum  is  }{  ? 

Let  iL  +  JL,» 


12     IS     36 
Simplify.  3*  +  2y-25, 


2y  -  i')  -  3x. 

-.  y«  12  -x  +  *  " 


Let 


2 
1-x     _ 


2 
Tlien  1  -  ar  -  2m. 

.-.  x-1  -2j». 

Substitute  valne  of  x  in  original  equation, 

3-6m  +  2y-25. 

.*.  y  —  II  •*  ^m. 
If  111  =  0,      x-1.  y-n. 

If  m--l,  x=-3.  y  -  •<. 

If  m  =  —  2,  X  -  5.  y  «  5. 

If  m  =  -  3.  X  »  7.  y  -  2. 

Hence,  the  pairs  of  fractions  are 

A.  H:  A.  A^  A.  A   A  A 

16.  What  is  the  least  namber  which,  when  divi<l«<t  by  3  and 
5,  leaves  remainders  2  and  3  respectively? 

Let  n  —  number, 

^  -  y  (2) 

From  (1)  and  (2),  71-3^  +  2  an«l  T.y  4-  3 

.'.  3x  +  2  =  '»y  "  3. 

3x  =  5y  4-  1  (3) 

.-.  x=  1  +    * 


Transpose,  x  —  1 


3 

2v^l 

■         « 

3 

y 

3 


Multiply  by  2,  2x  -  2  =  y  f  ^^  ,^  - 

Let  2^-  -  ... 

Then  y  =  3m-2. 

From  (3),  3x  -  15  m  -  9. 

.'.  T  -^Tim  —  3. 
If  m  =  l,  x-^2.  y=L 

But  n  =  3x  +  2. 

,••  n  =  8. 
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17.  A  person  counting  a  basket  of  eggs,  which  he  knows  are 
between  60  and  CO,  finds  that  when  he  counts  them  3  at  a  time 
there  are  2  over ;  but  when  he  counts  them  5  at  a  time  there 
are  4  over.    How  many  are  there  in  all? 

Let  =  X, 

3 

J  n  —  4 

and  — —  =  y- 

Then  n  =  2  + 3.t  or  4  +  5?/. 

.'.  2  +  3a;  =  4  +  5y, 

3ar  =  2  +  5y  (1) 

.  2(1 +y) 

Let  l±^  =  m. 

3 

Then  y  =  3m-l. 

Substitute  value  of  y  in  (1),  3a;  =  2  +  5(3m  -  1), 

3a;  =  15m -3. 

.*.  X  =  dm—  1. 

If  ?M  =  4,  a;  =  19,  y  =  U. 

Hence,  the  number  of  eggs  is  59. 

18.  A  person  bought  40  animals,  consisting  of  pigs,  geese, 
and  chickens,  for  $40.  The  pigs  cost  $5  apiece,  the  geese  $1, 
and  the  chickens  25  cents  each.     Find  the  number  he  bought  of 

each. 

Let  X  =  number  of  pigs, 

and  y  =  number  of  geese. 

Then  40  -~x  —  y  =  number  of  chickens. 

5a'  +  v  + 10 ---2^  =  40  (1) 

4     4 

or  20a;  +  42/  +  40-a;-y  =  160, 

or  19a;  +  3y  =  120, 

3y  =  120-19a;  (2) 

y  =  40-6a;--. 
^  3 

Tjet  -  =  w. 

3 

.*.  a;  =  3w. 
Substitute  value  of  a;  in  (2),  Sy  =  120  —  57m. 

.*.  y  =  40  —  19  m. 
If  ??i  =  1,  a;  =  3,  y  =  21. 

If  y/i  =  2,  a;  =  6,  y  =  2. 

Hence,  he  bought  3  pigs,  21  geese,  and  16  chickens ;  or  6  pigs, 

2  geese,  and  32  chickens. 
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19.  Find  the  least  multiple  of  7  which,  when  divided  by  2,  8, 
4,  5,  6,  leaves  in  each  case  1  for  a  remainder. 

Let  7x  =»  least  multiple  of  7. 

and  y  —  sum  of  quotienU. 

Then 

7x— 1  .  7x-l  ,  7x-l  ,  7x-l  ,  7x-l      . 

2  3  4  5  6         ^ 

Simplify, 
210x  -  30  +  140x  -  20  +  105x  -  15 

+  84x  -  12  +  70x  -  10  -  fiOy, 
609x-60y-87. 
Divide  by  3,  203x  -  20y  -  29  (1) 

-  20y  -  -  203x  f  20. 

.-.  y  -  lOx  -  I  f  ^^-'-^ 
♦Transpose,  y  -  lOx  +  1  -  2LL=J}. 

Let  -£-   -TO. 

Then  x  -  3  -  20m. 

.-.  X  --  20m  -t  3. 

Substitute  value  of  x  in  (1), 

4060m  +  609  -  20y  =  2J), 

20y  =  -  4(H»m  -  580    (2) 
.-.y- 203m +  2^)  (3) 

If  m  =.  2.  X  =  43,  y  -  435. 

Hence,  the  number  is  301. 

20.  In  how  many  ways  may  100  be  divided  into  two  parts,  one 

of  which  shall  be  a  multiple  of  7  and  the  other  of  9? 

Let  7x  =  one  part, 

and  ^y  ==  the  other  part. 

.-.  7x  +  9y  -  100. 

7x=100-9y. 

...a:=14~y  +  2Il^. 

Let  i^  =  m. 

7 

Then  l-y='7m. 

.'.  y  =i  1  —  7m. 

Substitute  value  of  y  in  the  original  equation, 

7x  +  9(1  -  7m)  =  100, 

7x=100-9(l-7»> 

7x=-91+63m. 

.•.  x=-13  +  9m. 

If  m=-0,      x-13,  y  =  L 

If  m=--l,  x  =  4,    y  =  8. 

Hence,  the  parts  are  91  and  9,  or  28  and  72 
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21.  Solve  18x  —  5y  =  70  so  that  y  may  be  a  multiple  of  x,  and 
both  positive. 

18a;-5y  =  70. 
Let  y  =  mx. 

Substitute  value  of  y  in  this  equation, 

lSx  —  5mx=  70. 
x(18-6m)  =  70. 

70 


18 -5m' 

and 

^      18-57/1 

Now,  if  m  =  2, 
and 

And,  if  m=»3, 
and 

a;  =  Y  or  SJ. 
y  =  lfiior  17J. 

a;  =  V  or  23i, 

y  =  H^  or  70. 

22.  Solve  8a;4-12y  =  23so  that  x  and  y  may  be  positive,  and 
their  sum  an  integer. 

8a;  +  12y  =  23  (1) 

Let  X  +  y  =  m. 

Transpose,  x  =  7n  —  y  (2) 

Substitute  value  of  a;  in  (1), 

8m-8y  +  12y  =  23, 

4y  =  23-8m. 
.  23 -8m 

Substitute  value  of  y  in  (1), 

8a; +  69 -24m  =  23, 

8a;  =  24m -46. 
24m-46 
8 
Let  m  =  2. 

Then  a;^^8-46^1^ 


and  *  -.     23-16     7 


8  4 

23 


4 


teachers'  EDinox.  239 


23.  Divide  70  into  three  parts  which  shall  gtre  lateicral  q«o> 
tients  whea  divided  by  6,  7,  S,  respectively,  and  the  sum  of  the 

qnotients  sliall  be  10. 

Let  X  »  first  part, 

y  ^  pecond  |»art, 
and  70  —  X  —  y  »  third  part. 

f  +  f  +  ^^^^-io  <n 

Simplify, 

Ux  +  24y  +  1470  -  21  x  -  21y  -  IftW). 

7x  +  3y-2lU  (2) 

3y  =  210  -  7x. 

...  y  -  70  -  2x  -  ?. 
^  3 

Let  -  -«  m. 

3 

•  *•  X  •  «>  la, 

Sabetitate  value  of  m  in  (2), 

21  wi  +3y  =  210, 

3y  -  210  -  21  m. 

...  y  =  70~  7  m. 

If  m  =  2,  4,  6,  H. 

(the  lowest  values  iiiat  will  produce  multiT»le«  of  th«  numli^'r^  i. 

x=    6.  li  H.  24. 

y  =  56,  42.  3H.  14. 

70-x-y=    8,  16,  24,  32. 

24.  Divide  200  into  three  parts  which  shall  give  integral  quo- 

tieDts  when  divided  by  5,  7,  11,  respectively,  and  the  sum  of  the 

quotients  shall  be  20. 

Let  X  »  first  part, 

and  y  »  second  part. 

Then  200  -  x  -  y  =  third  part, 

X  y     200-x-y^^ 

6      7  11 

Simplify, 

77x  +  55y  +  7000  -  35x  -  35y  =  7700, 

42x  +  20y  =  700, 
21x+10y  =  350  (1)' 

.-.  y  =  35-2x-~. 

Let  10^^' 

X  =»  lOwi. 
Substitute  value  of  x  in  (1),    y  =  35  —  21m. 
If  m=-l,  x-10,  y  =  14. 

200-x-y-176. 
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25.  A  number  consisting  of  tliree  digits,  of  which  the  middle 
one  is  4,  has  the  digits  in  the  units'  and  hundreds'  places  inter- 
•  iianged  by  adding  792.    Find  the  number. 

Let  X  =  digit  in  hundreds'  place, 

and  y  =  digit  in  units'  place. 

.'.  100  a;  +  40  4-  y  =  the  number. 

lOOy  4-  40  +  X  =  792  +  100  a;  +  40  +  y. 
Transpose  and  combine, 

99y-99a:  =  792. 
Divide  by  99,  y  -  a?  =  8  (1) 

y  =  a?  +  8. 
Let  a:  +  8  =  ??i, 

x  =  m-S  (2) 

and  y  =  m. 

From  (2),  m  must  be  equal  to  9,  in  order  to  make  x  positive. 

Then  a;  =  1, 

y  =  9. 
Hence,  the  number  is  149. 


26.  Some  men  earning  each  $  2.50  a  day,  and  some  women 
earning  each  $1.75  a  day,  receive  altogether  for  their  daily 
wages  $44.75.  Determine  the  number  of  men  and  the  number 
of  women.  . 

Let  X  =  number  of  men, 

and  y  =  number  of  women. 

Then  l^  +  ll^m, 

2        4        4 
10a:  +  7y=179, 

^  7 

4  —  3a; 
Transpose,  y  —  25  +  a;  = 

Multiply  by  5,  5y  -  125  +  5a;  =  2  -  2a;  +  ^-^^^ 

Let  ^  =  m. 

7 

a;  =  6  — 7m. 

Substitute  6-  7m  for  a;  in  the  original  equation, 

60-70m  +  7y  =  179, 

7y  =  119+70m. 
.-.  y  =  17  +  10m. 
If  m  =  0,      a;  =  6,    y  =  17. 

If  m»=-l,  a;  =  13,  y  =  7. 
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27.  A  wishes  to  pay  B  a  debt  of  £1  18#.,  hot  has  only  hair- 
crowns  in  liis  pocket,  while  B  has  only  foor-penny  pieces.  How 
may  they  settle  the  matter  most  simply? 

Let  X  a  namber  of  tialf  cruwn.«. 

and  y  »  number  of  four*|>enDy  piece* 

Then  half-crowns  ^  30x  pence. 

and  four-penny  pieces  «  4y  pence. 

£1  +  12».  =  384  pence. 

But  £1 +  12*.  =»30x-4y. 

.-.  SOx  -  4y  -  384  (I) 

4y  =  30x  -  384. 

30x  -  384 
.-.y- 

ory  =  7x-9e  +  * 

Let  ?  =  w»- 

2 

Then  x  =-  2m. 

Substitute  value  of  x  in  (I), 

60  m -4y  =  384. 

.'.  y=  15m -96. 
If  m  =  7.  X  =  14,  y  -  9. 

Hence,  A  can  give  B  14  half-crowns,  and  receive  from  B 
9  four-penny  pieces. 

28.  Notice  that  17  is  a  common  factor  of  323  and  527. 

29.  A  farmer  buys  oxen,  sheep,  and  hens.  The  whole  nam- 
ber bought  is  100,  and  the  whole  price  £  100.  If  the  oxen  cost 
£5,  the  sheep  £1,  and  the  hens  1  s.  each,  how  many  of  each  did 
he  buy? 

Let  X  =  number  of  oxen, 

and  y  =  number  of  sheep. 

Then  100  —  x  —  y  =  number  of  hens. 

5x-^y  +  ^^~^~y-l00  (1) 

lOOx -♦- 20y -I- 100  -  X  -  y  =  2000, 

99x-|-19y-1900  (2) 

Transpose.  19  y  =  1900  -  99  x. 

Divide  by  19.  y  =  100  -  5  x  -  i^. 


6.         3i  +  8j/  =  ei. 

7.      16i  +  7y-110. 

3x=61-8y. 

7y-110-l(ii. 

...„^20-2y+l-^ 

...,  =  ,5-2.  +  '>f- 

,_20  +  2y  =  L^. 

Tranepose. 

Multiply  by  2, 

!/  +  2x-15  =  ^^. 

2i-^40  +  4y  =  ^^^ 

Multiply  by  4. 

'           3 

L.l           2^.., 

-2-.+  ^. 

3 
2-, .3m. 

Let            ^  =  m. 

.■.,.2-3» 

6^-1=7™, 

Substitute  in  original  equation, 

31 +  16 -24m -61, 

3i  =  45  +  2im. 

Substitute  in  original  equation, 

.-.  a=15-.Rm. 

9e-I12m  +  7y-110, 

If     ,„  =  0,      2-15.^-2, 

7j)  =  14  +  ll2m. 

If     m-.-l,  i  =  -7,    y  =  5. 

.■.y  =  2  +  lGm- 

If         m  -  0,  r  =  6,  y  =  2. 

i  +  5j(  =  97. 

53,^97-8^ 

.,y_19_.+  ^3. 

8.     7i+10y  =  206. 

'                        5 
19  +  ,.»-2". 

71  =  206- lOy. 

OQ           3-3y 

5 

.■.i-29-y+~-». 

by  2, 

8  +  2..i=«' 
5 

.      29+^  =  ^1^. 

_  _  1  +  ^-''. 

Let           i^  =  n.- 

7 

4-K 

.■.y  =  l-7m. 

5 

Substitute  in  original  equation. 

.-.1  =  4 -5m. 

72  +  10-70m  =  20e. 

e  in  original  equation, 

7i=m  +  70m. 

-.  +  5y  =  97, 

.-.1=23  + 10m. 

5j,  =  65  +  40m. 

.■.;,.  13  + 8«.. 

If     m=0,      i  =  2S,  j,  =  l. 

0,      E  =  4,  y  =  13. 

If     m  =  -l,  1  =  18,  y  =  8. 

-1,  x=9,  y  =  5. 

If     m  =  -2,  1-8,     y  =  15. 
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9.  12a?-7y  =  l. 

Transpose.         7y«i2ar«i. 


\y  -X 


6a: -1 


Multiply  by  3, 


3y-3a:  =  2.r  +  ?^. 


Let 


ar-3 


=  wi. 


.*.  a'=  77«  +  3. 

Substitute  this  value  of  x  in  origi- 
nal equation, 

84wi  +  36-7y  =  l, 

7y  =  35  +  84m. 
.-.y  «5  +  12w. 
If  m  =  0,  a:  =  3,  y-5. 


11.    23y-13x-3. 
Transpose,  13x  -  23y  -  3. 

.-.x~y^^Qy--3 

13 

Multiply  by  4, 

4ar-4y-3y-fy-lJ2 
^13 

Let  ^i^^^m 

13 

•  •.y  =  13»n+  12. 
Substitute  this  value  of  y  m  orig- 
inal  eqaation, 

23(13m  +  12)-13j:-3. 

i3a:  =  290m +  273. 
.-.a: -23m  +  21. 
If        wi-0,  x=lM.  y-  12. 


10.         5x-17y  =  23. 

5x  =  23  +  17y. 
.-.  x  =  4  +  3y+^±§2^. 
a.-4,3y^3  +  2y 

Multiply  by  3, 

3x-12-9y  =  l+y+i±y. 

Let  ^  =  m. 

Then  y  =  5wi-4. 

Substitute  this  value  of  y  in  origi- 
nal equation, 

5a:-17(5m-4)  =  23, 
5x-85w  +  68  =  23 


If 


6x=»85m-45. 
.*.  a;  =  17m -9. 
TO  =  1,  X  =  8,  y  =  1. 


12.      23x-9y  =  929. 

9y--=23.r-929. 

.•.y=2j--l()3+--^Z?. 

9 


y-2x  +  103  = 


bx  ~  2 


Multiply  by  2, 
2y-4x  +  2()r)  =  x  +  ?-3-l 


Let 
Then 


X  —  4 


=  m. 


a; -4  =  9m. 

.'.  x  =  9m  +  4. 

Substitute  this  value  of  y  in  orig- 
inal equation, 

207m+92-9y  =  029, 

9y  =  207  m -837. 

.*.  y  =  23m-93. 

If         m  -  5,  X  -  49,  y  =  22. 
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13. 

23a;-33y  =  43. 


23a;  =  33y +43. 


10(.V^2) 


^  23 

Let  2Mi2  _ 

23 
Then  y  =  23m-2. 

Substitute  this  value  of  y  in  original  equation, 
23a;-33(23m-2)  =  43. 
23  a;- 759  m +  66  =  43, 

23  a;  =  759  m -23. 
.*.  x=  33  m—  1. 
If  tn 1,  X  =  32,  y  =  21. 


14. 

655a;-22y  =  73. 

22y  =  555a:-73. 

.-.  y  =  25a:-3+^^~'^ 


Transpose,  y  -  25  a;  +  3  =  -  •'^' 


22 


22 


Multiply  by  9,  9y-225a;  +  27  =  2a;  +  2  +  *^^^=i?. 

liet  =  m. 

22 

Then  a;-19  =  229n. 

.-.  a;  =  19  + 22m. 

Substitute  value  of  x  in  original  equation, 

555(19  +  22m) -22y  =  73, 

10545  +  12210m  -  22y  =  73, 

22y  =  10472+ 12210m. 
.-.  y  =  476  + 555  m. 
If  m-0,  a;  =  l9,  y  =  476. 
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15.  How  many  fractious  are  there  with  denomlnatom  IS  and 

18  whose  sum  is  f  J? 

Let 
Simplify, 

12     18     36 
3*  +  2y-25, 

2y  -  25-3X. 

.•.y»l2-a:  +  i-^ 

Let 

2        "•• 

Then 

1  -  X  -  2m. 

.'.  X—  1  -  2m. 

Substitute  value  of  x  in  original  equation, 

3-6m  +  2y-25. 

.'.  y  —  11  +  3m. 
If  m»0,      x-1.  yll. 

If  m  —  —  1,  X  =•  3,  y  -  H. 

If  m  =  —  2,  X  -  6,  y  «-  5. 

If  m  -  -  3,  X  -  7,  y  -  2. 

Hence,  the  pairs  of  fractions  are 

A.  il;  A.  A:  iV  A^  A.  A- 

16.  What  is  the  least  number  whldi.  when  divkle<l  by  3  and 
5,  leaves  remainders  2  and  3  respectively? 

Let  n  »  number, 

5--2  =  x  (1) 

3  ^  ' 

^-y  (2) 

o 

From  (1)  and  (2),  n  -  3.r  +  2  and  5y  +  3. 

.-.  3x  +  2  =  r)y  +  3, 

3x  =  5y  +  l  (3) 

1  .  -y  ^  1 
.*.  x=«  1  +  -^-- 

3 

m  1         2V  +  1 

Transpose,  x  —  1  =  -^ 

Multiply  by  2,  2x  -  2  =  y  f  2Lt  1 


3 

Let  ^ — -  -  >/i. 

3 

Then  y-3m-2. 

From  (3),  3.t-  157/1-9. 

rr^  5m  — 3. 


•    • 


I  If  m  =  l,x  =  2,  y=»L 

But  7i  =  3x  +  2. 

i  .•.  n  =  8. 


6.  The  8)im  of  any  fraction  and  Its  reciprocal  Is  >  2. 

Let  ^  =  the  fraction.     " 


if(multiplyingbroi),(i'  +  6'  is>2o5. 
Bat  a'  +  t'iB>2at. 


It   i"  =  a'  +  b\  and  y'  =  c"  +  <P.  ly  is  <  tw  +  bd,  or  ad  +  be. 
Now,  if  ly  is  <  oc  +  H 

Ihen  i^'ifl<(ac  +  Sd)', 

and  {by  snbBtituting  the  vaiaea  of  3."  and  y'), 

Ca'  +  6')(c*  +  tP)iB<(ac  +  id)', 
or  (Biraplifying), 

aV  +  o'lP  +  c'6'  +  b'd*  is  >  a'c"  +  2abcd  +  b'd', 
and  a'l?  +  6V  is  >  2abcd. 

Bot  a"rf>  +  iV  is  >  2abcd 

.-.  ay  is  >  M  +  M. 


o6  +  ( 

«!  +  6ci 

a<(a 

^+b-c)■'+(a+c-b)'■\■^b+c■ 

-")•. 

by  eipandii 

igand 

a6  +  . 

ic  +  ici 

fl<3. 

a'+36'+3<'-2a6-2ae- 

-26e, 

3cU 

i  +  3<w 

i  +  Sici 

B<3 

a>  +  3i'  +  3<'. 

m 

<(fr4( 

tc  +  ici 

B<a' 

'  +  *•  +  c*. 

i 

R< 

a'+    &> 

2ac 

i 

s<    . 

a>            +    ■? 

2bci 

a< 

6'+    ■? 

>  +  2ac 

;  +  2fi<!  i 

7<2 

a'  +  2f  +  2c' 

YFti° 

afc  +  < 

ic  +  bci 

3<a' 

'  +  i'  +  c*. 

laLi- 

at  +  t 

le  +  bci 

s<(« 

,i-t_,).+(afc-6)'+(i+e-a)<. 

iM; 
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8.  Which  is  the  greater, 

(a»  +  ii^e'  +  rf«)  or  (oc  +  W)«  r 

Now,  aV  +  6*c"  +  a«d*  +  6»<i«  i«  >  oV  +  2a6ecf  +  6»<P, 

But  i«c«  +  a»</»  ia  >  2adcrf. 


9.  Which  is  the  greater, 

or*  —  6*  OP  4a*(a  -  6),  when  a  is  >  6? 

4a\a  -  6)  i8  >  or  <  a*  -  b\ 
as  (dividing  by  a  -  6),        4a*  is  >  or  <  a*  f  a*6  +  a^  +  &■, 
as  (subtracting  a^  from  both  sides), 

3a»  is  >  or  <  a»6  +  oM  +  &», 
as  (transposing  a'6),  3  a'  — a'A  is  >  or  <  a^  +  &•, 
aa  o«(3a -  6)  is  >  or  <  6*(a  +  6), 

if  the  factor  a*  be  taken  ont  from  the  left  side,  and  the  factor  b*  from 
the  right  side,  since  a  is  >  &,  the  left  side  will  have  been  divided  by 
a  greater  number  than  the  right ;  so  that,  if  the  left  is  greater  than 
the  right,  afler  both  factors  have  been  taken  ont,  it  must  have  been 
greater  before. 

If,  therefore,  3a  —  fti8>a+ft, 

if  (by  adding  6  —  a  to  both  sides), 

2a  is  >  26, 
But  2a  is  >  26. 

/.  4a«(a-6)is>a*-6*. 


10.  Which  Is  the  greater, 

as (Bqoariog),        y  +V2<»i  +  —  ii  >or<a  +V2ab  +  h, 

as (transpoaing),  T"''""  'S'*<»'*~"  +  i. 

ae  (tnultiplyiog  by  oJ),     o"  +  5*  is  !>  or  <  a'fi  +  aifl, 
as  (<i  +  6)(o'-o6  +  6')  is>or<ai(o  +  6), 

as  {a'  +  6')is>or<2<ii. 

Bnt  (a*  +  6')iB>2ai, 

11.  Which  ia  tlie  greater. 


+  2a6  +  6'is>or<4 
a'  +  t'i8>or<2 
a'  +  6>iB>2o6, 


;.  Which  is  the  greater, 
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Exercise  72. 

1.   (a»)«  2.  (a*)»  8.  (jryf 

*  (f  )•      ••  im 

~       2*  "  L*a»x*M«» 

"    16  *  "  '62a^b^ 

6.   (x  +  2)» 

=  (x)»  +  3(x)»(2)  +  3(x)(2)»  +  (2)» 
=  a:>+6a:»+  12x  +  8. 

7    (x  —  2)* 
'   =i*-4(x)»{2)  +  6(x)«{2)»-4(x)(2)»+2* 
=  a^-8x»+24x*-32x  +  16. 

'  =  (x)*  +  5(x)*(3)  +  10(x)^(3)«  +  10(x)«(3)>  +  5(x)(3)«  +  (3)* 
=  X*  +  15x*  +  90x»  +  270x*  +  405x  +  243. 

9      /I     I    9a>^ 

"  =  1*  +  5(2x)  +  10(2x)«  +  10(2x)»  +  5(2x)*  +  {2xf 
=  l  +  10x  +  40x*  +  80x»-|-  80x*  +  32x*. 

10.  (2m  - 1)»  13»  (-  7  m» n.r«  v*)^ 

=  (2m)»-3(2m)»+3{2TO)-(l)'  -  -  7'*n«x»/iO««V''* 

=  8m»-12m«-|-6TO-l.  =  49m«n»j^y». 

11.  (2a«ftc»)*  ,.     /     2x^Y 

=  16o8  6*c".  _2»x«^^ 

12.  (-5ax»y)»  "~3»c.'6»c» 

=  -125a»x»/.  "     243a*  6»c»* 

15.  (3x  +  l)* 

=  (3x)*  +  4(3x)»  +  6(3x)«  +  4(3x)  -h  1 
=  81x*  +  108x»  +  54x*  +  12x  +  1. 

16.  (2x-a)* 

=  (2xf-^2xf{a)  +  6(2x)>(a)»  -  4(2x){a)»  +  {af 
=  16x*  -  32ax»  +  24a*x»  -  8a»x  +  of 

17    (3x  +  2a)* 

'   =(3xy  +  5(3x)*(2a)  +  10(3x)»(2a)« 

.  +10(3x)>(2a)»  +  5(3T)(2a)*+(2a)» 

=  243x*  +  810ax»  +  lOSOa'x*  +  720a»x"  +  240o*x  +  32a*. 
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=  (2rc?  -  4(2x)»(y)  +  6(2x)«(y)«  -  4(2x)(y)»  +  {yf 
=  16aJ*-  S2a*y  +  24je»y*  -  8iEy»  +  y*. 

19.  (xh/-2xy^f 

=  (a^y)»-6(a:»y)*(2a5^)+15(x«y)*(2a:y«)»-20(a:»v)»(2xy«)» 

=  aJV  -  12a:*»y^  +  60a^V  -  l60a:»y»  +  240x8yi« 

-  192a;Ty>i  +  64x«y". 

20.  (a6-3)T 

=  (aby  -  7(a5)«(3)  +  21(afty(3)»  -  35(a6)*(3)» 

+  35  (o*^  (3)*  -  21  (oft)*  (3)*  +  7(ai)(3)»  -  (3)» 
=  aT6T-21o«J«  +  189a56*-945a*6*  * 

+  2835o»6»-  5103o«6*  +  5103a6  -  2187. 

21.  (-3a»6»c)5  o-     /     a:*y»2r*V 


=  -243a"6»V. 


^       J^x7y8x7g4x7 


22.  (-^xi/'f  .  2^ 

=  729a:«y«  = f^~ 

23.  (-5a'6r»)5 

=  _55a2x5^,5a4Jx5 


24. 


26.  (l-a-a«)» 

/     3a6n*  ={l-(a  +  a»)}« 

(--Tt)  •  =l«-2(a  +  a«)+(a  +  a«)« 

^  „,   :,/  =l-2a-2a«  +  a«  +  2a»  +  a* 

-81a*y  =l-.2a-a«+2a»  +  o*. 


256  c" 
27.  (2-Sx  +  Ax^y 


'-(2f-S(2f{3x-4x^+S(2){3x-4x^f-(3x-i:x'f 
-"  S  -  36a;  +  48ar«  +  54a;*  -  144ar» 

+  96a;*-  27ar»  +  108a;*-  144a*  +  64..« 
=  8  -  36a;  +  102a;*  -  171ar»  +  204a;*-  144a*  +  64a*. 


28.  (l-2a;  +  a;*)» 

=  {(1-2::;)  + a;*}' 

-  (1  -  2a;)*  +  3  (1  -  2a;)*a;»  +  3(1  -  2a;)(a;*)«  +  {x^ 

-  1  -  6a;  +  12a;*  -  8a*  +  3 a;*  -  12a*  +  12a;*  +  3a;<^  -  6a;*  +  a^ 
=  1  -  6a;  +  15a;*  -  20a*  +  15a;*  -  6a;6  +  a;*. 

29.  (l-a;  +  a*)» 

=  {l-(a;-a*)}» 

=  1  -  3(a;  -  a*)  +  3(a;  -  a*)«  -  (a;  -  a*)* 

=  1  -  3a;  +  3a*  +  3a:*  -  6a*  +  3a;*  -  a*  +.3a;* -  3a*  -+  ^ 

-  1  -  3 a;  +  6a;*  -  7a*  +  6a;*  -  3a*  +  a*. 
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30.  (l+aj  +  x*)* 


=  1*  +  4(l)»(x  +  AC*)  +  6{l)*(ar  +  x")«  +  4(l)(x  +««)»  +  (»  +  «»)♦ 
=  1  +  4a:  +4x»  +  6a:»  +  12x»  +  6«*  +  4«»  +  12«*  +  12a* 

+  4a5*  +  a*  +  4a»  +  ea*  +  4*' +  «• 
=  1  +  4aj  +  lOaj*  +  16a:»  +  19a:*  +  16«»  +  lOit*  +  4x'  +  a». 


Exercise  73. 


1.  v^  =  ±a«. 
Vx*  =  ±  a*, 
\/4rf»F=±2a»6, 
v^64=4. 

v^-32a«=-2a». 

2.  v^-1728c«rf"jV=  -12c«rf*ay», 
V^3375y'2'^  =  156V, 
v^3111696  =  v^2*  X  3*  Xj  *. 
^2*x3*x7*c"2*=  ±  42c*  2. 


3.    V53301 6* c*y««z» 


3« 

7 
7 


53301 


5*J29 


847 


121 


^/Sm\  =  \/3'  x7»x  ll«. 

■.  \/533< J u*c"y»v*  ~  t  2:n  /Ayj" 

^V       3432"     '      '72"  * 


4.  \/25  aV^  ^  v^S  o»&«c»  -  v^8Ta*7/«  ^  -  y/'.Vl  a^^^  (*_ 
=  V5»a«'Mc*  +  v^2»a>6«c»  -v^aSi^i^c*  - v'2*a*6»V 
=  5a6«c  +  2ab^c  -  3a6«c  -  2ab^c 

=  2a6*c. 

5.  v^27ar'y«xv^243y*2*xv^l6^*? 
=  3ay'x3y2X4a:'2 

=  36a:»y»2«. 

6.  4  V2x  -  Vabxy  +  T>\/a^l^xy 

=  4 V2  X  2 -V 1^  3  X  2  X  6  +5Vl«x3»x2x6 
=  4a/4-V36  + 5^/324 
-4x2-6  +  5x18 
=  92. 

7.  2aV8aar  +  hy/\2hy  +  iabxVbxy  

=  2xl\/8xlx2+3v^2"x3x6  +  4xlx3x2V3x2x6 
=  2Vr6  +  3  v^^  +  24\/3G 

=  2x4  +  3x6  +  24x6 
=  170. 


ft   v'^  +  2aft  +  i»xv'(^  +  3o' 
=  {a  +  6)x(a  +  6) 
=  (l  +  3)x0+3) 
=  16. 


9.    W-3ft'a  +  3iii'-a'-^v'i'+a'-2a6 


<i*  +  4a'  +  2a'-4a  +  l|o'  +  2o-l 
|4a'  +  4a' 


I* 

3. 

4  o»  - 12  a'l  +  5a'j:»  +  SaV  +  aV  |2o'-3g'r-ait' 


J*  -24  iV-I2i'y'+ 16  iV+lGayi +4  5*132^-411^-2^ 

|-24aV+lCaV+lGiJv* 
I  aj('-3y'|-123r'5'  ^Tje  ™i+4  j* 

'-12rV  +1Gj^'+4v* 
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6. 

4a»+  16a«c»  -  32o«c»  +  16<!'|2a*-f  4aV 

4a« 


-4c» 


4a*  +  4a*c* 


16a«c»-32a»<* 
16a«c»  +  10o*c* 


4a*  +  8aV-4c* 


16a*c*-32oV+  H;c» 


4«»-5a: 


4a:*-20x*  +  37a:» 

4^ 

-20a:»  +  26ai» 


6. 

30g4-9|2a-»-5g4  3 


4x»-10x  +  3 


12x* 
12a:» 


30x  +  9 
30x  f  9 


7. 


8*3 -2a6 


16a;*-  16a6x»  +  166»a:»  +  4a'6«  -  80^  +  U*\\t*     2ah  1  2^ 
16ar* 

-16aftx»+166«x*  +  4a«6» 

-16a6x»  +4a«6« 


8x2-4a*  +  26» 


166»ar» 
166»a:» 


8. 


16  -  24x  +  25x^-  203^  +  lOx*  -  4a:*  +  j*|4-3j  f  2j»  -  j» 
16 


8-3x 


-24x  +  25ar» 
-24x+    9x» 


8-6x  +  2r» 


16x« 
16x« 


20x>+10«* 
12x'+    4a?* 


8-6x  +  4x»-x» 


8x»+    6x* 
8x»+    6x* 


4j*  +  X* 
4.1^  +  a* 


9. 


a^-4xfty-4-8x*y»-10x»y»4-8x'v*-4gv*+.V«ix»-2x».v+2jv'-/ 


2i^-2xh/ 


— 4x*y+8x*y' 
— 4x*y4-4x*y* 


2x»-4x»y  +  2xy« 


4a?*y'-10x'y«+8x*y* 
4x*7/«-  8x»v»+4x'y* 


2x'-'4x»y  +  4xy»-y» 


—  2ar»y*+4.T*7/*-4.ry*-l-y* 

—  2x^y^-f  4x^'7/*-4a:t/^+y* 
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4a« 
4a« 


10. 

_4a5-lla*  +  14a3  +  5a*-  12a  4- 4|2a3-a'- 3o  4- 2 


-4a*- 11a* 


4a»+      a* 


4a»-a=» 
4a3-2a2 

4a8-2a«-6a+2 


-3a 


-12a*  +  14a'  +  5a« 

-12a*  4-   6a»  +  9a' 

8a3-4a2 

8a»-4a2 


12a  +  4 
12a  +  4 


11. 


1 3a-64-5c+<^ 
9  a« -6  a6 +6H30  ac-10  6c+25cH6ai-26d+ 10  cc?+rf» 


9a2 


6a-6 


-6a6+6« 
-6a6+6« 


6a -26  + 5c 


30ac-106c+25c» 
30ac-106c+25c2 


6a-26  +  lOc  +  rf 


12. 


Qad-2hd-\-\0cd-\'d^ 
Qad-2hd+l0cd-\-d? 


10iB»-3x*y 


1 5a-^  —  3g^y  —  4a?/*  -f-  y^ 
25a*  -  30a;*y  -  Sla:*?/'^  +  34ar»y3  ^  lOa^ay* _  Say*  +  ^ 
25  a* 

-30a*y-31a:*y« 

-30ar^.V+   9a;*y» 


10a,*-6x2y-4a;y^ 


-  40a;*y«  +  34a:»y»  +  lOa^^y* 

-  40a:*.v*  +  24ar>y>  +  IGr^y* 


\03?-QtJ?y-^xy^^f 


10ar»y»-   6a;3y4_8a.y5  _,.  yj 
lOar^.v^-   6a;*y*- 8a;y*  +  y* 


13. 

|m*-2m»+3m'-4m  f5 

m8-4m^+10m«-20m5+35m*-44m»+46w*-40m+25 


2m*-2m3 


-4m^+10m« 
— 4m''+  4  m® 


2m*-4m'+3m* 


6m«-20m'^+35m* 
6m«-12mn  9m* 


2  m*— 4  m^+6  m*— 4  m 


-  8mH26m*-44m»+46m* 

-  8mH16m*-24m'+16m« 


2m*-4m»+6m'-8m+5 


10m*-20m»+30m«-40m+25 
10  m*-20  m8+  30  m«-40  m+  25 
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14. 


2x'-ixy 


21*  -  aiy  —  y' 


15. 

ar*  -  4x'y  f  6x*y'  -  6xy*  +  r)y*  - 

a;* 


X*  —  2jpy  +  y'  - 


23^-2x1/ 


-4i'y  +  6a:^* 
—  ^3?y  4-  4ar'y* 


2a:'  — 4a:y  +y* 


2jr»y« 
2a^« 


6ay»  +  5y* 
4a?y»-i-    y* 


2ar»-4a:y  +  2y»-^ 


2iy'  +  4y* 
2ajy»  +  4y* 


X  Of* 


16. 


a 


o'x 


9       2   "^ 


a; 

9 

2a^     Sooj 


a'a; 


+ 


43  aV 

48 


43  a V 


3aa;»  ,  a?* 

"r-^4 


3 


3ajj     ^ 
4'       2 


2  48 

q»a?     27  aV 

2  48 


n  /  a'*     3  aoj  \      a^ 

n3-r)^2 


aV 


3 


3aj;»  ,  3^ 
3ax»  J  a?* 


10     20      25      24  , 


1* 

20      25 

12      9 
3*? 

-^ 

8      16      21      16 

?+?  +  ;•  +  ? 

8  ^  16  ^  24  ^  H 

3_26^6'|a_^ 


,^+ 

3 

26 

-2  +  ^ 

.;, 

^^ 

^_ 

26 

+  ^ 
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1. 

RXERCISE 

75. 

2. 

[1)           120409(347 
9 

64)304 
256 

(1) 

16803.9369(129.63 

1 

22)68 
44 

687)4809 
4809 

249)2403 
2241 

2)           4816.36(69.4 
36 

2586)  1(5293 
15516 

25923)77769 
77769 

129) 1216 
1161 

(2) 

4.644§9t6i  (2.1319 
4 

(3) 


(4) 


(5) 


1384)  5536 
5536 


1867.1041  (43.21 
16 

83)267 
249 


862)1810 
1724 

8641)  8641 
8641 


1435.6521(37.89 
9 

67j635 
469 

748)6665 
5984 


7569)68121- 
68121 

64.128664(8.008 
64 

16008)128064 
128064 


41754 
41 

423) 1349 
1269 

4261)8097 
4261 


(3) 


42629)  3836('>1 
383<mi 

0.24373909(0.4937 
16 

89y837 
801 

983)3639 
2949 


(4) 


9867)69069 
69069 

0.5687573056(0.75416 
49 

146J787 
725 

1504)6257 
6016 

15081)24130 
15081 

150826)904956 
904956 
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(1) 


3. 


0.9006o6o6o6(0.94868 
81 

184)900 
736 

1888) 16400 
15104 

18966) 129600 
113796 


189728)  1580400 
1517824 


(5)      17.00(4.1231 
16 

8l5lOO 
81 

822) 1900 
1644 

8243)25600 
24729 


82461)87100 
82461 


(2) 


(3) 


(4) 


6.21  (2.4919 
4 


44) 221 
176 


489)4500 
4401 


4981)9900 
4981 


49829)491900 
448461 


0.43(0.6557 
'36 

125)700 
625 


1305)  7500 
6525 

13107)97500 
91749 


0.008520(0.0923 
81 

I82J42O 
364 

1843)5600 
5529 


(6) 


(7) 


i29.06000606(lL3578 
1 

21J29 
21 

223J8OO 
669 

2265) 13100 
11325 

22707) 177500 
158949 

227148)1855100 
1817184 


347.2590(18.6348 

28JI47 
224 


366) 2325 
2196 

3723)  12990 
11169 

37264)182100 
149056 

372688) 3304400 
2981504 


L 
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(1) 


(2) 


(3) 


(4) 


4. 

i429o.3876(119.5633 
1_ 

21)42 
21 

229)2195 
2061 

2385)  13438 
11925 


{^) 


23906)  151370 
143436 


239123)793400 
7173C9 


2391263)  7603100 
7173789 

2.50006(1.5811 
1 

25jl50 
125 

308)2500 
2464 

3161)3600 
3161 

31621)43900 
31621 

2000(44.721 
16 

84)400 
336 


887)6400 
6209 


8942)  19100 
17884 


89441)121600 
89441 

0.36060606(0.5477 
25 

IO4J660 
416 

1087)8400 
7609 

10947)79100 
76629 


(6) 


(1) 


(2) 


(3) 


0,030U0U06(0.1732 
1 

27^200 
189 

343)1100 
10L>9 

3462)71(i0 
0921 

iii(io.r>356 
1 


205)  IKK) 
1025_ 

2103)  7ri(K) 
(•»309 


21065)119100 
10r):525 


210700)  1377500 
12*M23G 


5. 

0.001*11(0.0333 
9 

63)210 
1S9 

663)2100 

19H0 


0.064()0606(0.0(^>32 
36 

1235400 
369 

1262)3100 
2524 

0.0056(0.07071 
49 

1407) 10000 
9849 


14141) 15100 
14141 
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(4) 


(5) 


(6) 


(7) 


2.06060006  (1.4142 
1 

24J1OO 
96 


281)  400 
281 


2824)11900 
11296 


28282)60400 
56564 


5.00(2.236 
4 

42J1OO 
84 

443) 1600 
1329 

4466)  27100 
26796 


3.25(1.8027 
1 


28)225 
224 


3602) 10000 
7204 

36047) 279600 
252329 


(1) 
(2) 
(3) 
(4) 


(1) 


(2) 


(3) 


(4) 


8.600600(2.932 
4 

49T46O 
441 

583)  1900 
1749 

5862)15100 
11724 


6. 

V  TXX  — 


T¥¥ 


9  _ 


10 
IS 


^  20 


7. 
i = 0.5. 

0.50(0.7071 
49 

1407)  10000 
9849 


14141)  15100 
14141 

g  =  0.666666. 

0.666666  (0.816 
64 

I6IJ266 
161 


1626)  10566 
9756 

f  =  0.75. 

0.750000(0.8660 
64 

166)1100 
996 


1726)  10400 
10356 


1 


1732)  4400 

=  003125. 

0.031250(01767 
1 

27j2i2 
189 

346)  2350 
2076 


3527) 27400 
24689 
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(5)    jfy  =  0.0546875. 

• 

(7) 

f  -  0.857142. 

0.05468750(0.2318 

0.857142(0.9258 
81 

43)146 
129 

1 

« 

182)471 
301 

463)1787 
1389 

1846) 10742 
9225 

4668)39850 
37344 

18508)  15 17(K) 
14S(MU 

(8) 

A  -  0.08333333. 

(6)  jh  =  o.m. 

0.0S333J3:i(0  28S0 
4 

0.0480(0.2190 
4 

48) 433 
381 

41)80 
41 

568)4933 
4514 

429)3900 
3861 

57(>6)3Sl)33 
3l5iM) 

Exercise  76 

• 

1. 


3x* 


(3x  +  2y)2y  =  Sxy-^iy* 


a»  +  6x*y  +  12a:y«  +  8v'|x-t-2y 

6x»y  +  12jy«  +  8y» 
6g«t/-hl2xy«  f  8y» 


3x*  +  6a;y  +  4y» 
2. 


a»~9o«  +  27a-27|a-3 


a« 


3o« 


->3f3a-3)=        -9o  +  9 


3a«-9a  +  9 


9a' +  27a- 27 
9a«  +  27a-27 


3. 


Sx* 
(3a; +  4)4=         12a; +  16 


g»4-12a:'  +  48g  +  64|a;-f  4 

12x»  +  48a;  +  64 
123:2 +  48x  + 64 


3r»  +  12a  +  16 
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3aJ* 


(S3^-ax){-ax)  =      -3aa'-faV 


4. 

afi  

-3aa^+5aV-3a5a; 


3i'*-3aa^+aV 
3(x^-axf = 3a:*-6(zar^+3rtV 
(3x«-3(M;-a»X-a*)  =  -3aV+3a»aj+a* 


3aa:*+3aV-aV 


3x*-6aa:» 


+3a'a?+o* 


-3aV+6aV-3a^j-a« 
-3aV+6aV-3aSa:-a« 


5. 


0^  +3a^+6ar*+7ar»+6a;'+3a:+l  |a;*+a:+l 
afi  


{3a^-\-x)x= 


3a;* 


+3a:»+a:* 


3a;*+3r»+a;2 

3(a*  +  fl;)»=3a;*+6ar»+3aj* 
(3a:*+3a;+l)(l)= 3a»+3a;+l 


3a*+6ar*+7a:» 


3ar*+6ar»+6a^+3a;+l 
3a:*+6iF»+6x«+3x+l 


3ar*+6r»+6a^+3a;+l 

6. 

|l-3a;  +  4a:» 

1  -  9a;  +  39a;»  -  99r»  +  156a;*  -  UAs^  +  64a:« 
1 

-9a;4-39a:2-99ar» 


-9a;  +  9a:2 


3-9a;  +  9ar» 
3-18a;  +  27a;« 


-9a;  +  27a;2-27a:' 


12a:«-36ar»  +  16a:* 


3  -  18a:  +  39ar» -36ar»  +  16a;* 


12ar»  -  72ar»  +  156a;*  -  144a;S  +  64a* 
12ar»  -  72a;»  +  156a;*  -  144a;*  +  64a:« 


7. 


|a»-2a-l 
o«-6a6+   9a*  +  4a»-9a«-6a-l 


a" 


(3a«-2oX-2a)  = 


So* 


6a»4-4a2 


3a*-6a3  +  4a2 

3(a2_2a)2  =  3a*-12aH12a« 
(3a«-6a-l)(-l)  = -  3aH6a+l 


-6aH   9a*  +  4a» 
-6a5  +  12a*-8a» 


3a*-12a8+  9a«+6a+l 


-3a*  +  12a»-9a»-6a-l 
-3a*4-12a»-9a«-6a-l 
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8.  \4i*-¥Ax^\ 

64z«+1922»+144«*-32i*-3di»+12*-l 

"  l92*»+144a*-32jr> 


48x*+48a»+16ar» 

3  (4x«+4j)»  =  48x*+96a»+48x* 
l\2a?-i-12a:-lX-l)= '     " 


192j:*  +  102x*fC.|x» 


-12i*-12rfl 


48a:*+96x»+3Gx*-12i+l 


-48jr*-i^U»-3(lx»+12x-l 
^48j^-90j*-3«5r'fl2r-l 


9.  [[^TtJ*-l» 

1 -3x+Gic»-lOx»+12x*-12z*+10i*-Gx' +  3^- «• 
1 
-3x+Gx»-10j' 


-3x+i* 


3-3x+a^ 
3-6a:+3x« 


-3jrf3j:*-     a* 


3a:>-3a:»+a:* 


3x*-  9j:'+12z*-12x»+10a* 
32»-  ri;K»+  6x*-  3^*+     X* 


3-6a;+aE*-3a:»+ir* 

3-6j:+9a:»-6iF»+3j;* 

-3a:»+3ar*-3a:*+a:» 


3-()i+9x»-9  r»+Ga^-3x*+a!» 


-  3x»+  (ij*-  9^f  9a«-ru'f3«*-a* 


-  3a*+  &i^-  9x»+  93«-r,jT+3x»-a* 


3tf* 


•  10.  [o«_f  3a6-9^ 

a«  +9a*6-135a»6»+729aA»-729> 

9a»6-136a»6»+729aM 


9a»&+9a«ft' 


3a«+9a»6+9a«&* 
-27a«6*-81a4»+81M 


3a*+18a»6 


-81a6»+816* 


9a»6-h27a*6«+27a«6» 


-27a*6»-162o»6»+729a6*-729i^ 
-27a*6»-162a»6»+729aft»-7296» 


3c* 


-126c»+166«c* 


11.  |<J-46c-h4y 

««-12W+606V-1606«c»+240Mc>-1926»c+646» 

-12ic*+606«c»-1606»c» 
-12W^+48ft«c*-  64&»c» 


3c*-126c»+166«c* 
3c*-246c»+486«c» 


126V-48MC+166* 


12i>«c*-  966»c»+2406*c»-192i»c+646* 


^<i*-246c»+60yc«-48yc+16&*|  12yg*-  96yc»+2406*c«-192yc+64y 
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12a* 


24a»6+16a«6« 


12. 

|2fl'+4a5-3y 

8a?+48a5&+60a*i«-  S0a^h^~d0a'^b^+lOSab^-27l^ 
8a« 

48a56+60a*6«-,  80a»6» 


12a*+24a»6+16a«6« 
12a*+48a56-h48a«6« 


48a*ft+96a*6«+  64a»6» 


-18a«6«-36aJ»+95* 


12a*+48a'&+30a262-36a63+96^ 


-36a*62_i44a»6»-90a264+l08aA5_275« 
-36a*6«-144a»6»-90a«6*+108ai5_27i« 


Exercise  77. 


1. 


6»  = 


3(60)« 

3(60x5) 

5« 


10800 

900 

25 


274625165 
2^6 

58625 


11725 


58625 


63 

3(60)« 
3(60x4^ 


4«  = 


3. 


10800 

720 

16 


262144164 
216 


11536 


46144 


46144 


4»  = 

3(40)2  = 

3(40x8)  = 

82  = 


2. 


4800 

.960 

64 


110592148 
64 


5824 


46592 


46592 


9» 

3(90)« 

3(90x6^ 


4. 


24300 

1620 

36 


884736196 
729 


25956 


155736 


155736 


4»  = 


5. 


1092153521478 
64 


3(40)2=  4800 

3(40  X  7)  =   840 

72=    49 

45215 

5689 

39823 

3(470)2  =  662700 

3(470x8)=  11280 

82=    64 

5392352 

674044 

5392352 
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6. 

1»  = 

3(10)»=  300 

3(10  X  1)  =   30 

1»=    1 

l48i544|114 
481 

331 
150544 

150544 

9. 

3(10)».»  300 

3(10x4)=   120 

4«  ■_  16 

i80322i  11.41 
1803 

331 

3(110)' =  36300 

1(110  X  4)=  1320 

4*=   16 

3(M0)«»rKSKOO 

3(140x1)-  420 

1».    1 

59221 

1711 
r»!>221 

37636 

50221 

10. 


•  • 


7. 


1» 

3(10)» 
3(10x1) 


3(110)« 

3(110x7) 

(7)» 


.  300 

•  30 

1 

601 

331 

331 

36300 

.  2310 

49 

270613 

38659 

270613 

1«- 

7077^^^, 

1 

192 

3(10)»- 

3(10x0)--- 

9^- 

300 

270 

81 

0O77 

651 

3(100)»  , 

3(190x2)  = 

2*  -  = 

1083<K) 

1140 

4 

21.S8H8 

109444 

21SSSS 

11. 


] 
2»- 

[2.81290412.34 
8 

a 

3(20)«  --=  1200 

3(20x3)=  180 

3«-=   9 

4812 

i»- 

3(10)»=  300 

3(100)«  =  30000 

3(100x8)=  2400 

8»=   64 

1259712 1 108 
"259712 

259712 

1389 

3(20x3)=  180 
2(3)»=   18 

3(230)«  =  158700 

3(230x4)  =   2760 

4»=    16 

4167 
645JK)4 

32464 

161476 

645904 

12. 

56.62310i|3.8i 

3-=              27 

SCSO)"  -      2700 

29623 

3(30  X  8)  =       720 

8*=         64 

3484 

27872 

1751101 

3(380)' =  433200 

3(380  X  4)  =      4560 

3307(i.l6il32. 

3»=               27              

3(30)' -2700 

607S 

3(30x2)=    180 

(2)'=       4 

2884 

5768 

308161 

3(30x2)-    180 

2(2)'  =       8 

3(320)' =  307200 

S(320xlj-       960 

308161 

308161 

0)'  =      4800 

38503 

6)=        720 

O"-         36 

5556 

33336 

5167232 

))'  =  634800 

8)-    11040 

8*=         64 

615904 

5167232 
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16. 

9»  = 

3(90)»  =  24300 

3(90x3)=     810 

3«=         9 

820.02585619.36 
729 

91025 

25119 

810 

18 

3(930)«  =  259-4700 

3(930x6)=      K5740 

&  =           3« 

75:i57 
lo<i(>8856 

2611476 

16668866 

16. 

2»- 

3(200)»-     1200(X) 

5(200  X  5)  =         3000 

(o)»  -             25 

8(553.002877120,53 

8 

(h53002 

123025 

615126 

3(2050)*  =  12607500 

3(2050x3)-       18450 

(3)«- 9 


12625959 
17. 


37»77877 


37877877 


1» 

3(10)«  = 
3(10  x  1) ' 
1* 


3(110)" 
3(110x1) 


3(1110)« 

3(1110x1) 

V 


1.371330631  lUU 
1  


300 

371 

30 

1 

331 

331 

36300 

40330 

330 

1 

36631 

36631 

3696300 

3699631 

3330 

1 

3699631 

3699631 
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18. 


2» 

3(20f 
3(20  X  7) 


3(270)« 
3(270  X  5) 


52 


20910.518875127.55 
8 


3(2750)V 
3(2750  X  5) 
52 


1200 

420 

49 

12910 

1669 

11683 

420 
98 

1227518 

218700 

4050 

25 

222775 

1113875 

4050 
50 

113643875 

22687500 

41250 

25 

22728775 

113643875 

19. 


4s 

3(40)2 

3(40  X  5) 

(5)« 


3(4500x4) 
4'^ 


91.39864846612514.5045 
64 


3(45040x5)  = 


52 


4800 

600 

25 

27398 

5425 

27125 

600 
50 

273648466 

60750000 

54000 

16 

243216064 

60804016 

54000 

32 

30432402125 

'6085804800 

675600 

25 

6086480425 

30432402125 

TEACHERS     EDITION. 


269 


20. 


1» 

3(10)» 
3(10x7) 


5.346l0439323»  11.7479 


3(170)« 
3(170x4) 


3(1740)« 
3(1740  X  7) 


3(17470)* 
3(17470  X  9) 


=  300 

1340 

=  210 

=  49 

559 

3913 

210 

98 

427104 

86700 

=  2040 

16 

88756 

355024 

2040 
32 

72080393 

=9082800 

36540 

49 

9119389 

6383.5723 

36540 
98 

8214670239 

=  915602700 

471690 

81 

916074471 

8244670239 

21. 


(1) 


1« 

3(10)* 

3(10x3) 

3« 


3(130x5)^ 
5» 


3(1350)« 
3(1350x7) 

7* 


2.50011.3572 

1 

300 

1500 

90 

9 

1197 

399 

303000 

90 

18 

50700 

1950 

•   25 

263375 

52675   . 

39625000 

1950 

50 

5467500 

28350 

49 

39471293 

5495899 

153707000 
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(2) 


5^  = 


0.2060060060061 0.5848 
125 


3(50)^ 

3(50x8) 

8* 


7500 

1200 

64 


8764 

1200 
128 


3(580)> 

3(580  x'4) 

4« 


1009200 
6960 


75000 


70112 


3(5840)» 
3(5840  X  8) 

8^ 


4888000 


16 

1016176 

4064704 

6960 
32 

823296000 

102316800 

140160 

64 

1 

102457024 

819656192 

(3) 


23 

3(20)2 

3(20x1) 


1200 

60 

1 


0.010000000000 10.2154 
8 

2000 


1261 

60 
2 


3(210)' 

3(210x5) 

5» 


132300 

3150 

25 


135475 

3150 

50 


3  (2150)' 

3(2150x4) 

4« 


13867500 

25800 

16 


13893316 


1261 


739000 


677375 


61625000 


55573264 
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(4) 


1» 

3(10)* 

3(10  X  6) 

5* 


3(150)» 

3(160  X  8) 

8« 


3(1580)* 

3(1580  X  7) 

7* 


4.000000000000  LL5S74 


3(15870)* 

3(15870  X  4) 

4* 


300 

150 

25 

3000 

475 

150 

50 

2375 
625000 

67500 
3600  • 
64 

71164 

3600 

128 

560312 
55(WWJ(X) 

7489200 

33180 

49 

7522429 

r>2tV)7003 

33180 
98 

3030997000 

755570700 

190440 

16 

755761156 

3023044624 

(5) 


7* 

3(70)* 

3(70x3) 

3* 


0.406006006006  |0.73r>8 
343 


3(730)* 

3(730  X  6) 

6* 


3(7360)» 

3(7360x8) 

8* 


14700 

630 

9 

57000 

15339 

46017 

630 

18 

10983000 

1598700 

13140 

36 

1611876 

9671256 

13140 
72 

1611744000 

162508800 

196640 

64 

162705504 

1301644032 
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Exercise  78. 

1. 

81a*  -540a»6+1350a'y-1500ay +6256*  j  9  a^-SOab  4-256* 
81a* 

-540a»6+1350a26« 

-540a»6+  900a'6' 

450a26«-1500a6»+6256* 


18tt»-60a6+2562 


450a«62-1500a6»+6256* 


9a«-30a6+256»|3a-56 
9a^ 


ea-bb 


2. 


-30a6+2562 
-30a6+256» 


a*  -4a;^+10a*-16a;*+19aJ*-  16x»+10a:»-4a;+l  |a?*-2r^+3a^-2a;+l 

l8 


2a;*-2a:3 


2ic*-4a:3^3aj2 


6ai»-16a;*+19a^ 
6!r«-12a*+  9a?* 


2aJ*-4a:*+6a:»-2a; 


-4a:6+10a;*-16ar»+10a:» 
-4a*+  8a;*-12aJ»+  4x« 


2aJ*-4«>+6a^-4a:+l 


2a;*-  4a:»+  6a»-4a;4 1 
2a;*-  4a;»+  6a:»-4x+l 


a;*  -2a;»+3a;»-2a;+l  l^-«+l 

a;* 


2a;*-x 


-2a;»+3a;* 
-2a:»+  a^ 


2a?»-2a;+l 


3. 


2a;»-2a;+l 
2ar»-2a;+l 


16-12X 


9. 

64  -  192x  +  240  a;»  - 160  ar»  +  60a;*  -  12ar^  +  a;*  l8-12x  +  6^-a^ 
64 


-192aj  +  240x» 
-192x  +  144a;' 


16-24x  +  6a^» 


16-24x+12a;»-a;» 


96a;«-160a;»  +  60a;* 
96a;«-144a;«  +  36a;* 

-   16ar»  +  24a;*-12a;*  +  a* 


—  lo  ar  -1-  ^5*t  x-  —  liS  ar  i-  ar 

-  16ar^  +  24a;*-12a;^  +  a^ 
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2»  = 
3(2)>=12 


8-12»  +  6x>-a»12-« 
8 

-12«  +  6a5»-x" 


-C^x  +  i* 


12-6af +  «• 


-12x  +  r)a:>-a:» 


4. 

729a*  -1458a*+1215af«-54ar»+  13r)a:»-iax+lM^^-flxjJ 

(9x^  =  729^ 

243a^  -1458a:*+1215x*-M0a:» 

-162af» 


+36x» 


243aj*-162a:»+36j:» 


-1458a*+  972a;*-216*» 


243a^-324x»+108x* 

27a:»-18aj 


+1 


243a;*-.324a:»+135x»-18a?+l 


243aj*-324x«+135*«-18x+l 


243a?*-324^+ 1  35j^-  1  8x + 1 


9a:«  -  6x  +  1 13£-1 
9x» 


6a; -1 


-Gx  +  1 
-6a?  +  l 


6. 


1  -8y->.28y«-56y«-4-70v*-56v»428v*-8vT-fV»n-1vf%«-4.v*+y* 


2-4y 


-8y+28y« 


2-8y+6y«  12y»-56y3+7(y 
|l2a:»-48y»+36y* 

2-8y+12?/»-4i/»  I-  8y»+34y*-66y»+2.V 
^       -^      ^    '     8^+32V*-48^-HGt/' 


2-8y+12y»-8y»+y* 


2y*_  8y*+12y«-8V+.y* 
2v*-  8v»4-12v*-8:v^VV» 


1  -4t/+6v«-4v'-fy*|l-2.v-fy* 
1 


2-2y 


-4y+6y' 


l-2v+v«|l-y 


2-y 


-2y  f  y" 
-2y-^y' 


2-4y+y* 


2y'-4y'+y* 
2v'-4v»+y* 
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1.   V?    =a;i 

(Vif  =  ««. 

\^*    =  a\ 

•    Va^    =  a*. 


2.    -i/xy^s?       =  ajiy'z. 
Vsc^y'^z*     =x*y^z*. 


ALGEBRA. 

Exercise  79. 

5.  ^ 

=  3ay2-'. 

2 

=  a;"''y'*2. 

a 
he 

=  a6-»c-'. 

2 

=  a;"*y** 

x-^ 

==aj-'y*- 

6.  a^xa^  =  o*. 

6ix 

6*  =6* 

c^  X  <?*  =  c*. 

d*X 

(^  =  A 

3. 

ai         =  ^.   - 

aH*     -  y/aH. 

4:X^y-^=Ai\/xy~^. 
Zx^y^==^y/xy-\ 

4. 

a' 

3a.-iy-s  _  3 

^         y* 

3-»6«y-»      a6' 

7.  m*Xm"*  =m*. 


n« 

Xn-^ 

==ni 

ao 

Xa* 

=  a». 

a» 

Xa"* 

1 
a* 

8.  a*  X  Va  '^a^  Xa^  =  a. 
c-ixVc    =-7-Xc*   =1. 


c* 


yi  xv^  =y*xy^  =y*. 
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9.   ab^cxaht^  =a^b^cK 


A 


14.    0,-1)   •  „;,. 

(a»xa»)«-(a«)-*l.a-t 


10.   ar^yiz* x x^^y-^z-h  =  ar-iyig* 


:riyMxx-*y  i^-*=x4y-l.  ^g^  (^^.jj.,    ^^  ^  ,^     a 


11.  a*xa*xa  *Xa"*  =  a-A, 

(f)H?)'x{&)' 

^  y  N/ ^^^^  xy  y^ 

ar*         y  •        a'  6" 

_  y» 

6M 

• 

12.  ai-^a*    =a* 

C*  -5-  c^     =  c*. 

TjA^^I      =7i"i. 

a*  -f-Va'  =  a*  -?-  a*  =  a*. 

13.  (a«)i  ^  (a«)' =  (a«)-*  =  a-> 

1 


a 


=  «-»=!. 


=  m"' 


=  n"^  =a  — 
n 


(276  »)  '  -  27  J/i'     -. 

(G4c»)-I  -61  »c  V 
1 
"32rV 

(32c  W)»  -32»c  <      1 


8lla»6l 

27aV>« 
8 


64 
27a«6»* 

(3ia-»)-'  =3  ia«  =  ^' 

3* 

/256y*    _  256-1     625^ 

\626y       "  625-1  ~  2561 
125 
"  64 


»-i>yJ  +  y»  2»*  -  b* 

i*i(*  +  i»y*  +  y* 


l+oi-'  +  a'6- 
l-a6-"+o'6- 

l+a6  ■+<<;S- 
-o6■^-o't- 

1               +a'6- 

+  a*6-* 

-2il+    il 


-43;-*-3«-»-2»-' 
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«*•- 

-ar'^y* 

K- 

-y 

«*•- 

»*• 

+  a;**y" 

• 

-x*y*» 

+  J*y*» 

+  y* 

x**y"  - 

y* 

x*.y*.- 

!t«»y»». 

a«y*».. 

.y4- 

9. 


X 


+  y+2-3x*y*2*  IfLli^LuL 


x-f-jiy*^  jig>  x'-a*y*  -   x*z*  4  y'      y*:*  ♦  r* 

-  x^V^ —  xVv^—    g*y*2^ 

—  x'z*  +  x*y*  -  2x*y*2*  +  y  +  « 

—  x'z*  —  x*2^  —    x^y^z^ 

.T'y*  +  x's*  —  x*y*2"  +y  +  « 
x^yt  +  y'z*  +y 


—  x»y*2*  +  x^z'     y'z*  4  2 


xiyjgl  -y's*,   t/*c' 


x^z'  +y*3'  f  2 


10. 


*+  y  |x^  —  x^y^  +  x^v^  —  X*  v^  +  V 

X  — a^y*  +  x*y^  —  x'y* +  x*y^  «*  +  y* 

x»y»  —  x^y^  +  x^y»  —  x^y^  +  y 
a;f  yt  _  x^y^  +  x'y*  —  x*y*  +  y 


+  2  +  1- 
+  1 
l  +  « 

1+E 

V 

V 

V 

+  » 
+  1 

+  0  •  |a-'-a-'6-'  + 

-a-'6-'  a-'  +  a-'i-'  + 

a-i6-«_a-ifi-i  +  6 


13.  (4aft-')>  =lGa'S- 

(o*-ii)'  _a-2o 

(a  +  a-'f  =a'  +  2 

(2a*6*-a-'j')'  =  4ail- 


.   n'6  =1*X2       =4. 

So6-'       ^SxJxi^lO. 
2(a6)l      =  Ay's  =  4. 

12«-'6-'  =  12x,^xi  =  A. 


+  X)'      =  (3z-')'  +  4(2j-7(x)  +  6{2a;->)'{i)' 
+  4(2i-')(i)'  +  ** 
=  16i-*  +  32i-'  +  24  +8i»  + 1*. 

-fcy-')»  =o'i-«-6(a»i-»xftj-')+15(fl*i-<xi'y-') 

-  20(a'6-'  X  i'y-')  +  15(<i'S-'x  ft'y-*) 

-  G(ai-'  X  ft'y')  +  6"y-' 

-  a»i-=-6a'i-'y-'  +15a'6-'y-'-20o^-' 
+  lBa"i»y-*-  6a4'y-'  +  Jiy*. 
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16. 

9x-*  -18g»y^-hl5g-'y-6x-*y*-t-y«|3g-«-3g'f*  +  y 
9ar"* 


^~»-3*-»y* 


-18x-«y*  +  15«-«y 
-18g-»y*+    9g'«y 


6x-*-6«-*y*  +  y 


6x-«y-Cz  'y*  f  y* 
6x~*y  — Gx  'y<4y* 


3(2xf  =  12x» 


17. 

|2x  4  1  -   3x  « 

8a*  +  12x»-30x-36  +  45x->  +  27x  «-27x  » 
8x» 

^12x«-30«^35 


12x»+6x+l 

12!B»+12x+  3 

-18+9x-H9x-« 


12x«+    6x+    1 


12a;»+12x-15+9x-»+9x-« 


-  36x  -  3(5  +  45X-"  f  27x-«  ~  27x  • 

-  36x  -  36  +  45x  »  f  27x  «     27x  » 


la  v^=v^3x2x2 
\^=V^3«X2» 

v^=v^3x2* 


3»  X  A        19.  [(x«)>  X  (x»)  -«p-  « 
3*  X  2*  A_ 


=  2l 

=  2?x3 


24. 


20.  (xW  X  X- ")»•-« 

1 

21.  3(a*  +  6*)»  -  4(a*  +  6*)(a*  -  ft*)  +  (a*  -  26*)« 

=  3a+6a*6*  +  36-4a  +  46  +  a-4a*6*  +  4& 
=  2a*6*  +  116. 


1-'^ 


22.  {(a-)-i.}-^» 


-  (=^TH;^.r' 


{x^'-i-  (xF)'-« 


280  AI«BBRA. 


24-  [{(a-)-}')'  *  [{(o-)"}-'] 

-1. 


25 


By  factoring  the  nomerator, 

XlKf->)  +  yf(y->) 
=  XJ»(f-l)_yt(#-l). 


Exercise  81. 


2.  v^=  v^  =  3*  =  3*  =  Vs. 

3.  v^l25=  v^  =  5*  =  5*=  V5. 

4.  v^TOO  =  \^ W  =  10^  =  10*  =  vTo. 

5.  v^343=  v^  =  7*  =  7*=  V7. 

6.  y/i^^  =  V^aJ^  =  (2aby  =  {2a6)*  =  y/2ab. 

7.  y/9^b^  =  v^(3^  =  (3 ab)^  =  (3 ab)^  =  V3^. 

8.  -  v^l6a*6*  =  v''2*a*6*  =  (2a6)*  =  (2a6)*  =  V2aS. 

9.  v^343a»6«  =  y/(yWf  =  (7 a5«)*  =  (7 a6«)*  =  VT^. 
10.   v^8U*6*  =  v^3VS^  =  {3a6)l  =  (3a&)*  =  VS^S. 

11.  ;/36Z==;/7lIy=f§£^i=f6^ 

A'49a2      >'\7ay       V7ay        Ua/        ^7  a 


12.  {/(£:zS)«^/x-^\|^/^^U^    /£-6. 
>'(a;4-3)«      Va;  +  3y        \a;  +  3/         ^x  +  3 

13    {r8^"^6«"  ^  [lija^  ^  /2ay\f  ^  /2a6«U  ^    /2^ 
•    >27a;»y8     '^'(3ay)«       \Sxy )        \Sxy )         ^  3xy 
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EZEBCISB   82. 

1.  Vi25=\/25>r5=  V25x  V5-5V5. 

2.  V2i3=V81x3=  Vsix  \/S  =  9>/3. 

3.  ^162=  v^27x6  =  v^27  x  v^  =  3v^. 
i  v^256  =  v^b4xT -  v^tSx  v^=-4v^. 

5.  v^=v'125x3=  ^M26x  v^3-5v^. 

6.  v^=  v^64><5=  ^^64x  V^5-4v^. 

7.  y/m=y/243x2^  \/243.x  v^  =  3v^. 

8.  v^=  v^8r3r9  =  v^  X  v^3«  -  3V2. 

9.  v^=  V^16x  13  =  v^  X  v^  -  2^13. 

10.  V605  =  V121  X  6  =  Vl2l  X  V5  =  1 1  Vs. 

11.  2\^  =  2v^l6  X  9  =  2 v^ X  v^«=»4>/3. 

12.  3v'2662  =  3\^1331x2  «  3  v^TSSl  x  v^ii  -  33  v^. 

13.  7^=  7^16 X  11  =  7v^l0 X  v^-Mv^. 

14.  TVriSi  =  7  y/m^X  n  =  7  Vm'  X  Vn  =  7mVn. 

15.  5v^  =  5\^6«a*x^-5v^S«a*X  y/a  =  bah'^y/a. 

16.  e^W  =  6v^a«c^xaV  =-  6  v^a^*?  X  v^c-^  =  6a»c  v'aV. 

17.  3v«w  =  3v^a"6»8x6  =  3v^»^«X  v^  =  3a«&»v^. 

18.  7v^64^=7v^64«'x6«7v^64^X  v^  =  28a^6. 

19-  6vl08S?;?  =  6v^27n»x4m»  =  6 v^27n»  x  vTm«  -  18n  v^4^'. 
20.  4v9y2  «  4v^x«y"  X  «»  =  4v'iV  X  v^  =  4 a:»y» v^. 
2^'  2vCi029  =  2  v^-  343  x  3  =  2 v^^^TsiS  x  v^  =  -  14  v^. 
^'  ^5Ci458  =  v^-  729  X  2  -  v^^^729  x  v^  =  -9v^. 
^  3v^l875  =  3v^625  x  3  =  3 v^625  x  v^  =  15v^. 
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24,  4v'686  =  4v'343x2  =  4v'3i3xv'2  =  28-^2. 

^64a!y     ^   64a!V'       ^64ry  4ay 

>36iy    >  sexy      Aiaeay  6«y» 

I 

-28. 2;^=2;/^|p=2;gx^;;i^=f  ^«. 

30.  a^ifni^  «  2^^^^  x</?  =  ?^^^^  ^?. 
»(x  +  y)»  »(x  +  y)»  x  +  y 

5c    ^  16 a^o^      oc    '    16a'o*         5c    '  16 a*o' 

Exercise  83. 

1.    V^  =  V|  =  V2^=iV2. 

3.  Vi  =  V^  =  V53<7^  =  i V5. 

4.  3Vi  =  3V||  =  3V53^  =  |V5. 

5.  2^  =  2^J/^  =  2v^40x3^if  =  lv/40. 

6.  3VS  =  3v^  =  3V35x:riTr  =  Av^. 

7.  v^  =  ^  =  v^i5x^ - Jv/|5. 

8-    ^=v^=v''363<^=}^36. 

10.  2-J/A  =  2^^  =  2^20Xrk  =  «'J^- 
"•3^  =  3^111=^5. 
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12.  2^-2-5/l||-^. 

Exercise  84. 

1.  3V5  =  V3^X^=  V45.  6.  2v^  =  ^2*xT  -  V^lTii. 

2.  3\/2l  =  V3»^r2i  =  Vl89.  6.  3^  -  ^3»  >r3  -  ^7;>y. 

3.  3{/2=^5'3^3<2=\^54.  7.  2v/5  =  ^?"^=  ^im 

4.  2^=  ^^r^=  .^40.  8.  2v^=  v^2* >r2  -  v^a2. 

9.  -  2  v^  =  v^(-  2)»y  =  v^^. 

10.  -  3^  =  v^(-  3jy  =  v^^437. 

11.  -  m\/l6  =  \/{- mf  10  =  ^riO;H». 

12.  -  2  v^  =  v^(-  2)^a:  =  v^^28¥. 

13.  AVS=V(A)^=^. 

14.  -iv^-v^(-J)>a«  =  -^-^*. 
16.  {V;^»=V(|)«^=,-^2^. 

16.  - 1  v^T  =  v^Pl)^7i»  =  ^-  V^. 
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Exercise  85. 

1.    ^3  =  3*  =  3A=^s=^{/27. 

V6  =  6*  =  6*  =  v'e'  =  y/2i6. 

3.    \/3  =  3*  =  3*=\/3»=  v^. 
^4  =  4*  =4*=  v/¥^=>/l6. 

5.  V5    =  5*  =  5*  =  v^l25. 

6.  3*  =  3T^^='v^=  v^729. 
3*  =  3T^^  =  v^8  =  v^656l. 
3I  =  3T®!f  =  1^39  =  v^l9683. 

7.  v^  =  2*  =  2T^=  v^=  v^l6. 
.^3  =  3*  =  3^^  =  v^»  =  v^. 

^5  =  5*  =  5^"^  =  '^5^^  =  v^26. 

8.  ^^  =  a*  =  ai   =a^V=^^. 

10.    v^  =  (ar»y)i  =  (a;2y)^^  =  v^. 
V2i  =(22)*  =(2z)^^  =  v-'eJ?. 
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11.  v^i^  =  (x-y)*  =  (x-y)A=.V(x-y)». 
v^7T^  =  (x  +  y)*  =  (x  +  y)A  =  ^(x  +  yf. 

12.  ^J'STft  =  (a  +  6)^  =  (a  +  6)A  «  ?^(T?6?. 
v^'^rrj  =  (a  -  6)*  »  (a  -  fc)A  „  ^(a  Z  ^)i. 

13.  2v5=v^  -24*    -24*    -  v^iM«    -  \/57tJ. 
3V2=VT8  -18*    -18*    -  "Mb^    -V5832, 
fv^  =  f  >/2  =  Vy  -  (V)*  =  (V)*  =  v^( V?  -  v^lV>3l. 

Therefore  the  order  of  descending  magnitadeu  3'\/2,  j^,  2v^3. 

As  iff  is  greater  than  ^y,  the  order  of  magnitude  is  v^fj,  Vlj. 

15.  2v^  =  v^T76  =  176*  -  176*  =  v^l  W  =  v^iiOUTt";. 
3 v^    =  v^i89  -  189*  -  189*  =  y/\Kl^  -  y/'Shl2\, 

4  V2    =  V32    =  32*    =  32*    -  ^32»    =  v^3:i7G8. 

Therefore  the  order  of  magnitude  is  3V7,  4V2,  2\^2. 

16.  3\/l9  =  Vm  =  171*  -  171*  =  ^TtT*  =  v'^50b0211. 

5  v^    =  v^250  =  250*  -  250*  =  y/i^Af'  =  \^(  12500. 
3\/3    =y/^   =81*   =81*    -v^8"l«    =  v/(>5Gl. 

Therefore  the  order  of  magnitude  is  3V'19,  5v'2,  3v^. 

Exercise  86. 

1.  8 vTT  +  iVn  -  loVn  =  (8  +  7  -  io)v1I  =  sViT. 

2.  3V5-5>/5  +  7V5  =  (3-5  +  7)V5  =  5\/5. 

3.  V27  +  2V48  +  3\/l08  =  3 VS  +  8 V3  +  18 V3 

-(3  +  8  +  18)V3=29V3. 
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4.  v^l28  +  v^686  +  v^  =  4\^  +  7 v^  +  2v^ 

5.  12a/72-3VI28  =  72V2-24>/2  =  48V2. 

6.  2\/3  +  3v^- V^  =  2v^  +  3Vi><3-\/Vl<3 

=  2  V3  +  2  V3  -  J\/3  =  2J  V3. 

7.  VlOOO  + V50+V^88  =  10v^  +  5V2  +  12V2  =  10Vl0  +  17\/2. 

8.  v^  +  3v^  + v'^32-3v^  +  6v^  +  6v^  =  15v^2. 

9.  7v^8l-3v1^=21\^-21v^3  =  a 

10.  Vf  +  y/eo  -  ViB  -  Vf  =  J VT5  +  2 VT5  -  iViB  -  jVIB 

\6'     6d     bm) 
a     m/ 


a  ia 
h\h 


12.  Vf  4- Va- V^  =  iVio  +  r\,VTo-^V>/iO  =  jVio. 

13.  V4a'6+ V25a6'-(a-56)Va6^2aVa6  +  56Va6-(a-56)VaA 

=  (a+106)VaS. 

14.  cv^a*6V-av^a6V  +  6v^a%^ 

=  abcVab^  —  abc  y/ab^(?  +  obey/ a¥(?  ='  ahcy/dt^t?. 

15.  2^&^  +  3v^T08+ v^^OO- v^320-2v^l372 
=  4v^5  +  9  v^  +  5v^  -  4v^  - 14  v^  =  0. 

16.  V363-2\/243+ Vl08-2VT47 

=  ll\/3  -  18  V3  +  6 V3  -  14\/3  =  -  15 VS. 

17.  v^l89-2v''448+ v^875+ v^i5l2 

^  3\^  -  8 v^  +  5  v^7  +  6\^  -  6v^. 
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19.  \^r8i-3v^=r24  +  2M92--3v^+6v^  +  8v^-ll\^3. 

20.  V20+ V45- Vt  =  2V5  +  3V6-}V5-4i\/5. 

21.  2i^S»^+  i^8F-l-^  =  2av^i^  +  26v'^-^v'S^ 

-(2«.26-»;)^. 

22.  v'SO  +  |V'288  -  J^ ? 6v^  +  30V2- Jv^  -  A^i 

23.  VIM  +  }VM-iV525-9A/2l  + jV2i--lVin-«lV2l. 

EXEBCISE   87. 

1.  3V2x4V6  =  12\/l2  =  24V3. 

2.  2V5x3a/I5  =  6V75  =  30^/3. 

3.  2VI()x5Vli  =  10VIiO  =  20V55. 

4.  3V27X  7Vi8  =  9>/3  x  28^3  =  9  x  28  x  3  -  7r>r». 

5.  2v^x5v^  =  2v^Xl0v^  =  20v^  =  40v'2. 

6.  fVl6xi^Vl5  =  iVl60=  V6. 

7.  5V^xfVl62  =  5V^xV^  =  ^»*^?  =  -W>/2'«- 

8.  |V2lxAVA  =  HVw  =  W^-iJ§>^r5. 

9.  v^l08x5\/32-3v^x20V2  =  3M6x20v^8  =  GOv^l28 

=  60v^V120v^. 

10.  5^ X  7 Vis  =  15v^x28V3-15^x28v^  =  420 v^l08. 
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'Exercise  88. 

1.  (2v^-7)x3VS.  4.   (V7  +  3V'3)(V7-2V^). 

2v^-7  V7  +  3V3 

SVx  V7-2V3 

6a:-2lVi  7  +  3V2I 

-2V2I-I8 

/-        /-  - 11  +  V2I 

J-b^  6.  (3  V5  -  V2)(  \/6  -  3  V2). 

a* -6*  3V5-V2 


a-2ah^  +  b 


143  -  42  vlO 


-   9\/l0  +  6 
21  - 10  VlO 


3.  (3 V5  -  7V2)«.  6-  ( V2  +  V3  -  V5)«. 

3V5-7V2  V2  +  V3-V5 

3V5-7V2.  ^^^-^ 

45-21VIO  2+V6-VI0 

-21V10  +  98  +^         ^  +  3-Vl5 

—  -  ViO        -  vis  +  5 


IO  +  2V6-2VIO-2VI5 


7*  (V5  +  3 V2  +  V7f. 

V5  +  3V2+  V7 
V5  +  3V2-H  V7 


5  +  3VI0  + V35 
+  3VI0  +I8  +  3VI4 

^ +V35  4-3VI4  +  7 

30  +  6  VIO  +  2  V35  +6V14 
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8.  (2V5- V2-V7)*. 

2>/5-  V2- V7 
2V5-V2-\/7 

20-2^10-2^35 

-  2  ViO  +  2  +  A/ii 
-2V35         4-^/1447 

29  -  4VI0  -  4  V35 -I- 2  Vli 

9.  (2Vi  -I-  vnr2i)«, 

2>/x  +  V3-2« 
2\/i  +  V3"^  2i 

4x+2V3x-2x« 

-H2V3i-2a:»+3-2x 

3  +  2x  +  4V3x-2x» 
10.  (2V5T^-3V'S^^=T«)«. 


2Va»  +  6»-3Va«^^ 
2Va»  +  6»-3Va"^=^ 


4(a«^-6*)-6Va*^^ 


»6v'?^6*  +  9(a«-6«) 


4a«  +  46«  -  12^0^114  +  9o»  -  96« 
-  13a*  -  56*  -  12Va*-6*. 

EXBBCISB  89. 

1.  Vl62+\/2=  V8i-9. 

2.  v^+v^-v^-3. 

3.  VI^  +  V?  =  V2a»  =  a* V2. 
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9.  n^v1--^i^^-^=^HxW  =  %|^ 

=  iv^5*x3x2*. 

V3  _  _ 

=  V^  +  2 V6  -  2V6  =  V6. 

11    9^-6^-3-t^  +  12^;^_^      o.»/^__.»/Z  +  i.Vift 

3^ 

Exercise  90. 

1.  _2_  ^  2 V3  =  I  of  1.732+  =  1.155+. 
V3 

2.  J-  =  i V5  =  i  of  2.236+  =  0.447+. 

3.  12/1  =  J  V6  =  }  of  2.4494+  =  5.715+. 

V3 

4.  2V5  ^  1  ^jQ  ^  J  Q^  3  jg2+  =  1.054+. 

3Vj 

5.  3        ^3(V7-V5)^^(^^_^) 
V7  +  V5  7-5 

6.    1 ^(^^•^^)==}(2V5+V6)=V5  +  }V6. 

2^5- \/6  20-6 

7.  _J5_  =  «15Jl2^^  =  30  +  12V6. 
5-2V6         25-24 
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8,  4_W2_(4-V2)(1-V2)  _8-5V2  ,3^     g 
1+V2  1-2  -1 

9    V5  +  V2_(v/5^V2)«^9  +  2v/l0     3  ,  ly^J 
V5-V2  5-2  3  '        • 

IQ   7  +  2\/l0    (7  -h  2VT0)«  ^  89  -t-  2«-/lO 
'  7-2VIO       49-40     '  9 

11  ^/5  -  V6      (v^  -  V^X2V5  +  V6)  _  4  -  >/:W) 
"  2V5-V6  20-6  "       14 

12  "^^  ^  =  (g  +  b)(a  -f  VS)  ^  a* -t-tt6  -i- (a -i-  b)y/b 
a-Vb  o'-6  a«-6 

13.  1  \/5  -  V3  -H  \/7  _  (V5  -  ViU  VTKO  -  2 %/.'.••>) 

V5+V3+V7  9  +  2V35       "*  81-140 

^  5v^  -h  9 V3  -t-  \/7  -  2\/l05 
59 

14  2  ^  2(V5  +  3 V2  -h  V7)  _   >/5  +  3>/2  +  a/7 

V5-3V2+V7  12  +  2>/36  6  +  V36 

_  ( V5  -h  3V2  +  V7)(8  -  \/35) 

1 

-18>/2-V5+  V7-3V7O. 


Exercise  91. 

1.  (^)*  =  (v^)*-(2*)*«2^=2v^. 

2.  (v^)»-(^)»  =  (2*)>=2*  =  4v^. 

3.  (v^)»  =  (v^)»  =  (2V  =  2*  =  2\/2. 

4.  (a\^)»  =  (a*)"-a*. 
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6.  (3v^3)«  =  (3^)»  =  3*  =  9v^. 

7.  ( v'^)^  =  (v^)*  =  2*  =  v^. 

9.  (2  y/lM)^  =  (2  v^2V6)*  =  ^^2^6  =  ( \/^~M)^  =  (2*a*6*)* 


^  m-iif-i-^ 


Exercise  92. 


1. 


Let      Vi  +  v^  =  Vl4  +  6  Vs. 

Then    Vi  -  Vy  =  Vl4-6V5. 
By  multiplying, 

a;-y  =  \/l96-180. 
.•.  a?  —  y  =  4. 
But  a;  +  y  =  14. 

.'.  a;«9, 
and  y  =  5. 

,-.  Vi  +  Vy  =  3  +  Vs. 
.-.  Vl4  +  6V5  =  3  +  V5. 


2. 


Let      Vx  +  Vy  =  Vl7+4Vl5. 

Then    Vic-Vy-Vl7-4Vl5. 
By  multiplying, 

a;  -  y  =  V289  -  240. 
.-.  a?  -  y  =  7. 
But  aj  +  y  =  17. 

.-.  X  =  12, 
and  .y  =  5. 

.*.  V»  +  Vy  =  Vl2  -f  VS 

=  2  V3  +  Vs. 


3. 


Tet      V^4  vy  =  VlO  +  2V2l. 

Then    Vi- Vy  =  VlO- 2V2T. 

By  multiplying, 

x-y  =  VlOO  -  84. 
.'.  a;  —  y  =  4. 
But  a;  +  y  =  10. 

.-.  a;  =  7, 
and  y  =  3. 

.-.  Vi  +  Vy  =  V7  +  V3. 
.-.  VlO  +  2V2i  =  V7  -f  V3. 


4. 


Let      VS  +  Vy  =  Vl6  +  2  V56. 

Then    Vi- Vy  =  Vl6- 2V65. 
By  multiplying, 


But 


x-y 
.\.x-y 

.*.  x 
and  y 

y/x  +^y 


V256  -  220. 

6. 

16. 

11. 
5. 

vn  + v§. 
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5.  8. 

Let       Vi-Vy=V9-2VTi.  Let     >/5-\/y-Vl>4  -  42>/5. 

Then     VS  +  VJ  =  V9  +  2\/i4.  Then  V*  +  \/y  -  V94  +  42^6. 

By  multiplying,  By  multiplying,  

x-y=V25.  x-y-V^^^Sr-~8826. 

.M-y  =  5.  .'.a:  — ^--4. 

But            X  +  y  =  9.  But          x  +  y  -  94. 

and  y  =  2.  and  y     45. 

.•.Vi-Vy=\/7-\/2.  .-.Vj;-  Vy-7-3V5. 


6.       9. 

Let       V5-V^=V20-  8V6.  Let     \/i->/y -»V  13  -  2 >/:'»(). 

Then     Vj +Vy  =V20  +  8>/<i.  Then  Vx  -I-Vy  « Vl3  f  2\/;U). 

By  multiplying,  By  multiplying,  

x~y  =V400-3»4.  x  -  y -- y/Tii\)~-  120. 

.-. a;  — y  =  4.  .*.  x-y-7. 

But  x  +  y  =  20.  But  .T  f  y-  13. 

.*.  X  ~  12,  .*.  .r      10, 

and  y  =  8.  and  y  —  3. 

,Wx  -  Vy  -=\/r2  -  V8  _  .-.  Vx  -  Vy  -  VlO  -  ^3. 

=  2(\/3-\/2). 


7.  10. 

Let      Vx-v/y  =Vn-6\/2.  Let     Vx -Vy -Vll  -  0>/2. 

Then     Vx  f  Vy  =  V{)  +  GV2-  Then  Vx  +  Vy  - Vll  +  0V2. 

By  multiplying,  By  multiplying.        

a;-y=V81-72.  .T  -y-Vl21-72. 

.-.  X  — y-=3.       ^  .-.  x~  y  =  7. 

But  x  +  y  =  9.  But  x+y  =  ll. 

.-.  x  =  6,  .-.  x  =  9, 

and  y  =  3.  and  y  =  2. 

.•.Vx-Vy=V6-V3.  .•.Vx-v^=-3-V2. 
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11. 


Let      V^-v^=Vir-4\/6. 

Then    Vi+Vy  «Vl4  +  4V6. 
By  multiplying, 

a;_y-Vl96-96. 
.*.  re  — y  =  10. 
But  aj  +  y  =  14. 

and  y  =  2. 
.•.Vx-\/y  =  2\/3-V2. 


14. 


Let     V'x-v^=V57-12Vl5. 

Then  N/i  +V^=V57  +  12\/T5. 
By  multiplying, 

x-y=V3249-2160. 

.'.  x  — y  =  33. 

But  a;  +  y  =  57. 

.•.  a;  =  45, 

and  y  =  12. 

.'.Vx-Vy  -  3>/5  -  2V3. 


lli. 


16. 


•  

Let       \/x-Vy=V38-12ViO.       Let     \/S-Vy  =  V| -VlO. 

Then    VT +Vy  =V38  +  I2VI0. 
By  multiplying, 

ar-y=Vl444-1440. 
.'.  re  — y  =  2. 
But  X  +  y  =  38. 

.-.  x  =  20, 
and  y  =  18. 
.-.Vx  -Vy  =  2>/5  -  3\/2. 


Then  Vx  +\/y  =Vj +\/l0. 
Bj  multiplying, 

a;_y=W- -10. 

.-.  x-y  =  f. 

But  a?  +  y  a«=  }. 

.*.  a;  =  5, 

and  y  =  1. 

.•.Vx-\/y  =  }\/l0-l. 


13. 


16. 


Let       Vx  -Vy  =  Vl03-12\/TT. 

Then    Vx +\/y  =Vl03  +  12Vn. 
By  multiplying, 

a;-y=VlO(J09-1584. 
.'.  ar  — y  =  95. 
But  a;  +  y  =  103. 

*  *•  a?  =  yy, 
and  y  =  4. 
.•.V^-v^  =  3\/Il-2. 


Let     Vx+Vy=  V2a  f  2  v^»l^. 

Then  Vx-y/y  =V2a-2\^-T'. 
By  multiplying, 

a;-y=V4a^^=4aM6'. 
.*.  ar  — y  =  26. 
But  a?  +  y  =  2a. 

. •.  x  =  a  -\-h, 
and  y  =0  —  6. 
.  •.  Vx  +  v^  =  \/aT6+ Va-5 
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17. 

Let  Vx_v^=Vo*-26v'a«^^. 

Then  Vi  +Vy  =Va»  +  26\/a«-i«. 

By  maltiplying, 

.*.  X  — y  =  a*  — 26». 
But  X  4>  y  »  a'. 

.•.x  =  a«-6». 
and  y  =  6*. 
.•.\/i-Vy=VS»^r^-6. 

la 

Let  Vx  -  Vy  =.  V87  -  12  V42. 

Then  aj-y=V7569-(>(>48. 

.'.  X  — y  =  39. 

But  X  +  y  =-  87. 

.-.  x«63, 

and  y  =  24. 

.•.V^-Vy=V63--V24 

=  3V7-2V6. 


19. 

Let  VS  _  Vy  =  V(a  +  6)«  -  4(a  -  i)>/Si. 

Then  Vx  +\/y  =  V(a  +  ft)*  +  4(a  -  ft)  VaS. 


...  a; -y  -  Va*  -  12a»6  +  38a*ft*  -  12aft«  +  ft* 
=  a»-6oft +  ft». 
But  x-\-y  =  a*  +  2oft  +  ft*. 

.'.  x  =  (a  — ft)*, 
and  y  «*  4aft. 
.  •.  \/x  —  Vy  =  a  —  ft  —  2  Voft, 
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Exercise  93. 


2.    V38l-\/^r36  =  9>/^-6\/^=3>/^. 

3.  v^rn  +  v^Hoo = i2v^  +  lov^  =  22 v=n. 

4.    V^^0-\/^n6  =  16\/^-4V^=12V^. 


6.  v^^TH- vir49=iiv-i-7v^n:=4V-i. 

6.  \/ir^+  \/::4a«-V-16a*-o«V^+2aV^-4a«V^ 

=  (2a-3a«)V^. 

7.  V=n6?  +  \/=l9a«  +  V^^4a*  =  4aV^  +  7aV^  +  2a«V^ 

=  (4a»  +  7a  +  2a»)V^. 


9.   3aV^^T^  +  2a«V^^49=»6o«\/^+14a«\/^ 

=  20a«\/=T. 

10.    \/l8+ V^ns-V^  =3\/2  +  3V^-2V^ 

=  3>/2  -  V^  =  3  V2  -  2*  V^. 


11.  (1  +  V34)(i  _  Vr4)   =  (1  +  2\/=TXl  -  2  V=3) 

=  l-2(-l)-=  1  +  2  =  3. 

12.  (4  +  Vir3)(4  _  VITS)    =(4  +  3*V=T)(4-3*V=i:) 

=  16-3(-l)  =  16  +  3  =  19. 

13.  (\/3-2\/^)(V3  +  2\/^) 

=  ( V3  -  2  X  2^\/^)(\/3  +  2  X  2*\/^)  =  3-4x2x(-l) 
=  3  +  8-11. 
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14.  (V5i-  V^XV54  +  V=r2) 

=  (3V6-2iV=lX3>^  +  2*>/^)-64-2(-l)-M  +  2-56. 

15.  (yT^  +  vr^x>/^  -  V^) 

=  —  a  +  6=»6  —  a. 

16.  (aV^^^*X«^^«*^)  =  («'^'^^^^Xa*^^>/^)  -a*i»^-l) 

»  _  a»65  =  -  a»6*  VS. 

17.  (2 v^  -  ^^5X2 V3  ^.^/~b)^  (2>/3  -  5*  V-  i)(:iV\S  \  rJ  y/     1 ) 

=  12-5(-l)-12  +  6-17. 

18.  (V^^x>/^)  =  (io*>/^X2*V^i)  =  (20)*(-i) 

=  4*x5*x(-l)  =  2x6*x(-l)--2V5. 

19.  :^=12iVEI»4J-a 

V-3       s^V-l 

21.    ^^  =      5^V^     =  J_  =»  i. 
^^^=^     4*  X  5*  V=l     4*     2 


22. -g-^       g^^gV-l  ^_a^vn^,vr^. 


23.  :L:^  =  _:z^  =  =i^^=5W-T- V" 


24   -V-J5^i^VEI^5i^V5. 

25.   ^V^^^  ^   sV^  ^sxn^V^  .?^  =  iV5. 

-2\/^25     -lOV^      _10V-I         10 

26.  4+V£2     (4  +  v^X2+ V^)_6  +  GV::2  _^  ,  ^-g 
2-V-2     (2  -  V- 2X2  +  V- 2)  6 
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Exercise  94. 


1. 


a?»-3 

7? 


•     •     tCr    —^ 


46, 
49. 

±7. 


2.  2(a^-l)-3(a:»+l)+14 
Simplify, 
2a:»-2-3a:«-3+14 


=  0. 


5.      -^ i-  = 

4a:»     6a^ 

Simplify,  9-2  = 
-28a:«  = 


3. 


JT* 


•      •      WV    """ 


5     2a^  +  l 


3      ;      6 

Simplify, 

2a:«-10  +  2a;«  +  l 
4a;» 


X 

,  X 


3  _ 


0, 
9. 
±3. 


1 
2 

3, 

12. 

3. 

db\/3. 


6. 


5a:»-9 
3a:« 


7 
3 

28  a?. 

-7, 

i- 
±}. 

2a:»+24, 

33, 

11. 


7.  (a;  +  2)«  =  4a;  +  5. 

Simplify, 

a?  +  4a;  +  4  =  4aj  +  5. 
Transpose  and  combine, 

jr*  =  l. 
.•.  a?=  db  1. 


4. 


+ 


=  8. 


8.    ^ 

5 


«     a:«-10 


=  7- 


50+jr* 


1  +  a?      1  —a? 

Simplify, 

3-3a;  +  3  +  3a;  =  8-8a;', 
8a:«  =  2, 
^  =  \. 
.'.  a;  =  ±  J. 


15  .25 

Simplify, 

15a;2-5a;H50  =  525-150-3a:*. 

Transpose  and  combine, 

13a:«  =  325. 
a:»  =  25. 
.*.  ar  =  ±5. 


g    3^-27     90  +  4^ 

a?  +  3  a?  +  9 

Simplify,   (3  a;2  -  27)  {x^  4-  9)  +  (90  +  4  x^)  {x^  +  3) 

3a:*  -  243  +  4a;*  +  102a?  +  270 

18a? 
a? 


=  7. 


7(a;«  +  3)(a?  +  9). 
7aJ»  +  84a?+189. 
162, 
9. 


10.  8a: +1  =  ?^. 

X        7 

Simplify,56a;2  +  49  =  65a?. 
Transpose  and  combine, 

-9a?  =  -49, 


11. 


.'.  x  =  ±  3. 
4a;«+5     2a;«-5      7a?-25 


X 


3_  49 


•.  a?  =  ±  J 
=  ±2i. 


10  15 

Simplify, 

24a?+30-8a?+20  = 

24a?-8a;2-21a?  = 

-5a?  = 

a?  = 


20 

21a?-75, 
_75 -30-201 
-125, 
25. 

±5. 
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12. 

10a:* +  17     12g«-{-2,5g«-4 
18  llx^-S*      0 

Simplify,        110a:*  +  107 x*  -  136  -  216a:*  -  36  =  110«*  - 108  jc«h-  G4. 
Transpose  and  combine,  59  a:*  =  230, 

a;*  =  4. 
.'.  a:=»  ±2. 

13. 

14a:* +  10       23:*  + 8  _  2a:* 
21  8x»-ir"~3   ' 

Simplify,  112a:*  -  26a:*-  176  -  42j:*  -  10,S   -  112a'*  -  154««. 

Transpose  and  combine,  80  a-*   =  3 1 1, 

a:* -4. 


14.      x^-\-bx  +  a=^bx{\  —  6x),  16.     a^  -  ax  hi-  ax{x  —  1), 
x^-hbx  +  a^bx-b^x^,  x^-ax  +  b^'cu^     ax 

a:*  +  6*a:»  =  -a,  * 

x*  =  l     « 


1  +  6* 


•"•"=- W-lffti- 


15.  mx^  +  w  =  5', 

mx*  =  y  —  71. 

...x  =  ±JiH^. 


a!»- 

ax'  = 

--h. 

»>(1 

-a)-. 

=  -^ 

x". 

a--\ 

• 

'.  X  -  - 

6 
-1 

Exercise  95. 

1.                    a:*  +  4a:  =12,  2.                      a:*-0a:  =  10. 

Complete  the  square,  Complete  the  square, 

a:*  +  4a:  +  4  =  16.  a:*  -  Ox  +  9  -  25. 

Extract  the  root,  Extract  the  root, 

x  +  2=±4.  X  —  3  =  ±5. 

.  ••  X  =  2  or  —  6.  .  •.  X  ==  8  or  —  2. 
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3.  x^-l2x  +  6  =  i. 

x»-12a;  =  --y. 

Complete  the  square, 

.     a^-12a:  +  36  =  l}i. 
Extract  the  root, 

..',  x  =  llj  or}. 

4.  x^-1x  =  S. 
Multiply  by  4, 

4a^-28a;  =  32. 

Complete  the  square, 

4a:*-()  +  49  =  81. 

Extract  the  root, 

2a;- 7  =  ±9, 
2a;=7±9. 
.'.  x  =  8or  — 1. 


5.  3.T*-4.T  =  7. 

Multiply  by  3, 

9aj2_12a;  =  21. 

Complete  the  square, 

9.^2- 12a; +  4  =  25. 

Extract  the  root, 

3a;- 2  =  ±5, 
3a;  =7  or -3. 
.\  a;  =  2J  or— 1. 


7.  a^-x  =  6. 

Complete  the  square, 

«2        _.  1     25 

ar  —  a;  H —  =  — • 

4      4 
Extract  the  root, 

2        2 


ar  = 


1±5 
2 


.*.  a;  =  3  or —2. 


8.  5a;* -3a;  =2. 

Multiply  by  5, 

25a;2_i5a._10 

Complete  the  square, 

25a=»-()  +  |  =  f. 

Extract  the  root, 

dx--  =  ±t 
2        2 

5a;  =  ^7. 
2 

,'.  x=l  or —I. 


6.  12a;2+a;-l  =  0. 

12a;2  +  a;=l. 

Multiply  by  3, 

36a;2  +  3a;  =  3. 

Complete  the  square, 

36a;2  +  ()+-i  =  ^. 
^^      16      16 

Extract  the  root, 

6a;  +  i  =  ±J, 
6a;  =  for -2. 
.'.  a;  =  Jor  —J. 


9.  2a;2-27a;  =  14. 

Multiply  by  8, 

16a;2_  216  a;  =  112. 

Complete  the  square, 

16x2-0  +  729  =  841. 

Extract  the  root, 

4x-27  =  ±29, 

4x  =  56or 

.'.  x  =  14or 


2. 
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10.      x»     ^*+  ^  -0. 

12.              ?^  +  f-^- 

3       12 

4       Sx      6 

^     2x^      1. 

Simplify, 

3           12 

9x*-26«--16. 

Complete  the  square, 

Complete  the  square. 

^     2»^l_l. 

9^     26«+"«»~=^. 

3      9     36 

y      9 

Extract  the  root. 

Extract  the  root, 

«     1     *1 

3«     '^-.t 

3       6 

3         3 

0 

«     ^1 

3*  -  6  or  -. 

'-3*6 

3 

.      •        Inrl 

*.  X  •-  2  or  — 

•  •  *  = :;  or  -• 
2      6 

9 

• 

L                 ^_|-2(x  +  2). 

13.           '  + 1  -  2*  -  ^- 

2      3 

x+4      x+6 

Simplify,  3a;*-2ar  =  12*  +  24, 

Simplify, 

3a:*-14a;  =  24. 

(x  +  l)(x  +  6)-(2x-l)(x  +  4X 

Multiply  by  3, 

^  +  7a;  +  r>-2x»  +  7x-4. 

9x»-42aj=72. 

x«-2x*+7x-7x--4-6, 

Complete  the  square, 

-x»--10. 

9a:«_() +  49  =  121. 

x"-     10. 

Extract  the  root, 

.'.  X-  ±>/io. 

3x-7-±ll. 

3iB-18or-4. 

.-.  »  — 6or  —  IJ. 

14. 


Simplify,, 

Transpose  and  combine, 

Multiply  by  10, 

Complete  the  square. 
Extract  the  root, 


X  x  +  3 

X  +  1      2(x  +  4) 
18x*  +  72x  -  9x»  -  36x  -  27 

10x*  +  41x 

100x»  +  410x 

1681 


100x«  +  ()  + 


lOx  +  iJ 
2 

lOx 


18 
—  X*  — 5x 
23. 
230. 
2601 

4 

51 


-4. 


—  ± 


41^61 
2      2' 


.-.  X  —  i  or  —  4{. 
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16. 


X—  1      x  —  2     ar  — 4 
Simplify,  2a^  -  12a;  +  16  =  3»«  -  15a;  +  12  +  2a:2  -  6a;  +  4. 

Transpose  and  combine,  — 3a;'  +  9a;=aO. 

Divide  by  -  3,  a;*  -  3  x  =  O; 

or  a;{a;  —  3)  =  0. 

.  •.  a;  =  3  or  0. 
16. 

6  a;  (a;  -  3)  -  2  (a;*  -  6)  =  (a;  +  3)  (a;  +  4). 
Simplify,  5a^  -  15a;  -  2ar»  +  12  =  a;*  +  7a;  +  12. 

Transpose  and  combine,  2  a;*  —  22  a;  =  0, 

a;»-llx  =  0, 
or  a;(a;  — 11)  =  0. 

.'.  a;  =  11  or  0. 

17. 

3a?  5_    3a;*  23 

2(a;  +  l)     8     a:*-l      4(a;-l)" 
Simplify,  12a;«  -  12a;  -  5a;*  +  5  =  2ix^  - 46a;  -  46. 

Transpose  and  combine,  17a;*  —  34a;  =  51, 

Divide  by  17,  a^»-2a;  =  3. 

Complete  the  square,  a;*  —  (  j  +  1  =  4. 

Extract  the  root,  a;  —  1  =  ±  2. 

.*.  X  =  3  or  —  1. 

18. 

(a;  -  2)  (a;  -  4)  -  2  (a;  -  1)  (a;  -  3)  =  0. 
Simplify,  a;*-6a;  +  8-2a;*  +  8a;-6  =  0. 

Transpose  and  combine,  a;*  —  2  a;  =  2. 

Complete  the  square,  a;*  —  2a;4-l  =  3. 

Extract  the  root,  a;  —  1  =  i  VS. 

.-.  a;=l±V3. 

19. 

l(x-4)-|(a;-2)  =  l(2a:  +  3), 
7  5  a; 

Simplify,  5a;*  -  20a;  -  14a;*  +  28a;  =  70a;  + 105. 

Transpose  and  combine,  9  a;*  +  62  a;  =  — 105. 

Complete  the  square,  324ar»  +  ( )  +  (62)*  =  64. 

Extract  the  root,  18  a;  +  62  =  ±  8, 

18a;  =  -54  or -70. 

.•.»==  — 3  or  —  3|. 
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20. 


f(3^ 


1 


a.-5)-±(x» 


l)-2(«-2)». 


Simplify, 


Multiply  by  17, 
Complete  the  square, 
Extract  the  root, 


18x»-6«-30-5«»M-6 

17a5«-114x 

289«»-1938x 

289j:»-()  +  3349 

17X-67 


.*.  »  — 


21. 


Simplify, 


2g      3x-50 

15     3(10 +  x) 

760«  +  78x»  +  610x-9500 

40a!»  +  760x 

Divide  by  10,  4a;«  +  76x 

Complete  the  square,  4«*  -f  { )  +  361 

Extract  the  root,  2x  +  19  < 


.'.  x-» 


22. 


x»-l 


Simplify, 

"'  (x  +  l)(x-l)     8(x-l) 
8x  =  7x»-8x 
7x«-16x=15. 

Multiply  by  7, 
Complete  the  square. 
Extract  the  root, 

49x«-112x=105. 
49x»-()-h64  =  169. 
7x-8=±13. 

.'.  X  =»  3  or  —  f. 

23. 

2x-l     l_^2x-3 

30x>-120x  +  120, 

-146. 

-2465. 

784. 

i:28. 

5  or  l|f 

12X  +  70 

190 
38x» +  510* +  2100 
11600. 
1160. 
1621. 
±39. 
lOor-29. 

15 -7x 
8(1 -x/ 
7x-15 


-15. 


x-1      6 
Simplify,  12x«  -  30x  +  12  +  x*  -  3x  +  2  ^ 

Transpose  and  combine,  x*  —  3  x  = 

Complete  the  square,  4x'  —  (  )  +  9  = 

Extract  the  root,  2x  —  3  = 


x-2 

12.T»-30x  +  18. 
4. 
25. 
±5. 
4  or  —  1. 
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24. 

X  +  2  _  4  — a;  ^  7 

a?-l        2a:       3* 
Simplify,  Gx^  +  12a;  +  3x»  -  15a;  +  12  =  14a;^  -  14x. 

Transpose  and  combine,  5a;*  —  lla;  =  12. 

Multiply  by  5,  25  a;*  -  55  a;  =  60. 

Complete  the  square.  25  a;*  -()  +  —  =  —• 

4         4. 

Extract  the  root^  5  a;  _  |i  =  ±  — , 

2  2  I 

5a;  =  15  or  —4. 
.'.  a;  =  3or  —  ^. 

25. 

^     14a;-9_a;«-3 

8a;-3       at  +  l* 
Simplify,  8a;*  +  5a;*-3a;- 14a;*-5x  +  9  =  8ar»-24a;- 3a;»  +  O. 

Transpose  and  combine,  — 6a;*  +  16a;  =  0. 

Divide  by  - 2,  3a;» -  8a;  =  0, 

a;(3a;-8)  =  0. 

.'.  x  =  0  or  2J. 
26. 

1      a;  +  5  ^  a;  — 6 
2a;  +  1      a;  -  2* 
Simplify,  2a;*- 3a; -2-a;2-3a;  + 10  =  2a;«- 11a;- 6. 

Transpose  and  combine,  a;*  —  5  a;  =  14. 

Complete  the  square, 
Extract  the  root, 


^-0+?=?- 

5        9 

X =  ±  -. 

2        2 

.*.  a;=  Tor  - 

-2. 

27, 

T7^+~-^' 

X 

Simplify,  10a;*  +  490  -  140  a;  +  10  a;*  =  203  a;  -  29  «». 

Transpose  and  combine,  49  a;*  —  343  x  =  —  490. 

Divide  by  49,  a;*  -  7  a;  =  - 10. 

Complete  the  square,  «*  —  ()4-5x  =  2. 

4      4 

Extract  the  root,  a;  —  -  =  ±  — 

2        2 
••.  a:  =  5  or  2. 
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28. 

2x  +  3  7-«       7-3» 


2(2x-l)     2(x  +  l)     4-3» 

Simplify,      -  14x»  -  12a:»  +  22«  +  24  -  12a»  +  10«i«  -  162x  +  66 

-44x>-40x-24*»-28. 
Transpose  and  combine,      48  x*  -  180  x  ->  —  108. 
Divide  by  12,  4x»  -  15x  -  -  9. 

Multiply  by  16  and  complete  the  square, 

64x»-(  )  + 225-81. 
Extract  the  root,  8x~  15=>i:9, 

8x«-24or6. 
.*.  X  —  3,  or  f . 

29. 

12x»-llx«+ IOa-78      ,.         I 
8x»-7x  +  6  2 

Simplify,  24x»-22x*  +  20x-156  =  24x»-2lx«  +  18x-8x*  +  7x-6. 
Transpose  and  combine,  7x*  —  6x  —  150. 

Multiply  by  2S;  196 x»  -  140x  -  4200. 

Complete-the  square,     196x»  -  ( )  ^  25  =  4225. 
Extract  the  root,  14x-5=>i:65. 

.-.  X  =  5  or  —  4f . 


30. 

3x-l     5-4x 


=  3. 


7— X      2x  +  l 
Simplify, 

(2x  +  lX3x  - 1)  -  (5  -  4x)(7  -  x)  =  3(7  -  x)(2x  +  1). 
6a^  +  X  -  1  -  (35  -  33x  +  4x»)  =  39x  +  21  -  6x». 
6x»  +  x-l-35  +  33x^-  4x»  =  39  .t  +  21  -  6x». 
Transpose  and  combine,  8  j?  —  54  =  57. 

Multiply  by  32  and  complete  the  square, 

256x»  -  ( )  +  25  =  1489. 
Extract  the  root,  16  x  -  5  =  ±  43. 

.-.  16x  =  48, 
or  16  X  —  —  38, 

and  X  =  3, 

Qx  35 = -  ^^ 
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Exercise  96. 


2         2 


Complete  the  square, 

x*  +  2aa;  +  a2  =  2a«.  2x^-5nx-3n^  =  0, 

Extract  the  root,  4  r»  -  10  no;  =  6  n«. 

a:  +  a  =  iaV2.  ^^     /x  ,  25n»_497^ 

.-.  a;  =  -a±a>/2.  ^^4           4 

2.                       a;«»=4aa;  +  7a«.  ^* — 2^    T 

Transpose,  2a;  =  6nor-n. 


aj'-4aa;  =  7a'. 
Complete  the  square, 
a2_4aa;  +  4a*  =  lla». 
Extract  the  root,  « 

x  —  2a  =  ±aVTi.  5.    ; — - 


.•.a;=2a±aVll.  «2(a.  _a)2_  ^2(3.  ^  a)»^ 

4a;2  =  7,7i2  _  12'nyc,  x(a  -  &)  =  a^  +  a6. 

4a:'  +  12mj:=7w2,  ^      ^a(a4-Z>> 

4aj2  +  ()  +  (3m)2  =  16m«,  *'*  "^        a-6    ' 

2a:  +  3?n=  ±4m,     .  or  ax  —  a' =  —  6a;  —  a6, 

2a;  =  ±4m  — 3m.  .T(a  +  6)  =  a^  — a6. 

m          Im  a(a  —  b) 

.-.  a;=  — or — --•  .-.2:  =  — =-^- 

2            2  a  +  6. 

c.r  =  oar*  +  bx^ 


a  +  6 

aca;  +  6ca;  =  a^ac^  +  2a6ar*  +  6^t'  -  ac, 
a^x^  +  2a6a;*  +  b^xl^  —  acx  —  bcx  =  ac, 
x^{a?  +  2a6  +  6^)—  xiac  +  be)  =  ac, 

ar»(a'^  +  2a6  +  6^)  -  ( )  +  ^  ==  i^l±-^, 

A  A. 


x{a-\-b)  - 


4  4 

V4ac  4-  c' 


»(«  +  ^)  = 2 

c  ±  \/4  ac  +  c* 
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7             ?f!^  +  —  =  ?^  8              (*'  ■*"  ^^^  -  <"*  +  a. 

6"        c*        c  *  a«x  +  X  -  oa:*  +  a, 

oca:  ^6*,  •*.  X  »  a  or  — 

6»  a 


x=  — 
ac 


9. 


a         _6_  _    2c 


X— a     X— 6     X— c 

a(a;  —  6)(x  —  c)  +  6  (x  —  a)(x  —  c)  =  2c(x  —  a)(x  —  6), 
aj^'-aia;— acx  +  a6c  +  6x'-aix— 6cx4-aZ>c  -=  2cx^-2acx-2bcx-^2abc, 
2"{o  +  6  -  2c)  +  X  (oc  +  6c  -  2a&)  =  0.       o,^/,  _  ,,^     f,c 

.*.  .T  -  0  or 

a  ^  b-2c 

10. 


a+6+x     a     6     x 

a6x  =  a6x  -h  6^x  +  Jx*  +  a'x  +  a&x  +  ox*  +  a*b  +  a6*  f  abx, 
x^(a  -f  6)  +  x(a  +  6)2  =  -  ab(a  +  6). 
Divide  by  (a  +  6),        x^  4-  (a  +  6)  x  =  —  ab, 

4x»  +  (  )  +  (a  +  6)«  -  a«  -  2a6  +  6«, 
2x  +  (a  +  6)  -  h  (a  -  b), 

2x--26or  -2a. 
.'.  x^  —  6  or  -  a. 


11. 

1 

1 

3  +  x« 

a  —  x 

a  +x 

a'  — .T* 

a  +  X 
x>- 

—  a  +  X  ^ 
x2-2x  = 
■2x  +  l-= 

3  +  X-*. 

-3. 
_.  o 

J:V-2 

.-.  .r-  l±\/-2. 

12. 

.rM-2a6(a«  +  6y      o^ 

a'  +  b^ 
x'  +  2a6  (a«  +  6^)  -  2x  (a'  +  i^), 
.T^  -  2x  {a«  +  6'')  -  -  2a»6  -  2a6», 
a:«  _  ()  +  (a'  +  ft^)'  =  a*  -  2  a=»6  -f  2a''6«  -  2ct6»  f  h\ 
a-«  _  0  +  (a«  +  i'*)'  =  (a«  +  b''){a  --b)\ 

x-(a?  +  ¥)=^±  (a-b)Vd'  4-  h\ 

...  a; «  a*  +  62  ±  (a  -  b)y/d'  +  b\ 
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^^'  2x-a^U'  ^  +  {a-b)x^ab, 
4a;2-4aa;  +  a»  =  26aj-a6  +  262,       4a:2 +  () +  (a-6)»  =  (a  + 6)». 

4a;«-2a;(2a  +  b)  =  -a^-ab  +  26",  2a;  +  (a  -  6)  =  ±  (a  +  6), 

l6aJ_()+(2a+6)2  =,  9  j«^  2a;  =  -2a or 2ft. 

4x-(2a  +  6)  =  ±36,  .-.3;  =  — a  or  6. 
4a;  =  2a-26, 
or  2a +  46. 


a-b^^a±2b 
x  =  ——-OT — - — 


14.  ai»  +  ax  =  a  +  a;. 


16.  ?  +  ?  =  ^+^. 

a     X     o     X 


x^b  +  a^b  =  a3^  +  ab\ 


4.^+()V(a-l)^  =  a«+2a4-l.  ^.   .^      ^{h-a)^aJ>{b-a), 

2a;  +  (a  -  1)  =  ±  (a  +  1).  ^^^vide  by  (6  -  a). 

2a;  =  -(a-l)±(a+l).  ^^  =  «&•  _ 

.-.  a;  =  lor-a.  .'.x  =  ±^/ab. 

17. 

1111 

I =  —  -j • 

X     x-{-b     a     a  +  b 
aH  +  d^b  +  ahx  +  aW  +  o'a;  +  aftx-  =  ax^  +  aJa;  +  6ar»  +  ft'^a;  +  oar^  +  ohx, 
2aa;*  +  ftaj^  -  2a*a;  +  ft^a;  =  a^ft  +  a6^ 
(2a  +  &)ar»  -  (2a«  -  6^)  X  =  d^b  +  a6«, 
4.r'(2a  +  6)« -  ( )  +  (Sa*  -  6«)«  =  4a*  +  Sa^i  +  Sa^i^  +  4a6»  +  b\ 
2a;(2a  +  6)  -  (2a«  -  &»)  =  ±  (2a2  +  2a6  +  6«), 

2a;(2a  +  6)  =  (4a»  +  2a6)  or  -(2a6  +  26«). 

6(a  +  &) 
2a+6 

3       4       3a  a^-3  ic  +  3 

4  a^  +  1 5  aa;  -  4  a;2  =  0.  iL±i  _  iLn^  =  a. 

4x»-15aa;  =  4a«,  a;-3     a;  +  3 

64x•»-()  +  225a2^289o^  a:2  +  6a;+9-^ 

o        ir  i^r  +6a;  — 9  =  aar'-9a, 

8a;-15a  =  ±l7a,  aaj*- 12a;  =  9a. 

8a;  =  32aor-2a.  ^V  -  12aa;  =  9a^ 

.  a  aV-()  +  36  =  9a«  +  36, 

.•.  a;  =  4aor--.  ^^  -^__ 

4  aa;-6  =  ±vO(a*+4)j_ 

aa;  =  6±3v^TJ 
6±3V^H4 


•  • 


x^ 
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20. 

mn 
m*nx*  —  mn  =  x(m*  —  n*), 

4m*n«a:*  -  (  )  +  (m»  -  n»)*  «-  wi«  +  2m'n«  +  n«, 

2m'7ia:  —  (m*  ~  n*)  =  dk  (to*  +  n*), 

2TO«naj  =  2 TO*  or  -  2n\ 

TO  n 

.•.«  =  —  or x* 

n  TO* 

21. 

(cKC  — 6)(6x  — a)=«c*, 
o5a^  —  h'^x  —  c?x  +  a6  =  c*, 

aJjr*  —  (a'  4-  6')x  =  c*  —  aft, 
4a«&«x»  -  4aft  (a»  +  ft»)x  =  4ttftc»  -  4a»ft«, 
id^h'x'  -  (  )  +  (a»  +  ft»)»  =.  (a*  -  ft«)«J-  4aftc",_ 

2aftx  -  (a«  +  ft»)  =  ±  V(a«  -  6»)«  +  4  ab?^. 

a?-^¥±  Vl  a»     /;« )»  +  4  aftc* 
2aft 


22.               Qg  +  ft^TOar-hn  gg^        m      ^     ^     ^^ 

ftx  +  a      nx  +  w  TO  +  x     7n— X 

oni*  +  te  +  ainx  +  ftro  to*  —  tox  +  to*  +  mx  =  rTO*  -  ex*, 

=  6tox*  +  ftTix  +  amx  +  an,  cj.t  ^  ^m*  ~  2  7n*, 

ana^  —  bmx^  =  an  —  bm,  xVc  ^  ± viVr  -  2. 

Q?  {an  —  hm)  =  an  —  ftm,  \c~2 

^                              '  •      ttt  ,^m   A.  tun  ^  I  ' 


x*  =  l. 

.•.  x  =  ±  1. 


Of  «»  ±TO 


Vt 


24. 


(o-l)*x*  +  2(3a-l)x  _.^ 

4a-l 
(a-l)*x*  +  2(3a-l)x  =  4a-l, 
4(a-  l)*x*  +(  )  +  (Ga-  2)*  =  IGa*, 

2(a  -  l)*x  +  {6a  -  2)  =  ±  4aV5, 

2 (a  -  l)*x  =  2  -  6a  J:  iaVa, 
1  —  3a ±  2ay/a 
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25. 

a^x^ -  b^x^  +  a^-b^  =  2a^x  +  26«aj, 
a^x^  -  h^x^  -  2a?x-2¥x  =  b^-a}, 
xHa^  -  b^)  -  2x(a'  +  b^)  =  6»  -  a^ 
^ (a2 -  &2)2 _  2x(a* -b*)  =  -a*  +  2aH^-b\ 
gsfa^  _  62)2  _  ()  +  (^2  +  52)2  =  ^aH\ 

x(a^  -b^)-  {a^  +  b^)  =  ±2ab, 

x(a^-b^)  =  a^  +  b''±2ab 
=  {a±  bf. 
a-\-b      a  —  b 
a—b      a+o 


•    • 


26. 

?Lli^^  =  (m-n)«. 
(m  +  nf 

3?  —  4mn.T  =  m*  —  2m'  n*  +  n*, 
aj*  _  ()  +  im^n^  =  m*  +  2m2ri2  +  n*, 

X  —  2mn  =  ±  {m^  +  n'), 

a;  =  2mn±(m*  +  w*) 
=  {m  +  nf  or  —(m—nf. 

27. 

,     a-6      14a'-5a&-106'     (2a-36)af 
a62  ISa'ft'  2a6 

ISa^b^x^  -  {Ua^b  -  27ab^)x  =  -  4a2  +  13a6  -  10&^ 
144a2  62.x2  -  (144a26  -  216a62)aj  =  -  32a*  +  104a6  -  806^ 
144a«62rB2  _  ()  f  (6a  -  96)»  =  4a2  -  4a6  +  6^ 
12a6a;  -  (6a  -  9&)  =  ±  (2a  -  6), 

12a&aj  =  8a-10&or4a-86. 

4a-5&      a-26 
.-.  x^  — r-; — or 


6ab  Sab 


28. 


,  „     b^x     6a2  +  a6-26«     3a«a; 

abar  +  —  = 

c  (T  c 

abc^x^  +  b^cx  =  6a^  +  ab-2b^-  Sa^cx, 
abc^x^  4-  (Sa'c  +  b^c)x  =  6a«  +  ab  -  26«. 
4a2ft2c2a;2  +  4a&c.r  (3  a*  +  6'^)  =  2Aa^b  +  4an^-  8a6», 
4a2  62c2ic2  +  (  )  +  (3a2  +  &2)2  =  da*  +  24ia^b+lOa^b^-Sab^-\-b\ 
2ai)cx  +  3a2  +  6^^  =  ±  (3a2  -f  4a6  -  &"). 

2a-&  3a  +  2& 

.'.   X  =  :—  or r 

ac  be 


teachers' 

KDITION. 

x* 

a     4a- 
4a» 

29. 

4o« 

X 

3 

m-2 

23? 

2 

811 


3m-2a      3m- 2a 

2x*  -  4a*  +  m»  -  3wu;  -  2a.T, 
2x*+  (2a-3m)x=la'»-m*. 
16a:»  -\-()  +  {2a-  3m)»  -  (IWJa*  -  V2am  +  tn*). 
4x  +  (2a  —  3fii)  =  £  (<»a  -  m), 

4x  =  —  8a  +  4w  or  4a  f  2ffi. 

.'.  X  =  wi  —  2a  or  a  +  -  • 


ao. 


25  oft 


6x  +  («iil^'  =  5(a-6)f?5 
X  Ox 

36x«  +  e(a  +  6)«  -  30x(a  -  h)  ♦  250*. 
36x»  -  30x  (a  -  6)  =  25ai     (J  {a  f  b)\ 

4  4 

2^         ^  2 

A*     6a-46_4a-06 
o  X  = or 

2  2 

3a-2A       ,  2a-36 
.'.  x= and         • 

r>  6 

31. 

J(x»  +  a»  +  ai}  =  ix(2da  +  46). 
8x*  +  8a«+  8ai  =  20ax  +  4Ax, 
Px«  -  (20a  +  46)x  =  -  8a«  -  8aA, 
16x*  -  2(20a  +  46)x  =  -  16a«  -  Ifiaft. 
16x»-()+(5a  +  6)«  =  9a«-6a6  f  6«. 
4x-(5a4-6)  =  i:(3a-6), 

4x  =  (5a+6)±(3a-6). 

a  +  6 


•  • 


X  »  2a  or 


32. 

X*  —  (6  —  a)  c  =  a.r  —  6x  +  ex. 
X*  +  6x  —  ax  —  ex  =  (6  —  a)  <r, 
X*  +  (6  —  a  —  c)x  =  (6  —  a)c, 
4{B«  +  ()-|-(J-a-c)«  =  a«+6'  +  c»-2a6-2ac  +  26c, 
2x  +  (6  —  a  —  c)  =»  ±  (a  -  6  —  c), 
2x  =  2a--26or  2c. 
.'.  x  =  a  -  6  or  c. 
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as. 

x^  -  2mx  =  {n-p  +  m){n-p-m). 

««-()  +  m«  =  n«  -  2np  +p\ 
»-m  =  ±(n-|3). 
••.  x^m±{n—p). 

34. 

4a:*  -  4(m  +  ?i)a;  =  (p +  ^  +  m  +  ?i)(;) +  g'-m-7i), 
4«"-(  )  +  (m  +  n)*=;)2  +  2|)g  +  q\ 
2x  —  {m  +  n)  =  ±  (jj  +  5), 

2a;  =  m  +  ni:(p+5). 

..X-  2 

35. 

mnx^—  (m-\-n)  (mn +1) «+  (m+n)*  =  0. 

^nruc*  -(m'n  +  mn*  +  m  +  n)x  =  —  m'  —  2mn  —  n', 

4 m'^wV-  4  mn  (m*n  +  TOn*+  m + n)  a?  =  ~  4  m'^n  -  8  ni^n^  —  4  ?yin', 

4  m*nV — ( )  +  (m*n  +  mn^  -{-m+nf^  m*n* +2  m'n'— 2  m'n— 4  7?i^n' 

+m*n*— 2  mn' 4-m' + 2  mn+n?, 

2mna;  —  (?n*n  +  mn^  -\-m+n)  =  ± {w?n  +  mr?  —  m  —  n\ 

2mnx  =  2m'n  +  2mn*  or  2m  +  2n. 

m  +  n 


.'.  a;  =  m  +  n  or 


36. 


mn 


26  — aj  — 2a  ,  46  — 7a     a;  — 4a 

■  -f-  • =  ■* 

bx  ax  —  bx     ab  —  h* 

4a6-ax-2a«-262  +  6a;  +  46*-7a6  =  a:»-4aa;, 

ar«-3aa;-6a;  =  26*-3a6-2a*. 
a;«  -  (3a  +  6)0;  =  26*  -  3 ab  -  2a\ 
Ax^-^Sa-\-b)x  =  Sb^-  12ab  -  8a«, 
4««  -  ( )  +  (3a  +  6)«  =  a«  -  6a6  +  9b\ 
2a;  -  (3a  +  6)  =  db  (a -36), 

2a;  =  4a -26  or  2a +  46. 
a;  — 2a  —  6  or  a  +  26. 


•  • 
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37. 

2a^(a«- J»)  -(3a»  +  i^)(x  -  1)  -  (36^  +  a*)(x  +  1). 
2a:»(a»- *»)- 3a«x -  6»x -f  3a«  +  6»  -  Sft'x  +  o«x  4- 36»  +  a". 

2a:*(a»-  6«)  -4a«aj  -46'x  -  2M  -  2a\ 
Divideby2.a:»(a«-5*)-2(a«  +  6«)ar-.M-a«. 

jc2(a«  -  b^y  -  2(a*  -  6*)a;  -  {&»  -  a')(a»  -  6»). 
aJ(o2  _  6«)a  _  ()  +  (a«  +  5«)«  =  4a*6», 
a.(a«  -6«)  -  (o«  +  6»)  -  dt  2aA, 

«(a«  -  5«)  -  (a  +  6)«  or  (a  -  hf, 

.*.  x=   — -or -• 

a  — 6      a  +  6 


38. 

t— 26  -g  _    56  -J  2a  -X  -  10ft  ^  Q 

o*-46^       aj;  +  26x  26x-ar 

g— 2ft  -X        .    5ft-x  2a-x-  11)6     /v 


ax 


"1 :i:± -^i .-_:ir — n :l=: — - — :-- -   -  o. 

(a-26)(a  +  26)     (a  +  26)x         (a-26)x 

-  26x  -  x«  -  5a6  +  «x  +  106«  -  2ftx  -  2a« 

+  ax  +  15a6  +  2ftx  +  38  6«  -  0, 

3ax-2ftx-x*  +  10a6  +  48ft«-2a«  =  0. 

X*  -(3o-  2ft)x  =  -2o»  +  lOaft  +  4S6«. 

-  0  -h  (3a  -  26)«  =  a«  +  28a6  +  1906*. 


2x-(3a-26)  =  i:(a+  146). 

2x-4a+  126orJa   -106 
.'.  x  =  2tt  +  66  or  tt-b6. 


39. 


x-f  13a  +  36      J  ^a-26 

5a  — 36  — X  X  +  26 

X*  +  13ax  +  56x  +  26a6  +  66» 

- 5ax  +  56x  +  X*  +  66*  -  10a6  =  5a«  -  13a6  -  ox  +  06«  -I-  26x, 

2x»  +  {9a+86)x  =  5a«-29a6  -G6«, 

16x*  +  8(9a  +  8  6)x  =  40a«  -  232a6  -  48 6^ 

16x"  +  (  )  +  {9a  +  86)«  =  121  a«  -  88 a6  +  1G6^ 

4x  +  (9a  +  86)  =  ±(lla-4  6), 

4x=  2a -  126  or  -  (20a  -f  46). 

...  a;---36or-(5a-f  6). 
2 


314  ALGKBRA. 


40. 

x-\-3b 36^ 0  +  36 

8a«-12a6     9&^-4a»     (2a  +  36)(aj-36) 
x  +  Sb       .  36  a  +  Sb 


=  0. 


x  +  6b  6b a  +  3b  _^ 

4a(2a-36)     (2a-3&)(2a  +  36)     (2a  +  36)(x-36)~    ' 
(x^-9b^)(2a-\-Sb)+12abx-S(jab^-^a{2a^  +  Sab-9b^)^0. 

(2a  +  3  by  a?  +  I2abx  =  Sa"  +  120*6  +  ISab^  +  27  6^^ 
4(2a  +  Sbfx'  +  ( )  +  {I2abf  =  64a*  +  192a'6  +  432a«6« 

+  432a6»  +  3246*, 
2(2a  +  Sb)x  +  12a6  =  ±  (8a»  +  12a6  +  ISi^), 

(2a  +  3b)x  =  4a*  +  96*  or  -(4a*H-12a6  +  9^>*) 


41.       • 

nos^  +px  —px*  —  mx  +  m  —  n  =  0. 

nx^  —pa?  +px  —  mx  =  n  —  m^ 
x^{n  —p)-{-x{p  —  m)  =  n~m, 
4a'*(n  -pf  +  ( )  +  (p  _ m)*  =  M-Amn^Apn^Ajm^-f^2pm-^m\ 
2x{n -p)  +  (p  -  m)  =  ±  (2n  -p  -  m}, 

2x{n  —p)  =  m -p  +  2n-p  -m, 

or  m-p  —  2n  +p  +  m. 

.'.x=l  or'^"^ 
n— ^ 


42. 

(a  +  6  +  c)a;' -  (2a  +  6  +  c)a;  +  a  =  0. 
(a +  6  +  c)»*  — (2a  +  6  +  c)a;  =  -a, 

4a;*(a+6  +  c)*-()  +  (2a  +  6  +  c)*  =  6*  +  26c  +  c», 
2a;(a  -t-  6  +  c)  -  (2a  +  6  +  c)  =  ±  (6  +  c), 

2a;(a  +  6  +  c)  =  (2a  +  6  +  c)  ±  (6  +  c), 
2a;(a  4-  6  +  c)  =  2a  +  26  +  2c  or  2a. 

.'.  a;=  1  or 

a  +  6  +  c 
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43. 

(oar-  b)(e  -  rf)  -  (a  -  b){cx  -  d)x. 

OCX  —  be  —  adx  +  W  «"  ckst"  —  adx  —  bej^  +  bdx, 

hca?  —  acx^  +  acx  —  bdx  '^bc  —  bd, 

(be -ac)i^  -\-(ac  —  bd)x  =  6c  —  W, 

iibc-acfx"  +  ()  +  (oc  -  6d)*  =  46»c»-4aAc«  -46»«f 

+  2a6ai  +  aV  + W, 

2{b€  -  ac)a;  +  (oc  -  W) «  ±  {2be  —  ae-  W), 

2(6c  -  ae)x  ~  -  (ac  -  bd)  ±  (2be -  ac  -  bd), 

—  ae-^bd-\-  2bc  —  or  —  bd 
"  2(bc-ac) 

—  ac-^bd-  2bc  ^  ac  +  bd 


or 


2 (be-  ac) 


1       He  -  d) 
.%  «—  1  or-i -/• 

c(a  —  6) 


44. 

22 


r-fl      1/1      2\_3x+l 
b  x\b     a)  a 

2  a; -hi  _  a-2b  ^  Sx-^-l 
b  abx  a 

2<Kr' +  aaj  — a  +  2b  =  Zba^  -\-  bx, 
2a3^  -  Sba^  ^  ax-bx  =  a  —  2b, 
x^(2a  -  36)  +  .T(a  -  6)  =  a  -  26, 
4i'(2a-36)«  +  4ar(a-6)(2o+36)  =  (4a-86)(2a--36). 
'      4a:«(2a  -  36)«  +  (  )  +  (a  -  6)»  =  9a«  -  30a6  -f  256^ 
2  a?  (2  a  -  3  6)  +  (a  -  6)  =  ±  (3  a  -  5  6), 

2x(2a  -  36)  =  -  a  +  6  ±  (3a  -  56), 
2a; (2o  -36)  =  2a  -  46  or  -  4  a  +  66. 

a- 26   ^,     1 
••.  a;  =  - — -  or  —1. 

2a-36 
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45. 


1  ^  1  ^      a      _  2bx±h 

27?-\-x-\     2a:»-3a;  +  l      2bx-h      ax^-a 

1 1 ^        a .    2bx-^b 

(2a:-l)(x  +  l)     (2a:-l)(a;-l)      b{2x-l)     a(x-l){x  +  l) 

L.C.'D.  =  ab{x-l)(x  +  l){2x-l). 
Simplify,       abx  —  ab  -\-  abx  -\-  ab  =  a'x*  —  a*  —  4  b^s^  +  &*, 

2abx  =  aV  -  a«  -  462a:»  +  6». 
46V  -  aV  +  2a6j;  =  6*  -  a«, 
a:«(46«  -  a*)  +  a;(2aZ»)  =  6^  -  a«, 
4a;2(4i2-a2)2  ^  4j;(2a6)(46«- a'^)  =  166*-  206V  +  4 a*, 
4a;2(462_o2)a  +  ()  +  (2a6)2  =  166*-166V  +  4a*. 
2a;(46=»  -  a«)  4-  2a6  =  ±  (46«  -  2a«), 
2a;(46*-a2)  =  46«-2a6-2a« 

or2a«-2a6-46», 

26«-a6-a»      a«-a6-26» 
or 


X  = :; or 

46«-a»  46«-a« 

6  —  a  b  -\-  a 

X  =  -— — •-  or  — 


2b-a  26  +  a 


Exercise  97. 

1.    (x  +  l)(x-2){x^  +  x-2)  =  0. 
(x  +  l)(x-2){x  -  l){x  +  2)  =  0. 

.-.  x  =  -l,  2,  1,  -2. 

.-.  aj  =  2,  1,4, -3.  ^a:(a:'  +  Ja;-i50;    -  0, 

2.T(a;4-7)(a;-5)  =  0; 

3.         (a  +  l)(a;  -  2) (a;  +  3)  =  -  a  which  is  satisfied  if      x  =  0, 
{B'  +  2a:*-5a;-6  =  -6,  3.-4-7  =  0 

3fi  +  2x'-5x  =  0.  .-  '     "' 

x{x^  +  2x-5)  =  0;  °^^^  x-5  =  0. 

which  is  satisfied  if     a;  =  0,  .*.  a;  =  0,  —  7,  5. 
or  if             a«  +  2aj-5  =  0. 

By  solving      re*  +  2a;- 5  =  0,         6.    (a:«-a?-6)(a:«-a;-20)  =  0. 

a:  =  - 1  ±  V6.  (a;-3)  (a:+2)  (x-5)  (ar+4)  =  0. 


X 


0,  -l±\/6.  .-.  aj-3, -2,  6, -4. 
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x{x  +  l)(x  +  2)  -  a(a  +  l)(a  +  2). 

i»  +  3x«  +  2x  «  a»  +  3o*  +  2a. 

a:*  +  3x»  +  2a;  -  a»  -  3a'  -  2a  =  0, 

(x»  -  a»)  +  (3x*  -  3a«)  +  (2aj  -  2a)  -  0. 

(a!»+aaj+a'')(a;-a)  +(3jr  +  3a)(x-a)  +  2(a:-a)  -  0, 

(a:*  4-  oa;  +  a'  +  3x  +  3a  +  2)  (x  -  a)  -  0. 

.%  X  — a  =  0, 

and  X  »  a. 

Or,  x"  +  ax  +  a«  +  3x  +  3a  +  2  =  0. 

X*  +  ox  +  3x  =  -  a'  -  3a  -  2, 
X*  +x(a  f  3)-  -a«-   .Ja      2. 
4x»  +  ()  +  (a  +  3)«-l-(ia     :;a». 

2x  +  (a  +  3)  -  A  Vl  -  Oa  -  3a'. 


7.      0:8  _  x*  -  X  +  1  =  0.  10.  aJ«  -  1  -  0. 

(r»  -  1 )  (X  -  1 )  =  0,  (^  ^  1 )  (<5»  _  1 )  ^  0. 

(x  +  l)(x-l)(x-l)  =  a  (x+l)(x'-x  +  l) 


.*.  X  =  1,  1,  —  1. 


8.  Sx'-l^O. 

(2x-l)(4x'+2x+l)  =  0. 

From  the  first  factor, 


(x-l)(x'  +  x  +  l)  =  0. 

and  X— -1, 1. 

From    x*  —  X  +  1  »  0, 
x"-x--l. 


x  =  i.  4x«-()  +  l«-3 

or         4x»  +  2x  =  -l.  2x-l  =  J:V-3, 

16x'  +  ()  +  l  =  -3  ,^UV-3 

4x+l  =  ±V^.  2 
.-.  X  =  J(-li:\/^).     From    x»  +  x  +  1  =  0^ 

x*  +  X  -» —  1, 

9.                  8x»+l=0.  4x'  +  ()  +  l  =  -3._ 

(2x+l)(4x'-2x+l)  =  0.  2x  +  1  =  ±  V^  3. 

From  the  first  factor,  ,                  ^      -1  ±V^^ 

or        4x'  — 2x  =  — 1.  ^±^/-S 

4x«  -  2x  =  -  1,  .-.  X  =  1,  -  1,  r » 

16x»-()  +  l=-3,  ^ 

4x-l  =  :tV=3  •          ,^^               rJ^EI. 
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11. 


12. 

If 

or  if 

by  solving, 


x(x  —  a){x  +  5)(a?  —  b)  =  0. 

.'.  x  =  0,  a,  ±b. 

n(r'  +  l)  +  (a;  +  l)  =  0. 
(x  +  l)(n»*  -  na;  +  n  +  1)  =  0. 
(n  +  lXa?+l)(»»-aj  +  l)  =  0. 

«  +  1  =  0, 
aj  =  — 1 ; 
na^  —  naj+n  +  l  =  0, 

=  J  i:  -^  V-3n«-4n. 


a; 


2n 


1.  a;«  +  7a»  =  8. 

4x8  +  0  +  49  =  81, 
2a,'»  +  7  =  ±9, 
2ar»  =  -7  +  9 

Since 

or  (a;+2)(a;2 
Whence 
and 
or        x^  — 

a^-\)  +  l  =  -3, 

x-l  =  ±  y/-S. 
.-.  a;  =  1  ±  V^. 
Since  ar*  =  1, 

ar»-l=0, 
or(a;-r)(x'Ha?+l)  =  0. 
Whence     a?  —  1  =  0, 
and  a;  =  1, 

or  a*  +  aj  +  1  =  0, 

a^  +  x  =  —  l, 
4a:«+()  +  l  =  -3, 

2aj  +  1  ==  ±  VITs. 
.-.  a;  =  J(-1±VZ3). 
.-.  a;  =  -2,  1,  1±  vTs, 
and  }  (-  1  ±  V^). 


Exercise  98. 
2. 


a^-5a»  +  4  =  0. 
a;*  — 5aj*  =  — 4, 
4a:*-()  +  25  =  9, 
2a»-5  =  ±3, 

14. 

1  +  1-20  =  0. 

U3^-20a?*  =  0, 

1600i^--()  +  ^)  =  89_ 
40x*-3  =  fV89. 

.*.  a;  =  db  3  or  db  }. 


4.  16a;8  =  17a;*-l. 

1024a:8_()^  (17)2^225, 
32a!* -17  =  ±15. 
32a;*  =  32  or  2, 
a;*  =  1  or  ^. 
Since  ar*  =  1, 

a;*- 1  =  0, 
or(ar»+l)(a:+l)(£-l)  =  0. 

.-.  a;  =  ±  V-  1,  —  1,  or  1. 
Since  x*  =  ^^, 

X*  -  tV  =  0, 
or(a;«+J)(a?+J)(^J)  =  0. 

.'.x  =  ±  V-  J,  -  }.  or  J. 
.'.  the  roots  are 

±  1,  ±  V^,  ±  J,  ±  VITj. 
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2. 

a;     z*     36 


Subtract  2  from  |  x*  +  ~Y  and  from  — • 

\        x")'  36 

'+0  +  9 


(-1)' 


65 
36 

16 

9' 


2(.-l).3-4 


17. 

108«*  =  20a;(9i*- l)-51x"  +  7. 
108x*-  108x"  +  51a»  +  20x  =  7. 

Multiply  by  12,  and  add  16  to  both  sides, 

I296a^-  2160a^  +  612x»  +  240x  +  16  -  100. 

1296ar*  -  2160 x»  +  612aj»  +  240x  +  16|36a:» -30x-4 
1296 a^ 

-  2160a!»  +  612a» 

-  2160aJ»  +  900a? 


72a!^  -  30aj 


72aj*-60x-4 


-288a:»  +  240x  +  16 
-288x«  +  240x  +  16 


36x*-30ar-4=.±10, 

36aj*  -  30x  =  14  or  -  6, 
144a;»-()  +  26  =  81orl, 

12aj--5=»±9or  ±1, 
12x  -  14,  -  4,  6.  4. 
.-.  x=ilj,  -i,  J.  i- 

18. 

(a?-l)(x«-2)  +  (x»-3)(x«-4)  =  x*  +  5. 
Simplify,  af*-3x»  +  2+a;*-7x»  +  12  =  x*  +  5. 
Transpose  and  combine,  x*— 10x'  =  —  9. 
Complete  the  square,    x*— ()  +  25  =  16. 
Extract  the  root,  x*  —  5  =  ±  4, 

x*  =  9  or  1. 
•*•  X  —  :k  3  or  ^  1. 
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11.  x{x-a){x^-b^)  =  0. 

x{x  —  a){x  +  b){x  —  6)  =  0. 

.'.  a?  =  0,  a,  ±  6. 

12.  n(x»  +  l)  +  (a;  +  l)  =  0. 
(x  +  l)(nx^  —  na?  +  n  +  1)  =  0. 
(n  +  l)(a;  +  l)(aj«  -  a;  +  1)  =  0. 

If  a;  +  1  =  0, 

»  =  — 1  ; 
or  if  naj*  —  rMf+n+l  =  0, 

by  solving,  a;  =  J  ±  -^  V-3n2-47i. 

2n 

Exercise  98. 

1.  rc«  +  7iB»  =  8.  2.        a:*-5a:«  +  4  =  0. 

4 a;*  +  ( )  +  49  =  81,  a;*  -  5a;«  =  -  4, 


-,—_———.« — -^_ i-.^4»  2ar  —  5  =  ±  3, 

(ai«_3a;~3)-()  +  9  =  4, 

(a^_3a;_3)*-3  =  ±2, 

(a:i_3a;_3)*  =  5orl, 
a:»-3a;-3  =  25orl, 
aj»-3a;  =  28or4, 
4aj«_()4-9  =  121or26. 
2«-3  =  ±llor  ±5, 
2«  =  14, -8,  8, -2. 
.-.  »«7,  —  4,  4,  —  1. 
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2. 

X     jc*     36 


1  Subtract  2  from  (  a;*  +  — \  and  from  — 


Since 


i-lM'-D- 


65 
36' 


+  3-4 


<-i) 


X         3  3 

6x'-6--5xor-13«, 
6aj»  +  5x=6, 
144x*  +  (  )  +  25  =  169, 
12x  +  5  =  ±  13. 
.'.  x  =  |  or  —  IJ. 

From  6aj»-6  =  -13x, 

6x»4-13x  =  6, 

144x» +  0  +  169  =  313, 

12x  +  13  =  ±V313. 

x-A(-13±\/3l3). 


>  • 


3. 


(2x«  -  3x)»-  2(2x»-  3x)  =  15. 
(2x2-3x)«-()  +  l  =  16. 
(2x»-3x)-l  =  i:4, 

2x«-3x  =  5or-3, 
16x»-()  +  9  =  49or-15, 

4x-3  =  ±7or±\/^ri5, 
4x==10, -4,  SjrV^TTs. 

.•.x  =  2J, -1,  J(3i:\/-15). 
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4. 

4(ar  -  bf  +  iea(ax  -  6)  =  9a«, 

4(aa;-6)»4-()  +  16a«  =  25a«, 

2(aa;  — 6)  +  4a  =  ±5a, 

2(aa:  —  6)  =  a  or  —  9o, 

2ax  =  a  +  2b  or  2b  — 9a, 

a  +  2b      2b-da 
.•.  X  ==  --^ or  — ' 

2a  2a 

5. 

3(2a!*-a;)-(2a:»-a;)i  =  2. 

36(2a:»-a:)-(Ul  =  25, 
6(2a:«-.T)*-l=±5, 

6(2a;«-a;)4  =  6or-4, 
(2x'-x)^=loT-i, 

2x^-x=loTi, 
16»«-8a;  =  8or  ^, 
16x>-()+l  =  9or4^, 

4a?-l  =  ±3or±jV4l. 

.•.aj«l.-},i(l±JV^> 

6. 

15a:-3a;«  +  4(a:«-5a;  +  5)i  =  16. 

Change  signs  and  add  15  to  both  sides, 

(3a:»  -  15a;  + 16)  -  4(a;«  -  5a;  +  5)i  =  -  1, 
3(a3_5a;  +  5)-^4(ar*-5a;  +  5)i  =  -l, 
36(a;»-5a;  +  5)-()  +  16  =  4, 

6(a:»-5a;  +  5)i  =  6or2, 

(a;*-5a;  +  5)i  =  lorl, 

a^  — 5a;  +  5  =  l  or  J, 

a;*  —  5a;  =  —  4  or  —  4|, 
4a;»-()4-25-9or^, 
2a;  — 5  =  ±3  or±}. 
.•.a;  =  4,  1.  SilJ. 
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12* 

>/3iT5-V3z-5-4. 

V3«  +  5-V3a;-5  +  4, 


(3«  +  5)  -  (3x -6)  +  8  V3T-5  +  16. 
6  =  8>/3irr5. 
36  =  192aj  -  320, 
-  192a;  =  -  356. 


«o 


Extract  the  root,  2(  x  +  -  J  =  4  or  -  6. 

x  +  -=.2or  -3, 

X 

x*  +  1  "2xor  -3ai 
For  first  value,  x*  +  1  -  2x, 

X^  —  ^tX  ^*  ^~  1, 

x»-2x  +  l-0, 

x-l=0. 

.*.  x=  1. 

For  second  value,  x*  -f- 1  =»  —  3x, 

x»  +  3x  =  -l, 
4x»  +  ()  +  9  =  5, 

2x  +  3  =  ±Vr). 

...  x=J(-3±V5). 

8. 

Subtract  7  from  each  side, 

(x«-7)  +  (x»-7)*  =  12, 
4(x«-7)  +  (jH-l=49, 
2(x«-7)*  +  l  =  ±7, 
2(x»-7)i  =  6or-8, 
(aj»-7)i=:3or-4, 
a«  -  7  =  9  or  16, 
x»  =  16  or  23. 
•  •.  X  =  i:4  ori:>/23. 
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4. 

(ax-by-^  4a(aa;  -  6)=  — • 

^ax  -  hf  +  16a{ax  -b)  =  9a«, 
4(aa;-6)«  +  ()  +  16a2  =  25a«, 
2(aaj  — J)  +  4a  =  ±5a, 

2(aa?  —  6)  =  a  or  —  9fl, 

2aa;  =  a  +  26  or  26  — 9a. 

a  +  25      26-9a 

•••  X  ="  — ;: —  ^^  — :: ' 

2a  2a 

10. 

(a;H-l)i  +  (x-l)*  =  5. 
Squaring,     a;  + 1  +  2  (aj«  - 1)*  +  a:  - 1  =  25, 

2(a;2-l)4  =  25-2a:, 
4a:*  -  4  =  625  -  100a;  +  4a?, 
100  a;  =  629. 


11. 

a--l  =  2  +  2a;-i. 

a;_l  =  2  +  -^. 

2  "^ 

a; ^  =  3, 

a;* 

a;t_2  =  3a;i, 

a.5-3a;i  =  2. 

Squaring,  ar»-6ar^  +  9a;  =  4, 

ar»-6a;*  +  9a;-4  =  0, 

(a;-l)(r»-5a;  +  4)-=0. 

.-.  (a;- 1)  or  (a;*-5a;  + 4)  =  0. 

If  (a;-l)  =  0, 

a;  =  1. 

If  a;*-6a;  +  4  =  0, 

a;'  — 5a;  =  —  4, 

4a;2_20a;  =  -16, 

4a;2-20a;  +  25  =  9, 

2a;-5  =  db3, 

2a;  =8  or  2. 

••.  a;=«  4  or  1. 


I  " 
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12. 

V3x  +  5-.V3x-6  +  4. 

(3«  +  5)  -  (3g~6)-f  8  VsTTg  +  16, 

36  =  192a:  -  320, 
-  192*  =  -  366. 
x-ltJ. 


•  • 


18. 

(fl;«  +  l)-a;(i«  +  l)--2{t". 
Transpose,  «•  +  2a;*  +  1 -aj(a*+ 1)  =0, 

(2«  +  l)«-a;(a:«-Kl)-0. 
Moltiply  by  4,  and  complete  the  square, 

(«»  +  l)«-()  +  x»  =  a». 
Extract  the  root,  2(2'  +  1)  —  x  «  ±  a?, 

2x»  +  2  "  2x  or  0. 
For  first  value,  2x«  ~  2x  =  -  2. 

Multiply  by  2,  and  complete  the  square, 

4ai_()  +  l«_3. 

Extract  the  root,  2x  —  1  =  ir  V^. 

.-.  x=i(l  iV'-~:<). 
For  second  value,  2  a:*  =  -  2, 

x*=-l. 
.'.  x=  ±V^. 

14. 

2a:*  -  2  V2x*  -  5x  =  5(x  +  3). 

2a*  -  5x  -  2  V2x*  -  5x  =  15, 
<2a:*  -  5x)  -  2(2x*  -  5x)4  +  1  =  16, 
(2x*-5x)*-l  =  ±4, 
(2a:*-5x)*  =  5or-3, 
2x*-5x  =  25or  9, 
16x*-() +25  =  225  or  97, 

4x-5  =  ±15or±\/97,  _ 

4x  =  20.  -10,  (5  +  V97),  (5- V97). 
.-.  X  -  5,  -21 H5+ V97),  J(5-V97> 
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15. 

a;  +  2  -  4a:V'ar+2  =  ]2a;». 

Complete  the  square, 

{x  -f  2)  -4a?Va?  +  2-h  4a:*  =  16x^, 

Va;  +  2-2a;=  ±4a;, 

Vx  +  2  =  6a;  or  —  2a!, 
a;  +  2  =  36a;2or4a:», 
36 a:* -a?  =  2, 
5184ar'- 144  a;  =  288, 
5184ar«-()  +  l=289, 
72a;-l  =  ±17, 

72a;  =18  or -16. 
.*.  a;  =  i  or  —  f. 
Also,  a;  +  2  =  4a;^ 

4a;«-a;  =  2, 
64a;* -16a;  =  32, 
64a;*-()+l  =  33.  _ 

8a;-l  =  ±V33.  _ 

.•.a;  =  J(l±V33). 


16. 


V2a;  +  a  +  V2a;  —  a  =  b. 

2a;  +  a  +  2 V4a:*  -  a*  +  2x-a  =  b\ 

2V4a;*-a*  =  6*-4a;, 
16a;*  -  4a*  =  6*  -  86*a;  +  lea,-", 
86*a;  =  4a*  +  6*. 
4a*  +  6*    - 

86* 

17. 

V9a;*-h21a;4-l-V9a;*  +  6a;  +  l  =  3a;. 

9a;*H-21a;  +  l-2\/8Ia;*  +  243ar»  +  144a;*  +  27a;  +  l+9g*-h6a;  +  l=9a:«, 

2\/81d*+  243ar»  +  144a;*  +  27  a;  +  1  =  9ar'  +  27  a;  +  2, 
324a;*  +  972ar»  +  576a;*  +  108a;  +  4  =  81a;*  +  729ar»  +  4  +  486ar» 

243  a;*  +  486  ar»  - 189  a;*  =  0,  +  36ar»  +  108  x, 

27a,'*(9a;*+18a;-7)  =  0. 

.'.  a;  =  0. 
Or,  l).r*-hl8a;=7, 

9a;^  +  ()4-9  =  16, 

3«  +  3  =  i:4, 

,       3a;  =  lor— 7. 
.*.»  =  }  or- 2J. 
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la 

x^  —  4x*  +  X'*  +  4x''  =  —  J- 

(■■ -7.) -(*■•- p)--'- 

('•-i)'-H''-3)-* 
(..-1,)-=..,. 

(j- J,),  no,  21. 

2x*-2  =  3x'or5x', 

2x*-3x'-2. 

16x^-0  +  9-26. 

4x»-3-i:5. 

4xi  =  8  or  -  2, 

x'  =  2  or  -  }, 

a:«  =.  8  or  -  I. 

.-.  x=±2V2or  ±\V^, 

Aluo,  2xi-2  =  5x» 

2x*- 5x^  =  2, 

16xi-()  +  25  =  41, 

4ai-5  =  ±V4l, 

x*  =  }(5±>/41). 

c-  x  =  [|(r>±\/4T)]l. 
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19. 

Vx  +  l  +  Vx-\- 16  =  y/x  +  25. 
X  +  1  +  2  Vr*  +  17a:  +  16  +  a;  +  16  =  jc  +  25, 

2\/?Tl7»Tl6  =  8  -  a;, 
4a;»  +  68aj  +  64  =  64  -  16a;  +  a;«, 
3x*  +  84a;  =  0, 
x»  +  28a;  =  0, 
a;(a;  +  28)  =  0. 

.-.  ar  =  0  or  -  28. 

20. 

V2xTi  -  VxTi  =  iVsT^. 

2aj  +  1  -  2V2a;*  +  9a;  +  4  +  a;  +  4  =  2^, 

27a:  +  45  -  18  V2x«  +  9a;  +  4  =  a;  -  3, 

18V2ar»  +  9a;  +  4  =  26  a:  +  48. 
9V2a;''  +  9a;  +  4  =  13a;  +  24. 
162a:«  +  729  a;  +  324  =  169  a:^  +  624  a;  +  576, 
-7a:2  + 105  a;  =252, 
a;2-15a;  =  -36, 
4a?_()  + 225  =  81, 
2a: -15  =  ±9. 
.-.  a;  =  12  or  3. 

21. 

Va:  +  3  +  Vx  +  8  =  bVx. 
a;  +  3  +  2Va;''  +  lla;  +  24  +  a:  +  8  =  25  a;, 

2Va;2  +  lla;  +  24  =  23a;  - 11, 
4x2  +  44a;  +  96  =  5293^8  _  506a;  +  121, 
525  a;«- 550  a;  =  -25, 
21a;2-22x  =  -l, 
1764a:«-()  +  484  =  400, 
42  a; -22  =  ±20. 
.'.  a;  =  1  or  ^. 
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22. 

>^3  +  x 

Clear  of  fractions, 

a+ar+VSx  +  a^-G, 

V3xfx»-3-T, 

3x  +  a:««9~Cx  +  «». 

9x=9. 

-•.  x=  1. 

23. 

le 

Vx»-l  +  fi  = 

Vx»-1 

a»-l 

+  r,Vx«-i  = 

'16. 

6  Vx'*  -  1  = 

.17-x», 

36x»-36  = 

^280-34a^  +  aJ*. 

x*-70x»  = 

.  -  32.5, 

a?» 

-()  +  (35)«  = 

=  900. 

x*-35  = 

.±30, 

x«« 

=  65  or  5. 

.'.  x  = 

±  Vcif)  or  ±  VS. 

24. 

1 

1        ^       .^ 

2 

V.T  + 

1      Vx-1 

\/x»-l 

y/x- 

1+Vx  f  1  = 

Vx-i  = 

2. 

2-Vx  +  l. 

x-l  = 

4  -  4Vx  +  1  -f-  X  +  1, 

2\/x+'l  =  3, 
4x  +  4  =  9. 
.*.  x=  1}. 

25. 


Vx  +  2a-Vx  — 2a 


X 

2a' 


Vx  —  li  a  +  y/x  +  2a 

2a\/x  +  2a  —  2aVx  — 2a  =  xVx-2a  +  x  Vx  +  2a, 
(2a  -  x)>/x  +  2a  =  (2a  +  x)  Vx^^^2a", 
(4a*  -  4ax  +  x«)(x  +  2a)  =  (4a«  +  4ax  +  x2)(x  -  2a) 
x"  -  2ax»  -  4a*x  +  8a»  =  x»  +  2ax*  -  4a»x  -  8a», 

4ax»  =  16a». 
.*.  x=  ±  2a. 
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26. 


3a:+V4a;  — a:*      „ 

:  —  ^. 

3a;— v4a;  — a:^ 

3a;  +  V4a;  —  a-*  =  6a;  —  2  V4a;  —  aj*, 

3^47^  =  3a;, 

\/4a;  —  a;*  =  a;, 

4x  —  x'**  =  a;*, 

2a;2_4a;  =  0, 

2a;(a;-2)  =  0. 

.  •.  a;  =  0  or  2. 


27. 

VTa;'  +  4  +  2  V3^^ 
\/7a;'»  +  4-2V3a;-l 


=  7. 


V7.1:''  +  4  +  2V3a;-l  =  7V7g^  +  4  -  14\/3^^I"l, 
16V3a;-l  =  6  V7V  +  4, 
8\/3x-l  =  3\/7ar'  +  4. 
192a;-64-63r»  +  36, 

63a^»-192x^ 100, 

4(63a;)»  -  ( )  +  (192)^  =  11664, 
126a; -192  =  ±108. 

.".  a;  =  2/i-orf. 


28. 

V(a;-a)*  +  2a6  +  6»  =  a;  -  a  +  5. 

a»- 2aa;  +  a«  +  2a6  +  6»  =  a;2  +  a«  +  6»-2aa:-2a5  +  26a;, 

26a;  =  4a6, 
2a;  =  4a. 
.'.  a;  =  2a. 

29. 

V(a'  +  a)«  +  2  a  J  +  6«  =  6  -  a  -  a;. 
a!»  +  2aa;  +  a«  +  2a6  +  6^  =  Z>«  +  a«+a;»-2aJ  +  2aa;-2Ja;, 

26a;  =  --4a6. 
.•,  a;  =  _  2a. 
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30. 


Vf-3-.^-VT 


V3a;4-36  +V3X-36  ->/8«, 
3a;  +  36  +  2 V9^^12%  +  3aj  -  36  -  8«, 

2  V9a:«  -  1296  -  2*. 
V9x«  -  1296  -  X, 
9a:«-1296-aj", 
a»-.162. 
.•.x-±9V2. 


833 


81. 

4a;*- 3(«* +  !)(«* -2) 
4a;*- 3a;  +  3a;* +  6 

3a:* 
9x 


a;*(10~3x*). 
10a;* -3*, 


6, 

36. 

4. 


32. 

(xi-2)(xi-4) 

a^~2x*-4x'  +  8 

6x» 


Raise  to  third  power, 


•  .  X  ^ 


x»(x»  -  ly  - 12. 
x*-2x*  +  x*-H 
20. 

4. 

64. 
±8. 
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Exercise  100. 

1.  The  sura  of  the  squares  of  three  consecutive  numbers  is 
365.    Find  the  numbers. 

Let  X  =  first  number, 

aj  +  1  =  second  number, 
and  a:  +  2  =  third  number. 

.\x'-¥x^  +  2x-\-l  +a;«-f  4a; +  4  =  365, 

3a;' +  6a;  =  360, 
a;»  +  2a;  =  120, 
x2+()  +  l  =  121, 
X  +  1  =  ±11. 
.-.  a;  =  10or-12. 
Hence,  the  numbers  are  10, 11,  12. 

2.  Three  times  the  product  of   two  consecutive  numbers 
exceeds  four  times  thefar  sum  by  8.    Find  the  numbers. 

Let  X  =  first  number, 

and  a;  +  1  =  second  number. 

3  a;*  +  3  a;  =  three  times  product, 
8  a;  +  4  =  four  times  sum. 
.-.  3a;»  +  3a;-(8a;  +  4)  =  8, 
3ar»-5a;  =  12, 
36a;«-()  +  25  =  169, 
6a;-5  =  ±13, 
6a;  =  18  or -8. 
.•.  a;  =  3  or  —  |. 
Hence,  the  numbers  are  3,  4. 

3.  Tlie  product  of  three  consecutive  numbers  is  equal  to  three 
times  the  middle  number.    Find  the  numbers. 

Let  X  »  first  number. 

Then  a?  +  1  =  second  number, 

and  a;  +  2  =  third  number. 

.-.  x(x  +  l)(a;  +  2)  =  3(a;  + 1), 
a;»  +  3a;«  +  2a;  =  3a; +  3, 
a;»  +  3aj»-a?-3  =  0, 
(a;  +  l)(a;-l)(aj  +  3)  =  0. 

• »  a;  =  X,  "^  X, "'"  o. 
Hence,  the  numbers  are  1,  2,  3. 
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4.  A  boy  bought  a  number  of  I4>ple8  for  16  cents.  Had  he 
boQght  4  more  for  the  same  money  he  would  have  paid  J  of  a 
cent  less  for  each  apple.    How  many  did  he  boy? 

Let  X  =  number  of  apples  bongbt 

16 
Then        —  »» namber  of  cents  one  applo  costs, 

X 

16 
and        =»  number  of  cents  one  apple  costs  when  be  gets 

*  +  ^         four  more. 

16        16       1 
"   X      X  +1     J 
48a;  +  192  -  48x  =  x*  +  4x, 
x*  +  4x  =  192, 
x«  +  (  )  +  4  =  196, 
X  +  2  -  ±  14. 
.-.  x=- 12  or -16. 

Hence,  12  =  number  of  apples  bought. 


B.  For  building  108  rods  of  stone-wall,  6  days  Ichs  would  have 
been  required  if  3  rods  more  a  day  had  been  built.  How  many 
rods  a  day  were  built? 

Let  X  =  number  of  rods  built  in  a  day, 

108 

=  number  of  days  in  which  the  whole  wall  was 

*  built. 

-i— —  =  number  of  days  it  would  have  taken  to  build 
x-\-3         ^e  whole  wall  if  3  rods  more  a  day  had 
been  built. 

Then  m-M.^6. 

X       x  +  3 

108x  +  324  -  108x  =  Sx'  +  18x, 

6x»  +  18x  =  324, 

x»  +  3x  =  54, 

4x«+()  +  9  =  225, 

2x  +  3  =  ±  15, 

2x  =  12or-18. 

.••  x  =  6  or  —9. 

Henc*,  6  =  number  of  rods  built  in  a  day. 
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6.  A  merchant  bought  some  pieces  of  silk  for  #900.  Had  he 
bought  three  pieces  more  for  the  same  money,  he  would  have 
paid  $  15  less  for  each  piece.    How  many  did  he  buy? 

Let  X  =  number  of  pieces  bought. 

900 
Then       —  =  number  of  dollars  each  piece  cost, 

X 

and  -^^  =  number  of  dollars  each  piece  would  have  cost 

^'+3         if  he  had  received  three  more  for  $900. 

Then  900_i0^^i5_ 

X       x  +  6  , 
900a;  +  2700  -  900a;  =  ISa:^  ^  453.^ 

15a;«  + 45  a;  =  2700, 
a;2^3a.  =  180, 

4a;»  +  ( )  +  9  =  729, 
2a;  +  3  =  ±  27. 
.•.  a;=  12  or  —15. 
Hence,  12  =  number  of  pieces  bought. 


7.  A  merchant  bought  some  pieces  of  cloth  for  $168.75.  He 
sold  tlie  cloth  for  $  12  a  piece,  and  gained  as  much  as  1  piece  cost 
him.    How  much  did  he  pay  for  each  piece? 

Let  0!  =  number  of  pieces, 

12  a;  =  number  of  dollars  received  for  all, 

1 68  75 

'■ —  =  number  of  dollars  paid  for  one  piece. 

X 

Then  12a;  —  168.75  =  number  of  dollars  gained. 

...12a; -168.75  =  15?:^, 

X 

12a;»- 168.75  a;  =168,75. 

Multiply  by  J,  Ux"-  225  a;  =  225, 
1024a;»  -  (  )  +  (225)*  =  65025, 
32  a; -225  =  ±255, 

32a;  =  480  or -30. 

.•.  a;=  15  or  — -—I 

16 

and  ^^^^  =  11.25. 

15 

Hence,  one  piece  cost  $11.25. 
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8.  Find  the  price  of  eggs  per  score  when  10  more  in  62  j  cento* 
worth  lowers  the  price  31}  cents  per  hundred. 

Let  X  =  number  of  eggs  at  62J  cents. 

Then      — '—  =  cost  of  one  egg  in  cents, 

62  5 
and        '—-  =  cost  of  one  egg  in  cents,  if  ho  had  received  ten 

X  + 10         more. 

6250       6250       jo-  i       i     i 

.'. — -  =  difference  in  price  ixjr  hundred. 

»        ar  +  10  '         ' 

.  6250      6250  _  125 
'  '     X        x-vlO       4 

Divide  by  125,   52_ _^  =i 
^        '    X      aj  +  10     4 

200x  +  2000  -  200x  =  x»  +  lOx, 
x»-H  10a;  =2000. 
x«  +  (  )  +  25  =  2025. 
X  +  5  =  ±  45. 
.-.  X  =  40. 

62  5  6^  5 

Hence,  one  ecg  cost  — —  cents,  and  20  eggs  cost  —-^  x  20 

'  ^*  40  40 

=  31 J  cents. 

9.  The  area  of  a  square  may  be  doubled  by  incrcasini;  Its 

length  by  6  inches  and  its  breadth  by  4  iuclics.    Determine  its 

side. 

Let  x  =  Iho  pidc  of  the  square. 

(x  +  4)(x  +  6)  =  2j;», 
x»  +  lOx  +  24  =  2x». 
x>  -  lOa:  =  24, 
x»-()  +  25  =  49, 
X  —  5  =  ±  7. 
.'.  x  =  12  or  —  2. 
Hence,  the  side  of  the  sqnare  is  12  inches. 

10.  The  length  of  a  rectangular  field  exceeds  the  breadth  by  1 

yard,  and  the  area  is  3  acres.    Determine  its  dimensions. 

Let  X  =  number  of  yards  in  breadth, 

X  +  1  =  number  of  yards  in  length, 
and  x(x  +  1)  =  number  of  square  yards  in  area. 

But  area  is  3.^,  or  14,520  square  yards. 

.-.  x»  +  x  =  14,520. 
4x»  +  (  )  +  1  =  58,081, 
2x  +  1  =  ±  241. 

.-.  x  =  120  or -121. 
Hence,  the  field  is  121  yards  long  by  120  broad. 
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11.  There  are  three  lines  of-  which  two  are  each  ^  of  the  third, 
and  the  sum  of  the  squares  described  on  them  is  equal  to  a 
square  yard.    Determine  the  lengths  of  the  lines  in  inches. 


Let 
and 


X  =  number  of  inches  in  third  line, 


4a; 


—  =  number  of  inches  m  each  of  the  others. 
7 

Then  a:*  +  i2£.+±2£.  =  the  sum  of  the  squares. 
49        49  ^ 

1  square  yard  =  1296  square  inches. 


49 


49 
81a:* 

49 


=  1296, 


?^  =  ±36. 
7 

.-.  a;  =  ±28. 
Hence,  the  lengths  are  16,  16,  and  28  inches. 

12.  A  grass  plot  9  yards  long  and  6  yards  broad  has  a  path 
round  it.  The  area  of  the  path  is  equal  to  that  of  the  plot. 
Determine  the  width  of  the  path. 


Let  X  =  number  of  yards  in  width  of  path. 

Then  (9  +  2a;)  2  +  6  X  2  =  entire  length  of  path  in  yards. 
Also,  [(9+2a;)  2+6x2]  a; 
or  (30  +  4  a?)  a;  =  area  of  path  in  square  yarcfe, 

and  9x6  =  area  of  grass  plot  in  square  yards. 

But  area  of  path  equals  area  of  grass  plot. 

.-.  (30  +  4a;)a;  =  54. 
4a;»  +  30a;  =  54, 
16a;» +  0  +  226  =  441, 
4a; +  15  =  ±21. 
.'.  a;  =  IJ  or  —  9. 
Hence,  the  width  of  the  path  is  1 J  yards. 
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13.  Find  the  radius  of  a  circle  the  area  of  which  would  be 
doubled  by  increasing  its  radius  by  1  inch. 

Let  X  =  radius  of  circle, 

and  a?  +  1  =  radius  increased. 

The  ratio  of  the  circles  is  the  same  as  the  ratio  of  the  squares  on 
the  radii.  ..,  2x^  =  x^  +  2a;  +  1, 

ar»-2a;  =  l, 

a;-l  =  ±V2, 

2;-l±V2, 
x  =  2.4142. 

14.  Divide  a  line  20  inches  long  into  two  parts  so  that  the 

rectangle  contained  by  the  whole  and  one  part  may  be  equal  to 

the  square  on  the  other  part. 

Let  X  =  one  part. 

Then  20  —  aj  =  the  other  part. 

24.  A  merchant  expended  a  certain  sum  of  money  in  gopds, 
which  he  sold  again  for  $24,  and  lost  as  much  per  cent  as  the 
goods  cost  him.    How  much  did  he  pay  for  the  goods? 

Let  X  =  number  of  dollars  paid  for  goods. 

Then  —  =  per  cent  lost, 

100     ^ 

and  —  of  X  =  whole  loss. 

100 

.•.«-—  =  24, 
100 

100  a;  -  a:*  =  2400, 
7?  -  lOOx  =  -  2400, 
«>-()  +  (50)«  =  100, 
ar-50  =  ±10, 

a?  =  60  or  40. 
Hence,  the  goods  cost  either  $60  or  f  40. 


25.  A  broker  bought  a  number  of  bank  shares  ($100  each), 
.««  o*  a  '•i^jtalq^rat^  ^^  cent  discount,  for  ft  7500: 

2a;  =  90  or  8. 
.'.  a?  =  45  or  4. 

Hence,  B  can  do  the  work  in  45  hours  and  A  in  36  hours. 
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16.  A  vessel  which  has  two  pipes  can  be  filled  iu  2  hours  less 
time  by  one  than  by  the  other,  and  by  both  together  in  2  hours 
55  minutes.  How  long  will  it  take  each  pipe  aloue  to  fill  the 
vessel? 

Let  X  =  number  of  hours  it  takes  first  pipe, 

x  —  2  =  number  of  hours  it  takes  second  pipe. 
2  hours  55  minutes  equals  f  |  hours. 

1 ^12 

35* 


X      x  —  2 


36aj  -  70  +  35x  =  12a:*  -  24a?, 
12a:»-94a;  =  -70, 
144x«-()  +  (47)«=1369. 
Extract  the  root,        12  a;  -  47  =  ±  37, 

12  a;  =  84  or  10. 
.-.  a;=  7  or  J. 

Hence,  one  pipe  will  fill  it  in  7  hours,  the  other  in  5  hours. 


1 


12.  A  grass  plot  9  yards  long  and  6  yards  broad  has  a  path 
round  it.  The  area  of  the  path  is  equal  to  that  of  the  plot. 
Determine  the  width  of  the  path. 


Let  X  =  number  of  yards  in  width  of  path. 

Then  (9  +  2a;)  2  +  6  X  2  =  entire  length  of  path  in  yards. 
Also,  [(9+2a;)  2+6x2]  a; 
or  (30  +  4  a;)  a;  =  area  of  path  in  square  yarcb, 

and  9  X  6  —  area  of  grass  plot  in  square  yards. 

But  area  of  path  equals  area  of  grass  plot 

.-.  (30  +  4a;)a;  =  54. 
4a;»  +  30a;«54, 
16jb*  +  ()+226=^  441. 


18.  An  iron  bar  weighs  36  pounds.  If  it  had  been  1  foot 
longer,  each  foot  would  have  weighed  J  a  pound  less.  Find  the 
length  and  the  weight  per  foot. 
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Let 

X  =  number  of  feet  in  length. 

Then 

■JO 

—  =  weight  in  pounds  per  foot, 

X 

and 

o^        1 

=  weight  per  foot  if  it  had  been  1  foot  longer. 

X      2 

Bnt 

Of* 

=  weight  per  foot  if  it  liad  been  1  foot  longer. 

a;  -j- 1 

.36     1       36 

'  '  X      2     a;  +  l' 

12x  +  72-x^-x=72x, 

a)»  +  a;  =  72, 

4a^  +  (  )  +  1  =  289, 

2a;  +  l  =  ±17. 

.  •.  a;  =  8  or  —  9, 

36      ,, 

.=4i-_ 

Hence, 

the  bar  is  8  feet  long,  and  weighs  4J  pounds  per  foot. 

24.  A  merchant  expended  a  certain  sum  of  money  in  gopds, 
which  he  sold  again  for  $24,  and  lost  as  much  per  cent  as  the 
goods  cost  him.    How  much  did  he  pay  for  the  goods? 

Let  X  =  number  of  dollars  paid  for  goods. 

Then  —  =  per  cent  lost, 

100     *^ 

and  —  of  .T  =  whole  loss. 

100 

.-.a?- -^  =  24. 
100 

100x-a:*  =  2400, 
a:»-100ar  =  -2400. 
«»-()  +  (50)»  =  100, 
a: -50  =  ±10, 

a?  =  60  or  40. 
Hence,  the  goods  cost  either  f  60  or  f  40. 

26.  A  broker  bought  a  number  of  bank  shares  ($100  each), 
wben  they  were  at  a  certain  rate  per  cent  discount,  for  $  7600 ; 
and  afterwards  when  they  were  at  the  same  rate  per  cent  pre- 
mium, sold  all  but  60  for  ^6000.  How  mauy  shares  did  he  buy, 
and  at  what  price? 


V 


11.  There  are  three  line 
and  the  sam  of  the  squa 
square  yard.    Determine  ti 


1  aqnare  yard  - 


Hence,  the  lengths  are  : 

12.  A  grass  plot  9  yar 
round  it.  The  area  of  tt 
Determine  the  width  of  th 


Then  (9+2i)2  +  6x2- 

Also,  [(0+2«)  2+6x2] « 

or  (30  +  4«)«- 

and  9x6^ 

But  area  ot  pati  equal 

.■.(30  +  4i)jr  =  54. 

4  J* +  30 1 -54, 

16i? +  0  +  225-441, 


+  15- 


±21. 


.■.«-lJor- 
Hence,  iho  width  of  the  path  is  1}  yards. 


^  ttold  *.»^  cipciidc<l  IV  certain  som  of  money  tn  jcoodn, 
wWcU  I'C  *^  ^atn  for  •2*.  aiicl  loM  ab  much  per  cent  as  llie 
goods  coal  ft     ■       HowmuchiliOhepny  (orthepHxlN? 

I'*^  X  "  nnmber  of  JoIIms  paid  for  goodi. 

ani  —  of  3-  =  whole  \oet. 

100 

.■..---i-24. 

100 
100*  - 1"  =  2400, 
a:'-100i=-2400, 
«"-()  + (SO)"  =  100, 
2  -  50  =  *  10, 


B^M,  the  goods  cost  either  (6C 


ajf    A  broker  bonght  n  uumber  of  bank  Bhareo  (9 100  each), 
..  „-  ^am  at  a  cortiUn  rate  per  cent  discount,  Tot  9  7SO0 ; 

i'x  Z  90  or  8.        " "  ""■  '*'■  ™''*  "^ 
fr«.ce,  B  can  do  the  wo;t  l^i^Zn  and  A  i«  36  hoar. 
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Let  X  =  number  of  shares  bought, 

7500 

=^  number  of  dollars  each  share 

*  cost, 

7500 
and  100 =  number  of  dollars  discount  on 

*  each  share. 
Then 

100-^ 

X         lOOo;  — 7500        i     rj-  i. 

or =  rate  of  discount. 


100  lOOa; 

Also,  Of  —  60  =  number  of  shares  sold. 

Then  =  number  of  dollars  received  for 

5000  ^~^^         each  share, 

and  100  =  number  of  dollars  premium  on 

p. rw^r^  oj  —  60                  g^ch  shaTc. 

^"^  _ioo 


a- 60  11000- 100a:         ,  t.    r  • 

100—  ''  100a;-6000  =  "^"^  ^''  ''^'  "^ P"'"^^™" 

But  rate  per  cent  discount  was  equal  to  rate  per  cent  premium, 

.  100  a;  -  7500  _  11000 -100  a; 

100a;  100a;-6000* 

a;»  -  135a;  +  4500  =  110a;  -  a;», 

2a;»- 245a;  =  -4500. 
16  a:*  _  ( )  +  (245)«  =  24025. 
Extract  the  root,    4  a;  —  245  =  ±  155, 

4a;  =  400or90. 
.-.  a;=100or  22J. 

Hence,  the  broker  bought  100  shares  at  75. 

26.  The  thickness  of  a  rectangular  solid  is  }  of  its  width,  and 
its  length  is  equal  to  the  sum  of  its  width  and  thickness ;  also, 
the  number  of  cubic  yards  in  its  volume  added  to  the  number  of 
linear  yards  in  Its  edges  is  $  of  the  pumber  of  square  yards  in  its 
surface.    Determine  its  dimensions. 

Let  3  a;  =  number  of  yards  in  width, 

2  a;  =  number  of  yards  in  thickness, 
and                                        5  a?  =  number  of  yards  in  length. 

30a;»  +  40a;  =  f(62a;2), 
90a:»-310a;»  =  -120x. 
Divide  by  10a;,      9a;»-31ar  = -12, 

3a;-J^  =  ±V, 

3  a;  =  9  or  i. 
.  •.  a;  =  3  or  |. 

Hence,  the  dimensions  are  15  x  9  x  6  yards. 
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27.  If  a  carriage-wheel  16J  feet  round  took  1  sec<9Ud  more  to 
revolve,  the  rate  of  the  carriage  per  hour  would  be  1 J  miles  less. 
At  what  rate  is  the  carriage  travelling? 

.  Let  X  =  number  of  seconds  it  takes  the  wheel  to 

qoAA         revolve, 

=  number  of  revolutions  it  makes  ijcrhour. 

X  * 

59400        -^.      3600  .        .-    ,  ., 

or  16 J  X =  number  of  feet  it  goes  per  hour, 

•V  X 

59400 

=»  number  of  feet  it  would  go,  if  il  took  one 

^  +  -1  second  more  to  revolve, 

^,  59400     59400      oonn  \         r  r    *  •     i  ♦       i 

Then r-  =  9900,  number  of  feet  in  11  miles. 

X  x-\-l 

59400a:  +  59400  -  59400x  =»  9900ar»  +  9900iC. 
9900  a-2  +  9900  ar  =  59400, 
x»  +  X  =  6, 

.T  +  }  =  ±  J. 

.*.  ar  =  2  or  —  3. 
i9.  jQft  ^  29700. 

Since  29700  feet  equal  5J  miles,  the  carriage  is  travelling  at  the 
rate  of  5|  miles  per  hour. 


Exercise  101. 


1.                         x  +  y=13         m  2.                      x  +  y-20         (1) 

ay  =  36         (2)  ay  .-100       (2) 

Square  (1),  Square  (1), 

x«  +  2ay  +  y«  =  169       (3)  ar»  +  2.ry +y' -  841       (2) 

(2)x4is         4ay         =144      (4)  (2)x4i8        ix^/         =400       (4) 

Subt,  ar*- 2x2/4- y*=    25  Sabt.,  x»-2xy +  y»  =  441 

Extract  root,    x  —  y  =  ±  5       (5)  Extract  root,    x  —  y  =  db  21      (5) 

Add  (1)  and  (5),  2x  =  18  or  8.  Add  (1)  and  (5),  2x  =  50  or  8. 

.*.  x  =  9or4.  .'.  x=25or4. 

Subtract  (5)  from  (1),  Subtract  (5)  from  (1), 

2y- 8  or  18.  2y  =  8  or  50. 

...  y  =  4  or  9.  .•.  y  =  4  or  25. 
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3. 


ay- 


Square  (1), 
(2)x4i8        ixy         = 


19 
66 

361 
264 


(1)   5. 

(2) 

(3) 
(4) 


Add,   a^  +  2xy -\-y^=^ 

Extract  root,  jt  +  y  ■= 
Add  (5)  and  (I),  2a:  = 

Subtract  (1)  from  (5), 

2y  = 
.•.y  = 


626 

±  25  (5) 
44  or  -6. 
22  or  -3. 

6  or  -  44. 
3  or  -  22. 


4.  x  —  y  =  45 

xy  =  250 
Square  (1), 

rB«  -  2a-y  +  y«  =  2025 
(2)x4i8        4iy  =1000 


(1) 
(2) 

(3) 
(4) 


Add,   a^+^xy  -\-y^  = 

Extract  root,  x  +  y  = 
Add  (5)  and  (1),  2x  = 

Subtract  (1)  from  (5), 

2y  = 


3025 

±  55  (5) 
lOOor-10. 
50  or  -5. 

lOor-100. 
5  or  -50. 


• 

X 

-y= 

10 

x» 

+  J^  = 

178 

Squar 

e(l), 

x«- 

2a!y 

+  3/*  = 

aoo 

(2)  is 

X* 

+  y.= 

=  178 

Subt., 

2xtf 

= 

=   78 

(2)i8 

x' 

+  y^  = 

=  178 

(1) 

(2) 
(3) 

(4) 


Add,    a:*  +  2ay  +  y»  =  256 

Extract  root,  a;  +  y  =  ±  16     (5) 

Add  (5)  and  (1),  2  a:  =  26  or  -6. 

.*.  a:  =  13  or  —3. 

Subtract  (1)  from  (5), 

2y  =  6or-26. 
,'.  y  =a  3  or  —13. 

6.  a?-y=-14        (1) 

x'+y*^  436      (2) 
Square  (1), 

a^»-2a:y+y*  =  196      (3) 

Subtract  (2)  from  (3), 

-2ay  =  -240  (4) 

Subtract  (4)  from  (2), 

a,-2  +  2.Ty  +  y«  =  676. 

Extract  root,  a:  +  y  =  i  26     (5) 

Add  (1)  and  (5),  2aj  =  40 or  -12. 
.  *.  a;  =  20  or  —6. 

Subtract  (i;^from  (5), 

2y  =  12or-40 
.-.  y  =  6or-20. 


Square  (1), 
Subtract  (2)  from  (3), 
Subtract  (4)  from  (2), 
Extract  root. 
Add  (1)  and  (5), 

Subtract  (6)  from  (1), 


7. 

x  +  y: 

a:»  +  y* 

3^  +  2a:y  +  y' 

2xy 

x*  —  2a:y  +  y' 

x-y 

2x 

m     m     so 

2y 


12 
104 
144 
40 
64. 
±8 

20  or  4. 
10  or  2. 
4  or  20. 
2  or  10. 


(1) 
(2) 
(3) 
(4) 

(5) 
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8. 


Square  (1), 


i  +  i-5  0) 

X     y     ^ 

i  +  l=A  (2^ 

7?     y^     16  ^' 


^%/     y«      16        ^^ 
Subtract  (2)  from  (3), 

1=1        (4) 
ay      16        ^  ^ 
Subtract  (4)  from  (2), 

i  -  A  -f  1  =  i.. 
35*     ajy     y*     16 

Extract  root,  1-1  =  ±1       (5) 
X    y        4 

Add  (1)  and  (5),     ?=lor}. 

.*.  a:  =  2  or  4. 
Subtract  (6)  from  (1), 

-  =  ♦  or  1. 

y 

.-.  y  =»  4  or  2. 


lie 

9.  -  4-  _  =  5 

^    y 
*^    y 

Square  (1), 

sr     xy     y^ 
Subtract  (2)  from  (3), 

1  =  12 
Snbtract  (4)  from  (2), 


(1) 
(2) 

(3) 
(4) 


i-i-  +  i  =  l. 


x" 


ay    y* 


Extract  root, =  dbl        (5) 

X     V 

Add  (1)  and  (5),     -  =  6or4. 


.*.  a:  =  J  or  J. 
Subtract  (5)  from  (1), 

-  =  4or6. 

y       X        i 

.'.  y  =  J  or  \, 


10.         7«»-8jy=.159      (1) 
5«  +  2y-7  (2) 

2y  =  7-5x. 

^         2 
Substitnte  in  (1), 

7ai_8arf^'-^]  -159. 

14a!»  -56ar  +  40x«-3l8. 

M««-66at"3l8. 

Divide  by  6, 

9i«-Vx-53. 

Complete  the  square, 

9«'-()+(V)'  =  *l!». 

Extract  root, 

.*.  X  ^  3or-l  JJ. 
Substitute)  value  of  .r  in  (2). 

.'.  y  =  — 4or8J}. 


11.  a;+y  =  49        (1) 

a«+y«=1681     (2) 
Square  (1), 

ar'  +  2ay+y'-2401     (3) 

Subtract  (2)  from  (3), 

2  ary  =  720      (4) 

Subtract  (4)  from  (2), 
a:»-2ay+y'  =  961. 

Extract  root,  x—y  =  ±  31     (5) 

Add  (5) and  (1),  2x  =  80  or  18. 

.*.  a:  =  40  or  9. 
Substitute  value  of  a;  in  (1). 

.-.y  =  9  or  40. 


348 


ALGEBRA. 


12.  a^'  +  y? 

x  +  y 

Divide  (1)  by  (2), 
Sq.  (2).  a:»+2a:y+y« 


341      ri) 

11         ( 


16. 


2) 


31 
121 


Snbt.,        — 3iy       = 
.'.  —  ary  = 
Add  (3)  and  (5), 

Q?  —  2xy  +  y*  = 

Extract  root,  x  —  y  = 

Add  (2)  and  (6),  2x  = 

•  *   X  = 

Subtract  (6)  from  (2), 

2y  = 


-90 
-30    (5) 

1. 

±1        (6) 
12  or  10. 
6  or  5. 

10  or  12. 
5  or  6. 


84     (3) 
144     (4) 

-60 
-20    (5) 

64. 

±8       (6) 
20  or  4. 
10  or  2. 

4  or  20. 
2  or  10. 


14.  ar»-ys  =  98 

ar  — y  =  2 

Divide  (1)  by  (2), 

a;'^+  xy-\-y^  =  49 
Sq.  (2),  a;^-2a;y+y'^  =    4 

Subt.,  3a;y        =  45 

.•.  xy  =  15 
Add  (3)  and  (5), 

a;2  +  2a;y  +  y2  =  64. 
Extract  root,  a:  +  y  =  ±  8 
Add  (2)  and  (6),  2  a;  =  10  or  -6 
.'.  a;=    5  or  — 3. 
Subtract  (2)  from  (6), 

2y  =  6  or- 10. 
.•.  y  =  3  or  — 6. 


(3) 
(4) 

(5) 


(6) 


ajs-y»  =  279 
a;  — y  =  3 

Divide  (1)  by  (2), 

a^+   a:y+y*  =  93 
Sq.(2),  ar»- 2  a:y  +  yg=   9 

Subt.,         3a;y         =84 

.  •.  an^  =  28 

Add  (5)  and  (3), 


X' 


+  2a!y  +  y2  =  121. 
Extract  root,  a;  +  y  =  ±  11 
Add  (6)  and  (2),  2  a;  =  14  or 
•  *•  a?  =  7  or  — 
Subtract  (2)  from  (6), 

2y  =  8  or  - 
.'.  y  =  4  or  - 


(3) 
(4) 

(5) 


(6) 
-8. 

-4. 

-14. 

-7. 


13.  Jr»  +  y»  =  1008     (1) 

a:  +  y  =  12        (2)       16. 
Divide  (1)  by  (2), 

a^—  a:y-fy'  = 
Sq.(2),   ar^-f 2ay+y«  = 

Subt.,       —  3a:y 

.'.  —xy  = 

Add  (3)  and  (5), 

3?  —  2xy  +  y'  = 
Extract  root,  x~y  — 
Add  (2)  and  (6),  2a:  = 

Subtract  (6)  from  (2), 

2y  = 
.-.  y  = 


aj-3y  =  l  (1) 

ay+y2  =  5  (2) 

Transpose  (1),       a:  =  1  +  3y. 
Substitute  in  (2), 

y(l+3y)  +  y»  =  5, 

y  +  3y»+y«  =  5. 

4y2+y  =  5, 

.'.  y  =  1  or  — IJ. 
Substitute  value  of  y  in  (1), 

a;  =  4  or  — 2J. 


17.  4y  = 

2ary  = 

y  = 

Substitute  value  of  y 
10ar^  +  2a; 

4 
14a;«  +  2a?  = 
Divide  by  2, 

7a:2  +  a?  = 
196a:«  +  ()  +  l  = 
Extract  root, 

14a;  +  l  = 
14a;  = 

Substitute  value  of  a; 
.-.  y  = 


5a; +  1  (1) 
33  -a;*  (2) 
5a;  +  l 

4 
in  (2). 

33 -a;*, 
132. 

66, 
1849. 

±43, 
42  or -44. 
3  or  -  31. 
in  (1). 
4or-3if. 
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la             1-1. 

X     y 

:3 

(1)        19.             i-i- 

X    y 

2J 

(1) 

1       1 

=  21 

(2)                          i-1. 

X*    y» 

.8} 

(2) 

Divide  (2)  by  (1), 

Divide  (2)  by  (1), 

Ul  = 

•  1 

(3)                           Ui- 

7 

(3) 

«   y 

X    y 

2 

Add  (3)  and  (1),       ?  = 

■10. 

Add  (1)  and  (3).?- 

12 

a; 

z 

2 

.*.  x  = 

'I 

.'.  X  = 

J. 

Subtract  (1)  from  (3). 

Subtract  (1)  from  (3). 

2_ 

2 

»4. 

1. 

y" 

y 

• 

.•.y  = 

'1. 

.-.  y  = 

20. 

aj»-2a!y-.v'-l 

X  4  y  -  2 

■  2. 

0) 
(2) 

Square  (2), 

x»  +  2zy  +  y*  =  4 

(3) 

Add  (3)  and  (1), 

2ar»  =  6. 
a:«  =  2}. 

.-.  X-i:V2J. 

Substitute  value  of  x  in  (2), 

y  -  2  qp  V2i. 

Exercise  102. 

x"  +    a:y  +  2y*  =    74 

0) 

2x*  +  2a:y+    y»  =    73 

(2) 

Add, 

3a:»  +  3ay  +  3y»  =  147 

Divide  by  3, 

X*  +  xy  +  y'  =-  49 

(3) 

Subtract  (3)  from  (1), 

y'  -  25. 
.♦.  y=»±5. 

Substitute  value  of  y  in  (3), 

»*i:6a;4-25=.49, 

a:'±5x  =  24, 

4a:»  db  20  a;  +  25  =  121. 

Extract  the  root, 

2x  i:  5  -  i:  11, 

2x  =  ±  6  or  ±  16. 
.%  a;  =  ±  3  or  ±  8. 
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2. 

aj»  4-  jcy  +  4y2  =  6  (1) 

30:^4.  82/2  =.14  (2) 

Substitute  vx  for  y  in  both  equations. 
From  (1).  a*  +  vx"  +  4  vV  =  6. 

.-.  x«  = (3) 

From  (2),  .     3a:«  +  8i;V  =  14. 

•••^  =  ^-^  (4) 

Equate  values  of  z', 

6         -     ^^    , 
l  +  v  +  4Ty»     3  +  8v2' 
18+48t;2_i4  +  14^^56^2^ 

8t;2+14i;  =  4'  (5) 

64v»  +  ( )  +  49  =  81, 
8i;+7  =  ±9, 

8v  =  2  or  - 16. 
.:v  =  l  or  —2. 

Substitute  values  of  v  in  (4),  a?  =  - — -  or  - — — • 

Then  a:"  =  4  or  |. 

.-.  a:  =  ±2,  ±V|. 
From  (2),  y  =  =t  i,  ±  2  V|. 

3. 

V  -  ary  +  y2  =  21  (1) 

y«-2a:y  =  -15  (2) 

Substitute  vx  for  y  in  both  equations. 
From  (1),  x^-  vx^  +  vV  =  21. 

.-.  .1^  =  — ??^ (3) 

From  (2),  v^x^-2v3^  =  - 15. 

v^-2v  ^  ' 

Equate  values  of  aj*, ;=   ""   ^  (5) 

^  '    l_t;+t;2      t;2_2v  ^  ' 

21d«-42v  =  - 15  +  15i;-15i;», 
36v«-57v  =  -15, 
5184tr^-()  +  (57)«  =  1089, 
72i;-57  =  ±33. 
.  •.  V  =  J  or  J. 
Substitute  values  of  v  in  (4),  a;*  =  16  or  27. 

.•.  aj  =  ±4  or  ±3>/3. 

.*.  y  =  ±5  or  ±\/3, 


TEAGHEBS'   EDITION.  351 


aiy  +  2y»  -  3  =  0. 

a:«-4y»-U  (I) 

Transpose,  aiy  +  2y'  =  3  (2) 

Substitute  vx  for  y  in  both  equations. 

From(l).  3*-Av^a*  =  d. 

From  (2),  a?»r+ 2x»tJ»-3. 

9               3 
Equate  values  of  a:*, = -—» 

I  -  4t;*     V  +  2v* 
30«»  +  9r  =  3, 
10t;»  +  3v-l, 
400t;»  +  ()  +  9  =  49, 
20»  +  3  =  ±  7, 

20v  =»  4  or  - 10. 
.*.  t;  =  i  or  —  i- 
Substitue  values  of  i;  in  (3),    a:*  =  ^  or  co. 


5. 


X*  — jy  =  36 
a:y  -h  y»  -  18 

Substitute  vx  for  y  in  both  equations 

From  (1),  a:*  -  rx*  =  35 


(2) 


.-.  a:»  =  -5^  (3) 


1-v 
From  (2),  t;j;»  + v»a:*=  18. 

••-^-~  (4) 

r  +  ir 

Equate  values  of  x*. = -. 

1  — t;     v  +  tr 

35t;»  +  53t;=18, 

49001^  +  (  )  -H  (53)«  =  5329, 

70v  +  63  =  ±  73, 

70t;=20or-126. 

.'.  v  =  |  or  —  |. 

Substitute  values  of  v  in  (3),  x*  =  49  or  ^. 

.'.  x  =  i:  7  or  ±5>/}. 

.%  y  =  ±2  or  T  9v'j. 
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6. 

a;2  +  jry  +  2y*  =.  44  (1) 

2x'-xy^y^  =  \Q  (2) 

Substitute  vx  for  y  in  both  equations. 

From  (1),  oj*  +  va;«  +  2vV  =  44. 

From  (2).  2'7^-v7?  -V  vV  =  16. 

2-v  +  i;* 
Equate  values  of  x*. — -1  =  -; 1> 

88  -  44v  +  44tr»  =  16  +  16v  +  32t;«. 
12t;«-60v  =  -72, 
V*  — 5t?  =  — 6, 
4t)«-()  +  25  =  l. 

2i;_5  =  dbl. 
.  •.  i;  =  3  or  2. 
Substitute  values  of  v  in  (3),   ic*  =  2  or  4. 
From  (3).  .  •.  a;  =  ±  V2  or  ±  2. 

.-.  y  =  ±3  V2  or  ±4. 


7. 

3?  +  xy  =  15  (1) 

Substitute  vx  for  y  in  both  equations. 
From  (1),  s?  +  V3?  =  15. 

.•.:r^=-i^  (3) 

1  +  t; 

From  (2),  v7?-v^3?  =  2 


Equate  values  of  a;*, 


2         2 

V  — 

15  2 


V— IT 


1  +  V      V  — v* 

15v  -  15t;»  =  2  +  2v, 
\bv^  _  13v  =  -  2, 
900«« -0  +  169  =  49. 
Extract  the  root,        30t;  - 13  =  ±  7, 

30v=20or6. 
.-.  i;  =  f  orj. 
Substitute  values  of  v  in  (3),  o^  =  9  or  ^. 

,  •.  a;  =  ±  3  or  ±  5  Vj. 
,%  y  =  ±2  or  ±V}. 
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8. 

a^-ay  +  y'-?  (1) 

3a:»  +  13ay  +  8y«  =  162  (2) 

Substitute  vx  for  y  in  both  equations. 
From  (1),  x^-vx-\-  t^s^  =  7. 

From  (2),  3  a;*  +  13t;  +  Sv^x*  »  162. 

.  ^  162 


3  +  13ii  +  8i^ 


(4) 


Equate  values  of  x-*,       i = i5? 

l-v  +  t;*     3  +  13v  +  8i>« 

.-.  106«»-253i;  =  -141, 

44944  v*  -  (  )  +  (253)«  -  4225. 

Extract  the  root,        212t;  -  253  =  ±  65. 

.-.  t;=Jor#}. 

Substitute  values  of  v  in  (3),     a:»  =  4  or  ^^fff. 

'    .\  x==±2oT  ±214. 

.-.  y«-i:3  or  ±2^. 

9. 

2x«  +  3ay  +  y«  -  70  (1) 

6x*  +  ay-y»  =  50  (2) 

Substitute  vx  for  y  in  both  equations. 
From  (1),  2x*  +  3ta»  +  «»a:«  =  70. 

2  +  3w  +  i>«  ^' 

From  (2),  6  x*  +  va:»  -  r»a»  =  60. 

...  »»^ §5 —  (4) 

Equate  values  of  a*,  "^^  ^ 


2  +  3t;+i;»     6+t;-w» 
420  +  70i;  -  70t;»  =  100  +  150t;  +  50f>», 
12t;«  +  8t;  =  32, 
36r»  +  ()  +  (2)*  =  100, 
6t;  +  2  =  ±  10. 
.-.  t;=:  IJ  or  —  2. 
Substitute  value  of  v  in  (3),      at*  =  9  or  c». 

.-.  a;=»±3. 
.%  y-i:4. 
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10. 

a*  —  ay  —  y*  =  5  (1) 

2x«  +  3ay  +  y«  =  28  (2) 

Substitute  vx  for  y  in  both  equations. 
From  (1),  x' —  «r*  —  v^a:*  =  6. 

•  ••»'  =  ,      ^      .  (3) 

1  —  »  — tr 

From  (2),  2a'»  +  Swa^  +  v«a^  =  28. 

.   ^_        28 


2  +  3v  +  v2 
Equate  values  of  a?*, =  - — (4) 

10  4-  15i'  +  5t;«  =  28  -  28i;  -  28 1;^, 
33t;»  +  43i'  =  18, 
4356  v'  +  ( )  +  (^3)»  =  4225, 
66v  +  43  =  ±  65. 

.-.  i;=  Jor-Jf 
Substitute  values  of  t>  in  (3),     a;*  =  9  or  — 121. 

.'.  a:  =  i:  3  or  i:  11 V^. 
.*.  y  =  ±  1  or  T  18  V^. 

11. 

4a'y  =  96 -a?y»  (1) 

a;  +  y  =  6  (2) 

Let  a;  =  (u  +  v\ 

and  y  =  (w  —  '^). 

From  (2),  n  +  v+tt-v  =  6, 

2u  =  6, 
tt  =  3. 
From  (1),  4(u«  -  v«)  =  96  -  u*  +  2uV-v*, 

4u«  -  4v»  =  96  -  w*  +  2ttV-v*. 
Substitute  value  of  u,     »*  -  22  «•  «  -  21. 

4t;>-()  +  (22)»  =  400, 
2v«-22=±20, 
2t;»  =  22  ±  20, 
«»  =  21o£l. 
.*.  v=  ±V21  or  ±1. 
.'.  a;  =  M  + 1;  =  3  db\/2l,  4,  2, 
andy-w-v^3TV2T.  2,  4. 
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12. 

a!»  +  y«-18-«-y  (1) 

xy  =  6  (2) 

Put  tt  +  »  for  X,  and  u  —  v  for  y. 

(1)  becomes  (u  +  v)*  +  (u  -  r)»  =  18  -  2tt, 

2u'  +  2«»  +  2u=18. 

u«  + 1;»  +  M  =  9  (3) 

(2)  becomes  (u  +  v)  (w  -  r)  =  6, 

or  tt«  -  v*  =  6  (4) 

Add (3) and  (4),  2tt»  +  u=15. 

Complete  the  square,  16u'  +  ( )  +  1  =  121, 

4u  +  l  =  i:ll. 

.•.  u  =  2J  or  —  3. 
Substitute  value  of  u  in  (4),      — «»=6-yor6-9. 

.\v='±i  OT  ±y/S. 

.♦.  .T  =  tt  +  v  -=  3,  2,  or  -  3 1  y/:i, 
and    y  =  tt-v=2,  3,  or -3+^3. 


13. 

2(»«  +  y»)  =  6ay  (1) 

Hx-y)  =  xy  (2) 

Put  M  +  v  for  a;,  and  it  —  v  for  y, 

2(2u*+2t;*)  =  5(u»-t;«)  (3) 

4(2i;)  =  u«-«»  (4) 

Transpose  and  combine,      9i;*  —  w'  =  0  (5) 

-\-u^-v'  =  Sv  (6) 

Add  (5)  and  (6),  8i;*  =  8t; 

8ij*-8t;  =  0. 
.'.  t;  =  0  or  1. 

Substitute  value  of  v  in  (6),         t^  =  8  r  + 1;», 

u«  =  0  or  9, 
w  =  0  or  ±  3. 
.'.  a  =  M  +  t;  =  0,  4,  —  2. 
and  y  =  u  —  V  =  0,  2,  — 4. 
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14. 

4:{x-\-y)  =  Sxy  (1) 

x  +  y  +  3^+y^  =  26  (2) 

Put  u  +  v  for  X,  and  u  —  vfory. 

(1)  becomes  8  m  =  3  it'  —  3  v*. 

.-.  8w-3w*  +  3i;«  =  0  (3) 

(2)  becomes  2  m  +  2  v'  +  2  w«  =  26  (4) 

Multiply  (4)  by  3,  6m  +  6u^  +  6t)»  =  78 

Multiply  (3)  by  2,  16u-6y?  +  Qv'^'   0 

Subtract,  12m" -10m  =  78 

Complete  the  square,     144  m"  —  ( )  +  25  =  961, 

12m-5  =  ±31, 

12m  =  36  or -26. 

,♦.  M  =  3  or  —  2J. 
Substitute  value  of  u  in  (3),  3  v*  =  3. 

.'.  v  =  ±  1. 
Substitute.  -  24  for  u  in  (3),  3v'=^  ijfi. 

.-.  t;  =  dbiV377. 

.-.  a!  =  M  +  z?  =  4,  2,  or  J(-13±V377), 

and    y  =  M-v=2,  4,  ori(--}3TV377). 


15. 


4:3^  +  xy  +  4:y^  =  58 

8! 

5a?«  +  53/2  =  65 

Multiply  (1)  by  5, 
Multiply  (2)  by  4, 

20ar'4-5a!3/  +  203/2  =  290 

1? 

20a;2             +  20t/«  =  260 

Subtract, 

5xy             =    30 

,\  xy  =  6 

(5) 

Divide  (2)  by  5, 

x'+y^  =  U 

(6) 

Substitute  m  +  v  for 

X,  and  u  —  viorym  (5)  and  (6), 

u«  -  v«  =  6 

(7) 

2M«  +  2t^»  =  13 

(8) 
(9) 

Multiply  (7)  by  2, 

2m»-2v«  =  12 

Add. 

4m«           =  25 

.*.  M  =  ±  f . 

Subtract  (9)  from  (8),       •                 4i;«  =  1, 

»'  =  *. 

.'.  V  =  ±  J. 

• 

.«.  a!  =  M  +  v  =  ±f±J  =  ±3 

or  ±2, 

and    y  =  M  —  t;  =  ±fT}  =  ±2 

or  ±3. 
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16. 

Substitute  m  +  v  for  rr,  and  u—v  for  y. 

(1)  becomes    (u  +v)  {u  —v)  {(m+ v)  +  (u—v)] 
or  2tt'  — 2wt>* 

(2)  becomes  (m  -hvf  ■\-(u  —  vf 
oi  2w'+G«i;» 

Multiply  (3)  by  3,  6^-G uv^ 

(4)  is  2«»  +  GMr» 

A.dd, 


30 
35 

30, 
30 
35, 
35 

00 
35 


Substitute  value  of  u  in  (3), 


8t^ 

2« 

u 

250  __  10v» 

8  2 

250- 40  v* 

40t;« 

.".  V 

.'.  a: 

and    y 


-  125 

-30,    • 

=  240, 
-10. 

-±}. 

-^  n+  w 

-^  n  —  V 


=  3  or  2, 
-  2  or  3. 


(1) 
(2) 


(0 


EXERCISK    103. 


1.  x-y  =  7  (1) 

a:*  +  xy  +  y«  =  13         (2) 
Square  (1), 

a;*-2a:y +y«  =  49         (3) 
Subtract  (2)  from  (3). 

-3a:y  =  36. 
Divide  by -3,    a;y  =  - 12     (4) 
Add  (4)  and  (2), 

x^  +  2ary  +y'  =  1. 
Extract  root,  a;  +  y  =  db  1        (5) 
Add  (5)  and  (1),  2a:  =  8  or  6. 
.'.  a:  =  4  or  3. 
Substitute  value  of  a;  in  (1), 

y  =  _3or— 4. 


2.  X*  ^xy^ 

xy  -  y'^  --- 

Substitute  vx  for 
From  (1),      3?  = 

From  (2),      ^ 
.      35 


35 

y- 

35 

l  +  v 
6 

v  — ■o' 
6 


1  +  v 

35v«-29t;  = 

4900v2-(  )+(2y)'''  = 

70r-29  = 

70v  = 


8 

(3) 
(4) 


V  — »* 

-6. 
1. 

il. 

30  or  28, 

.'.  t;=  J  or  |. 
Substitute  value  of  t>  in  (3), 


X  = 
y==vx  = 


V-  or  25. 
±  iVl  or  ±5. 
db3\4ordt2. 
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3.  xy-U-^O 

x  —  2y  =  5 
Transpose  in  (1),      xy  =  12, 

12 

y  =  ¥- 

Substitute  value  of  y  in  (2), 

X =  5. 

X 

Simplify,  a;'  — 24  =  5  a. 

Transpose,        a*  —  5  a;  =  24. 
Complete  the  square, 

4a;»~()  +  25  =  121, 
2a;-5  =  ±ll, 
2a;  =  16  or -6. 
.'.  x  =  8  or— 3. 
Substitute  value  of  x  in  (2), 

y  =  IJ  or— 4. 


(2) 
(3) 


1  xv-7  =  0 

Transpose  in  (1),  a^  =  7 

Multiply  (3)  by  2, 

2icy  =  14       (4) 
Add  (4)  and  (2), 

x^  +  2xy  +  y'  =  64. 

.'.  a:  +y  =  ±8       (5) 
Subtract  (4)  from  (2), 
x^-2xy+y^  =  36. 

.\x-y  =  ±6      (6) 
Add  (5) Md  (6),  2a;  =  ±14ori2. 

■•  *•  »c  =  i  7  or  i  1 
Subtract  (6)  from  (5), 

2y  = 


y  = 


±•201- ±14. 
±lor±7. 


5. 


2a;-5y  =  9 
JB*  —  jcy  +  y'  =  7 

Prom(l),  a!  =  i±^ 

Substitute  value  of  x  in  (2), 

Simplify,  19y2  +  72y  =  -  53. 

Complete  the  square, 

1444y2  +  (  )  +  (72)«  =  1156, 
38y  +  72  =  ±34, 

38y  =  -38or-10e. 


0) 
(2) 

(3) 


Substitute  value  of  y  in  (1), 


.-.  y  =  -lor-2H 

2a;  =  9 +  (-5)  or  9  + (- 
.'.  a?  =  2  or  -2^^. 

6. 


13H). 


Transpose  (2), 

Square  (1), 
Multiply  (3)  by  4, 

Add, 

Extract  root, 
Add  (1)  and  (4), 

Subtract  (1)  from  (4), 


x  —  y  =  9 
ary  +  8  =  0 
a!y  =  -8 

a;»-2a:y +  y'»=      81 
4an/  =-32 

ar*  +  2a:y  +  y^  =      49 
a;  +  y  =  ±  7 


(1) 
(2) 
(3) 


2a;  =16  or  2. 
.*.  x  =  8  or  1. 

2y  =  -  2  or  -  16. 
c*.  y  =  —  1  or  —  8. 


(4) 
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7. 


5x  — 7y  =  0 


6x»-l^»4-.7y»(2) 


1}L 
5 


From  (1),  a 

SimpLfy  (2). 

20a:»-132y  +  28y«  =  16 
Substitute  value  of  x  in  (4), 

1225y»  =  400, 
35y  =  ±  20. 
.-.  y=±J. 
Substitute  value  of  y  in  (1), 
bx  ±  V  =  0. 


(1)       9.        «"  +  4ay  -  3 
4jy+y«-2J 
Sabstitute  vx  for  y, 
a:«  +  4ft««-3 

(3)  4ir**  +  r»z*-2i 
From  (3)  and  (4). 

(4)  "^     l+S 

^  9 


(0 
(2) 

(3) 
(4) 


l  +  4r      \i\v  f  l»» 
48t;  +  12r»  =  9  +  3G». 
12r*  +  12i;-9. 
4c»  +  4r=3  3, 
4«»  +  ()  f  1-4. 
2f  f  1  =  *  2. 
.'.  w-*  J  or  -  IJ. 
Subetituto  valuer  of  v  in  (5), 

x-'iloriV    J. 
and  y  -»  ±]orf  jV  |. 


8, 


x-y 


1 

Si 


Square  (1), 

a'  —  2iry  +  y' 

(2)  Is     a^  +  y» 


(1) 

(2) 

1       (3) 

^ 


Subt.,         —2xy 

Subtract  (4)  from  (2). 
a^  +  2xy  +  y* 
Extract  root,      a:  +  y 
Add  (5)  and  (1),       2x 

Subtract  (5)  from  (1), 

-2y  = 

.-.  y  = 


=  -7J    (4) 


16. 

i4       (5) 
5  or  -  3. 
2Jor-l}. 

-3  or  5. 
lior-2J. 


10.     .T»-ay+y»  =  48  (1) 

x-y-8  =  0  (2) 

(l)isa:*—  any+y'^      48 
Sq.(2),  x'-2xy-^y^^      Gl 

Subt..       xy       =  -  16 

Multiply  by  3, 

Say --48       (3) 

Add  (3)  and  (1), 

a:»  +  2ay  +y*  =  0. 

Extract  root, 

X  +  y  =  0  (4) 

Add  (4)  and  (2), 

2x  =  8. 

.*.  x  =  4. 

Subtract  (2)  from  (4), 
2y»-8. 

.-.  y  =  -4. 
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11. 

ic»  +  3iry+y*  =  l  (1) 

3a:»  +  a:y +  3y«  =  13  (2) 

Subtract  (1)  from  (2),     2a^  -  2j:y  +  2y*  =  12. 

Divide  by  2,  x^-    xy-^y*  =  6  (3) 

(l)i8  a^-\-3xy  +y^'=l 

Subtract,  —4  ay         =5  (4) 

Add  4  X  (1)  to  (4),         4a;»  +  8a:y  +  4y»  =  9  (5) 

Extract  tbe  root,  2aj  +  2y  =  ±3. 

Divide  by  2,  a;  +  y  =  ±  f  (6) 

Add  J  of  (4)  to  (3),  x^-2xy  +  y^  =  ^^-^ 

a;-y  =  ±}V29  (7) 

Add  (6)  and  (7),  2a:  =  ±  f  ±  J  v^. 

.-.  a;  =  J(±3±\/2U). 
Subtract  (7)  from  (6),  2y  =  ±  f  t  i  V29. 

.-.  y-=K±3T\/29.) 

12. 

rr»-2a:y  +  3y2  =  lf  (1) 

a;«  +  a:y-y«  =  J  (2) 

Substitute  vot  for  y. 

From  (1),  a?  -  2v:i?  +  3vV  =  V-. 

From  (2),  o^  +  vx^- 1; V  =  J. 

Whence  x^  = il ^     ^3) 

9-18t;+27v''     ^  ^ 

and  ar*  = ^ ^4) 

9  +  9t;-  9t;*         ^  ^ 

*  *  9  -  18 V  +  27 v^     9  +  9v  -  9v« 
99  +  99 V  -  99i;2  =  9_  I8v  +  27t;*, 
-126v''  +  117v  =  -90. 
Divide  by -.9,  14i;«- 13v=  10. 

Complete  the  square,     784  tJ*  -  (  )  + 169  =  729. 
Extract  the  root,  28  v  -  13  =  ±  27, 

28v=40or-14. 
.  •.  V  =  Y"  or  —  J. 
Substitute  vahie  of  v  in  (4),  a^  =  -^j  or  ^. 

and    y  =  ±y\/SorTj. 
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13.  x-{-y  =  a  (1) 

4ay  =  a«-46»(2) 
Square  (1), 

a;*  +  2a!y  +  y«  =  o*  (3) 

(l)i8  ixy         -a«-46* 

Subt.,  a^-2a;y+y»=  4i*  (4) 
Extract  root,  a:  —  y  =  ±  2  6  (6) 
Add  (5)  and  (1),   2ar  =  a±26. 

.-.  x  =  -±b. 
2 
Subtract  (5)  from  (1), 

2y  =  aT2b. 
^      2 


14. 

«-ya 

•  1 

(1) 

y    « 

■2i. 

(2) 

Iii(l). 

a*. 

■y  +  1. 

Substitute 

in  (2). 

y       y  -»■  1     <> 

6y«  +  12y  +  6  +  6y«-13y«+13y, 

Complete  the  square, 

4y»  +  ( )  f  W-  25. 
2y  +  1  -  t  5. 
•  •.  y    -2  or  -3. 
,\  X  ^^  3  or  —  2. 


Subtract  (2)  from  (1), 


16. 

a:»  +  9ry  =  340  (1) 

7xy-y«  =  171  (2) 

a:*  -h  2any  +  y«  -  109. 

x  +  y-±13  (3) 

.-.  ar  -  13  -  y  or  —  (13  +  y). 

Substitute  in  (1)  the  first  value  of  x, 

(13  -  y)«  +  9  (13 -y)y  =  340. 

169  -  26y  +  y' .+  117y  -  9y«  =  340. 

8y«_91y  =  171. 
Complete  the  square, 

256y«-()  +  (91)»  =  2809. 

16y  -  91  -  ±  53. 

.-.  y  =  9or2|  (4) 

Substitute  in  (1)  the  second  value  of  a?, 

(13  +  y)«-9(13  +  y)y  =  340, 
169  +  26y  +  y*  -  117y  -  9i/  =  340, 

8y2  +  91y  =  -171. 
Whence,  •  y  =  —  9  or  —  2f . 

Substitute  values  of  y  in  (3),  a;  =  ±  4  or  ±  lOf . 
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ai  +  y  =  6 
a!»  +  y»  =  72 

Divide  (2)  by  (1), 

Q?—  xy+y^  =      12 
Sq.(l),   a^-^2xy+y^  =     36 

Subtract,  -3xy       =-24 

,\  xy  —  S 
Subtract  (5)  from  (3), 

a^  —  2xy  +y*  =  4. 
Extract  root,  x  —  y  =  ±2 
Add  (6)  and  (1).  2a:  =  8  or  4. 

.*.  aj==4  or  2. 

Subtract  (6)  from  (1), 

2y  =  4  or  8. 

.*.  y  =  2  or  4. 


(2) 


(5) 


(6) 


17.    3!ty  +  2a!  +  y  = 
3x-2y  = 

In  <2),  s  = 

Substitute  value  of  x 

3         3-^ 

6y«  +  7y  = 

Complete  the  square, 

1443/«  +  ()+49  = 

12y  +  7  = 

12y  = 

.-.  y  = 

Substitute  value  of  y 

x  = 


(1) 
(2) 

(3) 


485 
0 

3 
in  (1). 

485, 
1455. 


34969, 

±187. 

180  or -194. 

15  or  -  16i. 

in  (3). 

10  or  - 10}. 


18.  «-y  =  l  (1) 

a!»-3?  =  19        (2) 
Divide  (2)  by  (1), 

a^+  ay+y'  =  19       (3) 
Sq.  (1).  x'-2xy+y^=   1 

Subt.,  Sxy       =  18 

.-.  a!y  =  6         (4) 
Add  (4)  and  (3), 

a;«  +  2iEy+y«  =  25. 
Extract  root,  of  +  y  =  ±  5       (5) 
Add  (5)  and(l),  2aj  =  6  or  -  4. 
.*.  a?  =  3  or  —2. 
Subtract  (1)  from  (5), 

2y  =  4or-6. 
.*.  y  =  2  or  —3. 


19.  a;*  4-  yS  = 

a^  —  xy-\-y*  = 
Divide  (1)  by  (2), 

ar  +  y  = 
Square  (3), 

X^  4-  2  Xt/  "f*  v'  = 

Subtract  (4)  from  (2), 
—  3a:y  = 
Divide  by  3,   —xy  = 
Add  (5]  and  (2), 

ar  —  2a:y  +  y'  = 

Extract  root,  x—y  = 

Add  (3)  and  (6),  2  a;  = 

•  *•  a;  = 

Subtract  (6)  from  (3), 

2y  = 
.-.  y  = 


20. 


Square  (1), 
Subtract  (2), 

Subtract  (4)  from  (2), 
Extract  root, 
From  (1)  and  (6). 


a:^- 


x  +  y 
a;«  +  y2 

3?  +  2a;y  +y* 
^ +y* 

2ajy 
2a:y+y« 

aj-y 

2a; 


=  a 

=  a« 
=  62 


g'-f  2y 
±Va2  +  26« 


2728    (1) 
124      (2) 

=  22        (3) 
484      (4) 

-360. 
-120  (5) 

4. 

±2       (6) 
24  or  20. 
12  or  10. 

20  or  24. 
10  or  12. 


(1) 
(2) 
(3) 

(4) 
(5) 

(6) 


=  i(aJ:Va»  +  2y). 
=  a=FVa''  +  26«. 


=  J(aqF>/a«  +  26«). 
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21. 

x»-y»-0  (1) 

3x«-4iry  +  5y«-9  (2) 


From(l),  a'a-y«. 

.*.  y  =»±x. 
Hence,  in  (2),  3x«±4a:«-f5a:»  =  9, 

12x«or4a:»-9. 

.•.  af  =  ±  J>/3  or  ±  I, 

and  y  »  ±  i  V3  or  k  |. 

22. 

«+.y  _^  «jiy  _  10  ,^j 

x  —  y     X  +  y      3 

x«+y*-45  (2) 

From  (1),       3(a^+2fly+y*)+3(a:»-2a5y+y*)  =  10x»  -  lOy*. 
3a:»  +  6a:y  +  3y»  +  3a:»  -  6ay  +  3y»  =  lOa^  -  10y«, 

-4a:«  +  16y*  =  0, 

-a»  +  4y«  =  0  (3) 

Add  (2)  and  (^,  5y»  =  45. 

-  .••  y  =  ±  3. 
Substitute  values  of  y  in  (2),  x*  +  9  =  45. 


•    • 


23. 

1     1     R 

«     y 


a  +  l     y  4-1      12 

Clear  of  fractions  and  unite,  a;  +  y  =  5a:y  (1) 

5a?  +  5y==7-17a;y  (2) 

Divide  (2)  by  (1),  5  =  Iilll£3f  (3) 

oxy 

2bxy  ==7- 17  xy  (4) 

42a:y  =  7, 

xy  =  i  (5) 

From  (1),  .TJ  +  y  =  i  (6) 

Square  (6),  a»+ 2.Ty  f  y^  =  fj 

Multiply  (5)  by  4,  ^xy         =  jf 

Subtract,  a:»  -  2.Ty  +  y*^  =  ^\ 

x-y  =  ±i  (7) 

Add  (7)  and  (6),  2  a;  =  1  or  }. 

.'.  x  =  i  or  J. 
Subtract  (7)  from  (6).  2y  =  |  or  1. 

.-.  y-jorj. 
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24. 

jB*  +  a:2y«  +  y*  =  133  (2) 

Divide  (2)  by  (1),  a^«  +  rcy  +  y^  =  19  (3) 

Subtract  (1)  from  (3),  2a;y  =  12. 

.  •.  ary  =  6  (4) 

Add  (4)  to  (3),  and  subtract  (4)  from  (1), 

aj*  +  2fl3y +y«  =  25, 
05*  —  2a;y  +  y^  =  1. 
Whence  x-\-y  =  ±b, 

x  —  y  =  ±  1. 

.  •.  a;  =  ±  3  or  +  2, 
and  y  =  ±  2  or  ±  3. 


25. 

a;  +  y  =  4  '     (1) 

X*  +  y*  --=  82  (2) 

Put  U'\-v  for  X,  and  u~v  for  y. 
(1).  becomes  2  u  =  4. 

.•.  u  =  2. 
(2)  becomes  m*  +  6  wV  +  v*  =  41  (3) 

Substitute  2  for  w  in  (3),       16  +  24  v^  4-  v*  =  41, 

v*  +  24v2  =  25. 
Complete  the  square,  r*  +  (  )  +  144  =  169, 

!;'»  +  12  =  ±  13, 

t;«=lor-25. 

.*.«  =  + 1  or  ±V-25. 

.-.  a;  =  3,  1,  or  2±V'^^, 

and    y  =  l,  3,  or  2  +  \/-^^. 


Divide  (1)  by  (2), 
Square  (2), 

Subtract, 

Add  (3)  and  (4), 
Extract  the  root, 
Subtract  (2)  from  (5), 

Add  (2)  and  (5), 


26. 

.T^  —  y*  =  a' 
x  —  y  =  a 

• 

(2) 

a*  +    xy  -\-y'^  =  c? 

* 

(3) 

a^  —  2a:y  -{■  y^  =  a^ 

Sxy          =0 

xy  =  0 

(4) 

««  +  2a;y +y2  =  a«. 

X  +  y  =  ±a 

(5) 

2y  =  0  or  - 

2a. 

.*.  y  =  0  or  — 

a. 

2x  =  2a  or 

0. 

.',  x  =  a  or  0. 
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Subtract  (2)  from  (1). 

Extract  root, 

(l)i8  x(x-y) 

Substitute  value  of  a;  —  y  in  (1),  ±xla  —  o) 


27. 

a*  —  ary  =.  o'  +  6* 
X7/-y*-^2ab 
«■  -  2xy  +y»  =  a*-  2ab  +  6». 
x-y  =  i:(a~6). 


x=  ± 


(2)  is 

Substitute  value  of  (»  —  y)  in  (2), 


a-6 


±y(o 


6) 


2a5. 
.   2ab 


In  (2), 


a-6 
28. 

x*  —  y '  =  4  oft 
a:y  =  a'  —  ft* 

y  =  __ — 


Substitute  value  of  y  in  (1),    ai" — ^^ — -j-^  =  4  aft, 

»*  -  cf*  +  2a«6»  -  6*  =  4a6a:«, 

a^  -  4a6a:«  =  a*  -  2a«6»  -f  6«. 
Complete  the  square,  as*  —  ()  +  4 a'6*  =  o*  +  2a»6'  +  6* 

"  x»-2a&  =  ±(a»  +  6«). 

x*  =  ±?a'  +  2aft-f-6'). 
,  •.  OP  =  ±  (a  +  6). 
(a  +  5)»-y»  =  4a6, 

f^d}-  2ah  +  6». 
.-.  y  =  ±(a-6). 


Extract  root, 


Substitute  value  of  x  in  (1), 


29.  ajy  =  0  (1) 

a?  +  y«=16        (2) 

Multiply  (1)  by  2,  2a:y  =  0  (3) 

Add  (3)  and  (2), 

a:*  +  2ay  +  y'=16  (4) 
Extract  root,  a;  +  y  =  ±  4  (5) 
Multiply  (1)  by  4,  4ay  =  0  (6) 

Subtract  (6)  from  (4), 

a«-2a:y  +  y«=16 

Extract  root,     x  —  y  =  ±  4       (7) 
Add  (5)  and  (7), 


2a;  =  ±  8  or  0. 
.'.  ^=±4  or  0, 


(I! 

(3) 


Subtract  (7)  from  (5), 

2y  =.  0  or  ±  8. 

•••  y  =  0  or  ±4. 


30.       x»  +  a:y  4-  y*  =  37 
a?*  +  x*y*  +  y*  =  481 
Divide  (2)  by  (1), 

3?^xy-^y'^=      13 
(1)  b    a:»  -f  ay  +  y'  =     37 

Subt.,     -2a:y         =-24 

... -a«/  =  -12     (4) 
Add  (3)  and  (4), 

«*-2«y +y«  =  l. 
Extract  root,  a?  —  y  =»  ±  1        (5) 
Subtract  (4)  from  (1), 

a* +  2ay+y*-=  49. 

Extract  root,  x  +  y  =  ±  7       (6) 

Add (5) and (6),  2x=±8or±6. 

.'.  x  =  ±4  or±3. 

Subt.  (5)  fr.  (6),   2y  =  ±  6  or  ±  8. 

^      .*.  y  =  ±3or±4. 
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3L 

x^  =  ax  -{■  by  (1) 

y»  =  ay  +  bx  (2) 

If  X  =  0,  y  must  equal  0. 

If  a;  =  y,  and  does  not  equal  0,  then  x  =  a  -\-b,  and  y  =  a-\-b. 
If  a;  does  not  equal  y,  subtract  (2)  from  (1),  and  divide  by  x-y. 

X  +  y  =  a  —  b  (3) 

Add  (1)  and  (2),  x^  ■{- y^  =  a{x  +  y)  +  b(x  +  y). 

Substitute  a  —  6  for  a;  +  y,  =  a  (a  —  6)  ^-  6  (a  —  b). 

That  is,  x"  +y^  =  a'  ~    h"  (4) 

Square  (3),  a:»  +  2a;y  +  y'^  =  a^-2a6  +    6'  (5) 

Subtract  (4)  from  (5),  2a:y         =      -2a6  +  26«  (6) 

Subtract  (6)  from  (4),  x'  -  2  a:y  +  y«  =  a"  +  2  a6  -  3  6». 

Extract  root,  x-y^± Va^+2ab-3h^  (7) 

Add  (7)  and  (3),  2x  =  a~b±  y/a^ -\- 2ab-3b^. 

,',  x=i{a-b ±Va^  +  2ab - 36«). 
Subtract  (7)  from  (3),  2y  =  a  -  6 t Va'  +  2ab-3b\ 

.-.  y  =  i(a-6=FVa«  +  2a6-36»). 


32. 

x-y-2  =  0  (1) 

15(a:»-y«)  =  16xy  (2) 

Transpose  (1),  a;  —  y  =  2  (3) 

Divide  (2)  by  (3),  15 (a?  4-  y)  =-8  ay. 

15a;  +  15y-8ajy  =  0  (4) 

From  (1),  a;  =  y  +  2. 

Substitute  value  of  x  in  (4), 

15y  +  30  +  15y  -  8y«  -  16y  =  0, 

8y«-14y  =  30. 
Complete  the  square,  64y«-  ( )  +  (7)*  =  289, 

8y-7  =  ±17, 

8y  =  24or-10. 
,'.  y  =  3  or  -IJ. 
Substitute  value  of  y  in  (1).  .•.  a;  =  5  or  }. 
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33. 

«  +  y  ,  x-y  _^89 

«-y     a;  +  y     40 

(1) 

6x=20y +  9 

(-') 

Simplify  (1). 

9x«  -  169y«  =  0, 

• 

9x*  =  169y« 

(3) 

Extract  the  root, 

3x  =  dbl3y, 
3x=f  13y  =  0. 

Multiply  by  2, 

6xT26y  =  0 

W 

Transpose  in  (2); 

6x--20y  =  9 

(•'■') 

Subtract  (4)  from  (5), 

Cy  =  9. 
or  -46y  =  9. 

.-,  y-lJor--:ft. 

Substitute  values  of  y  in  (2), 

x  =  6Jor  -2^,. 

34. 

a     b 

(1) 

a     b      . 

-  +  -  =  4 

^    y 

(2) 

Simplify  (1), 

bx  -^  ay  =  ab 

(3) 

Simplify  (2). 

bx  -\-  ay  ^  ixy 
.".  4xy  =  ab, 

and  y  =  — • 
^      4x 

(4) 

Substitute  value  of  y  in 

(3). 

bx  +  f  *  =  ab. 
4x 

Simplify, 

4x'  +  a*  =  4ax. 

Transpose, 

4x'  — 4ax  =  — a'. 

Complete  the  square, 

4x»-()  +  a»  =  0. 

Extract  the  root, 

2x-a  =  0. 

.  .  *  ^  — 
2 

Substitute  value  of  x  in 

(3). 

-1 
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35. 

a:*  +  y2  =  7  +  ajy  (1) 

3?-{-f  =  6xy-l  (2) 

Transpose  xy  in  (1),  x^-xy+y^  =  1  (3) 

Divide  (2)  by  (3).  x  +  y  =  5^2^. 

Simplify.  *Ix -{-1y  =  6xy -I  (4) 

Put  u  +  v  for  X,  and  m  —  v  for  y,  in  (4), 

7  (u  +  v)+  7(u- v)  =  6(u«  -«»)  - 1. 
Qu^-ev^-Uu=l  (5) 

Put  M  +  v  for  X,  and  t^  —  i;  for  y,  in  (3), 

(u  +  r)^  -  (w»  -  tr»)  +  (u  -  v)'  =  7, 

u«  +  3t;«  =  7  (6) 

Multiply  (6)  by  2,  2  m«  +  6 1;^  =  14  (7) 

Add  (5)  and  (7),  8  w»  -  14  u  =  15. 

Complete  the  square.     256  u*  -  (  )  +  (14)'  =  676. 
Extract  the  root,  16  w  -  14  =  ±  26, 

16u  =  40or-12. 
w  =  Jor-i. 
Substitute  f  for  u  in  (6),  jb^  +  Sr^  =  7, 

3i^  =  i 
i^'  =  l. 
Extract  the  root,  v  =  ±  }. 

Substitute  -  J  for'  w  in  (6),  ^^  +  3  v»  =  7, 

^  =  W- 
Extract  the  root,  t)  =  ±  J  V^. 

Since  a;  =  w  +  v,  substitute  J  for  u  and  ±  J  for  v, 

«  =  i  +  (±i). 
a;  =  3  or  2. 

Substitute  value  of  - 1  for  u,  and  db  J  >/ip  for  v, 

a;  =  }(-3±Vl^). 
Since  y  =  u  —  v,  substitute  f  for  w,  and  ±  }  for  v, 

y=f-(±J). 

y=2or3. 

Subatitute  -f  for  u,  and  ±  jVifi  for  », 

y |-(±VIji). 
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86. 

a*-y»-»3093  (l) 

Ijeta;  =  tt  +  t;,  andy=-tt-v.  ^' 

From(2),  w  +  v-u  +  r-S, 

2i;  -  3. 
.'.  r-  |. 

From  (1),    M»+5u*i>+10tiM+10uV+5ur«+i;» 

-  (w*-5u*!;+10uV-10ttV+5ui;*-i;*)  =  3093. 
Transpose  and  combine,      10w*v+20uV+2t;*  =  3093. 

Substitute  value  of  v,      ?^  +  §1^'  +  ?43  _  »^ 

2     ^     8  16  ~ 

Simplify,  240u*  +  1080tt«  -  49246. 

Divide  by  15,  I6u*  +  72u*  -  3283. 

Complete  the  square,  16tt*  +  (  )  +  81  =  3364. 

Extract  the  root,  4«'  +  9  =  a  58 

tt»  =-  y  or  -  y. 

«-  u  -I- 1;  -  5,  -2.  or  i  (3±\/r67), 
y  =  tt-t;=2,-5,orJ(-3TV'^^). 

37. 

f(a!-l)-i(a;  +  l)(y~l)--ll  (i) 

l(y  +  2)  =  J(a?  +  2)  (2) 

From  (1),    9x  -  9  -  lOaiy  -  lOy  +  lOx  +  10  -  -  165, 

or  19a:-10xy-10y=.-166  (3) 

From  (2),  4y  +  8  =  3a:  +  6. 

••y=— 4—  (4) 

Substitute  value  of  j  in  (3), 

19.  -  10.  ^5£^^- 10  (^2^^-166. 

76x-30a;3  +  20x-  30ar  +  20  =  -  664, 

-30a;»  +  66ar 684, 

5.2  _  llx=l44. 

Complete  the  square,         100a:*  —  (  )  +  ( 11)»  =  2401, 

10x-ll  =  ±49, 

lOx  =  60  or  -  38. 
.'.  x  =  6  or  -3J, 
Substitute  values  of  x  in  (4),      .  y  =  4  or  —  3X. 
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Let 

(1)  becomes 


(2)  becomes 


38. 

10aj*4-  15ay  =  3a6-2a' 
10y«  +  15a:y  =  3a6-26« 

ux  =  y. 
\0q?  +  15ic*u  =  3a6  -  2a«, 
^     3a6-2o« 
10+15W 
10a:»tt»  +  15x*u  =  3a6  -  26«, 
^_3o6-26« 
10m«+15u 
3a6-2a»     3a6-262 


(1) 
(2) 


(3) 


(4) 


Equate  values  of  a:*, 

Simplify, 

30a6u«  -  20a V  -  30a*u  +  ZWu  =  30o6  -  20  6«. 

Divide  by  10, 

3a6w«  -  2aV  -  3a*u  +  362u  =  Zah  -  26«, 

or  M'(3a6  -  2a*)  -  3u(a«  -  ¥)  =  3ab-  26«. 

Complete  the  square, 

4m'(3o6  -  2a»)»  -  (  )  +  9(a«  -  b^'f  =  9a*-24a36+34a26«-24a6»+96*. 

Extract  the  root, 

2M(3aZ>  -  2a«)  -  3(a«  -  6^)  =  ±  (3a«  -  4a6  +  36»), 

2u(3a6  -  2a»)  =  Ga*  -  4a6  or  4a6  -  66», 

3a-26          6 
.  •.  w  =  — or 

36-2a  a 

Substitute  value  of  if  ~  ..     for  u  in  (3), 


36-2a 


Extract  the  root, 


Substitute  —  for  u  in  (3J, 
a 


^^13  6 -2a)'. 
25 


aj== 


Since  ux  =  y. 


5 
Sa-2b 

y  = 


y  =  ± 


36- 
3a-26 


26^^  /36-2a\ 


a 
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89. 

(2x  +  3y)«  -  2(2a;  +  3y)  -  8  *         (1) 

x'-y'^2i  (2) 

Add  1  to  both  sides  of  (1), 

(2a:  +  3y)»  -  2(2x  +  3y)  +  1  -  9. 

Extract  the  root.  (2x  +  3y)  -  1  -  i:  3, 

2x  +  3y-4or-2  (3) 

.-.  X  " ^  or ^ 


^  ^  16^24y+9y«^^4-H2vfl)y' 


Sabslitute  value  of  x'  in  (2), 


ir.-24v+9v«       ,_o^ 
4  ^ 

5y«  -  24y  =  68. 

100y»  _  ()  +  576  =  1936. 

lOy  -  24  =  i:  44. 

10y=68or-20. 

...  y=.6Jor-2. 

Substitute  second  value  of  x*  in  (2). 

4  +  12yf9y«_    ,^g^ 
4  ^ 

5y*+12y  =  80, 

100y«  +  ()  + 144  =  1744. 


10y  +  12=±  1\/109. 

10y  =  -12±4VT09. 

-|(-3i:\/l09). 

Substitute  first  values  of  y  in  (3),      x  -  -  8^  5,  i(4  ^f  3  V109). 
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40. 

jc+y  +Va;  +  y  =  a, 

x  —  y  +Va;  —  y  =  6. 
4(a;  +  y)  +  {)  +  l=4a  +  l, 
4(a;-y)  +  ()-f  1»46  +  1^_ 
2(x  +  y)*  + 1  =  ±V4a+T, 
2(.r  _  y)4  + 1  =  ±V4  6  +  1, 
2(a;  +  y)*  =  -  1  ±V4a  +  l. 
2(j;-y)^  =  -lj:V46  +  l, 
4(a;+y)  =  4a+  1  ±2V4a  +  l  +  l, 

4(i-y)  =  4J  +  1  ±2\/4T+T  + 1, 

8a;  =  4a  +  46  +  4±2V4aTl±2\/46+l. 
.-.  a;  =  }(a  +  J+l)±l(\/4aTI±V4Fri). 

8y  =  4a-46±2V4a  +  lT2\/46Tl. 
.-.  y  =  }(a-6)±i(V4a  +  lTV46  +  l). 

41. 

x^-xy  +  i/  =  3  (2) 

Square  (2),      a?*+3xy +y*-2r'y-2Ty»  =  9  (3) 

Subtract  (3)  from  (1),  2ar'y+2a:y»-4ar^y«  =  4. 

2 
Divide  hy  2 xy,  x^^2xy+y^  =  —  ,        (4) 

Subtract  (4)  from  (2),  ay  =  3  — -• 

xy 

. '.  a;y  —  3rcy  =  —  2, 
4aJ^y''-()  +  9  =  l, 
2a;y-3  =  ±l, 

a::y  =  2  or  1  (5) 

Subtract  (5)  from  (2),      ar»  -  2a;y  +  y*  =  1  or  2, 

re— y  =  ±1  or±V2  (6) 

Multiply  (5)  by  3,  and  add  to  (2), 

a?  +  2a;y  +  y'  =  9  or  6, 

a;  +  y  =  ±3ori:>/6  (7) 

Add  (6)  and  (7),  2a;  =  ±  4,  ±  2,  or  ±\/2  ±  \/6. 

.-.  a?  =  ±2,  ±1,  or  J(±y2±V6). 
Subtract  (6)  from  (7),  2y  =  ±  2,  ±  4,  or  =f  \/2  ±  \/G. 

.-.  y  =  ±  1,  ±  2,  or  i  (t  V2  ±  V6). 
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42. 

a^+y'  +  x  +  y^lS                          (1) 

2xyr-2\                          (2) 

Add  (1)  and  (2),        .t« 

+  2ay +y«  +  x  +  y-72, 

(x  +  y)«  +  (x  +  y)"72. 

Complete  the  Bquare, 

4(aJ+y)*  +  {)  +  l«2S0. 

Extract  the  root, 

2{x  +  y)+ 1=^*17. 

a;+y=8or-9                (3) 

From  (2), 

12 
x=^  — 

12            ^ 
(3).               — +y-«or-9. 

Substitute  value  of  x  in 

y 

12  +  y»"8yor-9y. 

y«_8y^-l2. 

y' --0+10^4. 

'       y  -  4  -  *  2. 

.  •.  y  —  r»  or  2. 

Also, 

12  fy»   .-9y, 

y'  +  9y^- 12. 

Complete  the  square, 

4y»  +  () +  81=33. 

2y-f-9  =  i:V33, 

' 

2y  =  -9j:\/33. 

.-.  y  =  J(-9  i-\/33). 

Substitute  values  of  y  ir 

'(3).                      a;^2,  G.  i(-9>V33). 

43. 

x*  +  .ry  +  y'  =  a'  (1) 

X  +  \/xy  +  y  =  6  (2) 

Divide  (1)  by  2,  x~Vxy  ^y  =  -  (3) 

6 

Subtract  (3)  from  (2),  .       2V^  =  ^'  ~"  "' 

Divide  by  2,  y/xy  = 


b 


2b 


Squaring.  xy  =  ^i^^gL±«*      (4) 
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Add  a)  and  (4).  g«-f  2ay +  y«  =  '^*  +  ^"'f  "^  ^*. 

Extract  the  root,  a;  +  y  =  ±  ^  J*"  (5) 

^  0 

From  (4),  _3a;y  =  _-l ^^^ /  (6) 

Add  (1)  and  (6),   a:»  -  2  0:3/ +  y«  = -— 

4o* 

Extract  the  root,  a:  - y  =  ±  ^  VlOa'*^^  _  3a*  -  3i*      (7) 

(5)18  x  +  y  =  ±-^y-. 

Add.  2a;  =  i:^^-tA*±i\/l0a>6«-3a*-36*. 

26        26 

Subtract  (7)  from  (5),  2y  =  ±  ^^^'  t  J-VlOa«6*-»-3a*-36*. 

.-.  a;  =  -^  [±(a»  +  6«)±VlOa»6«-3a*-36*]. 
46 

...  y  =  JL  [± (a«  +  6*)TVlO(i«6»-3a*-36*]. 
46 


44. 

(a.-y)2-3(x-y)  =  10  (1) 

x2y'^-3ay  =  54  (2) 

Complete  the  square  of  (1),  4  (x  —  y)*  —  ( )  +  9  =  49, 

2(a;-y)4-3  =  db7. 

.  *.  a;  —  y  =  5  or  —  2  (3) 

Complete  the  square  of  (2),      4xV  -  (  )  +  9  =  225, 

2rcy  -  3  =  ±  15. 

.•.a:y=  9  or -6  (4) 

Square  (3),  a«  -  2a:y  +  y«  =  25  or  4. 

Multiply  (4)  by  4,  4  a:y  =  36  or  -  24. 

Add,  x"  +  2.ry  +  y'  =  1,  40.  61,  - 20. 

. •.  a;  +  y  =  ±  1,  db2VlO,  ±\/61,  ±2\/^  (5) 

From  (3)  and  (5),        a;  -  3,  2,  i  (5  i  2  VIO).  }  (5  ^  ^61^  (5  db  2  y/^), 

-  J. -f, -1  ±V^,  }(-2±V6T).-l±Vr6; 

y  =  -2,  -3.  J(-5±2Vl6),  J(-5dbV6l), 

}(-5±2\/35), },  J,  l±VIO,l±V^,l±Vr5. 
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46. 

Vi-Vy-x*(x*  +  y*)  (1) 

(x+y)«-2(a:-y)«  (2) 

From  (1),  Vi- v'y  =  «  +  x*y*  (3) 

Square  (3),  x-2y/xy  +y  =-  x»  +  2x^7ey  +  ay, 

x-jt*--ay  +  y«2«v^  +  2Vw  (4) 

From{2),  «» +  2xy +  3?- 2a«-4«y -|- 2y«, 

x*+y*-6ay  (^ 

Subtract  2aey  from  both  sides  of  (5), 

a:'-2ay +  y*-4a!y. 
Extract  the  root,  x  —  y  »  ±  2y/xy. 

Substitute  2  —  y  for  2Vxy  in  (4), 

a;-a»-apy  +  y-j»-a!y  +  jc-y, 
or  r"-y=»0. 

.•.y  =  a:*. 
Substitute  x"  for  y  in  (5),         a*  +  a^  *»  Oa*  (6) 

a*  =  0  or  1  +  a*  -  Bar. 
If  a?  =  0,  y  =  0. 

From  l  +  a*  =  6a, 

a»-6a; 1, 

»»-6a  +  9  =  8, 

a?-3  =  ±>/8, 

a:  =  (3i:2>/2). 

Since  y  =  a:*, 

y  =  (3  i  2\/2)». 

46. 

ay  -  (x  +  y)  =  54  (2) 

SqnareCl).  -3a_ +2  +  ^  =  4. 

a  +  y  3a 

Simplify,  9a*  +  a*  +  2ay  +y»-0a'  +  6ay, 

4a*  — 4  w  +y*  =  0. 
Extract  the  root,  2  x  —  y  =  0  (3) 

.'.  y  =  2x. 
Substitute  value  of  y  in  (2),  2a*  —  3x  »  64, 

16a*-()  +  9  =  441, 
4x-3-±21, 

4x  =  24or-18. 
,«.  x«6  or  —  4J. 
.•.  y  =  12or-9. 
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47. 

a;  +  y  -»-  Vvy  =  28  (1) 

x^  -f  y«  +  a:y  =  336  (2) 

Divide  (2)  by  (1),  a:  -  V^  4-  y  =  12  (3) 

Subtract  (3)  from  (1).  ,2  yjxy  =  1 6, 

"x/ay  =  8, 
rcy  =  64  (4) 

Add  (4)  and  (2),  a,-*  +  2rry  +  y«  =  400. 

Extract  the  root,  a?  +  y  ='  ±  20  (5) 

Multiply  (4)  by  3,  and  subtract  from  (2), 

a*  —  2a'y  +  y*  =  144. 
Extract  the  root,  x  —  y  =  ±  12  (6) 

Add  (5)  and  (6),  2  a?  =  ±  32  or  ±  8. 

.-.  a;=  ±  16  or  ±4. 
Subtract  (6)  from  (5),  2y  =  ±  8    or  i  32. 

.'.  y  =  ±  4    or  ±  16. 
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Exercise  104. 

1.  If  the  length  and  breadth  of  a  rectangle  were  each  In- 
creased by  1,  the  area  wonld  be  48 ;  if  tliey  were  eacli  diminished 
by  1,  the  area  wonld  be  24.    Find  tlie  length  and  breadth. 

Let    X  =  length  of  rectangle, 
and        y  =  width  of  rectangle. 


Then 
and 

(x  +  l)(y  f  l)-48 
(x-l)(y-l)  =  24 

(1) 

(2) 

Simplify  (1). 
Simplify  (2), 

ajy  +  x  +  y  +  1  -48 
xy  —  x  —  y  +  1^21 

(3) 

Add, 

2xy                +  2  --  72 

• 

Substitute  value  of 

ry  --  35 
xy  in  (3), 

35  +  X  +  y  f  1  =  48, 

X  +  y  -  12 

(4) 

(•'■•) 

Square  (5), 
Subtract  4  X  (4), 

x«  +  2xy  ^  y*  -  114 
4xy          =  140 

x»-2xy+y'»-      4 

Extract  the  root, 
From  (5)  and  (6), 

x-y-=t2 
X  -  7  or  5, 
y  =  5  or  7. 

(«) 

2.  The  sum  of  the  squares  of  the  two  digits  of  a  number  is 
25,  and  the  product  of  the  digits  is  12.     Find  tlie  number. 

Let    X  =  digit  in  tens'  place, 

and        y  =  digit  in  unita'  place. 

x«  +  y»  =  25  (1) 

xy  =  12  (2) 

Multiply  (2)  by  2,  2xy  =  24  (3) 

Add  (3)  and  (1),  x»  +  2xy  +  y»  =  49. 

Extract  the  root,  x  +  y  =  i  7  (4) 

Subtract  (3)  from  (1),      x«  -  2xy  -t-  y^  =  1. 

Extract  the  root,  x  -  y  =  ±  1  (5) 

From  (4)  and  (5),  2x  =  ±  8  or  ±  6. 

.  •.  X  =  ±  4  or  db  3, 

y  =  ±  3  or  ±  4. 

Hence,  the  required  number  is  43  or  34. 
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3.  The  sam,  the  product,  and  the  difference  of  the  squares  of 
two  numbers  are  all  equal.    Find  the  numbers. 

Let  a:  +  y  =  one  number, 

and  x  —  y  =  the  other  number. 

Then  2  a;  =  the  sum  of  the  numbers, 

SB*  —  y*  =  the  product  of  the  numbers, 
and  ^xy  =  the  difference  of  the  squares. 

2x^3?-y^  (1) 

x»-y2  =  4a;y  C4 

.Transpose  in  (1),    a;*  —  2a:  —  y«  =  0 

Transpose  in  (2),    ^  — 4a!y  —  y*  =  0 

Subtract,  2  x  —  4  ary  =0 

l-2y-a 

2y  =  l. 
.-.  y  =  J. 

Substitute  value  of  y  in  (1),  2  a;  =  x*  ~  J, 

a;*-2x  =  J. 
Complete  the  square,  a:*  —  2a;  +  l  =  |. 
Extract  the  root,  a;  —  1  =  ±  JV5. 

.'.  a;=  1  i  jV5, 

a;+y=}±iV5or  }(3±V5), 

a;  —  y  =  J±jV5or}(l  ±\/5). 


4.  The  difference  of  two  numbers  is  |  of  the  greater,  and  the 
sum  of  their  squares  is  356.    What  are  the  numbers? 

Let  X  =  greater  number, 

y  =  lesser  number, 
and  X  —  y  =  difference  of  the  numbers. 

Then  *~3^  =  ^  ^^^ 

and  x»  +  y*  =  356  (2) 

Simplify  (1),  8  x  -  8  y  =  3  x. 

.•.x  =  ^.  (3) 

5 

Substitute  value  of  x  in  (2),  2^^  +  y*  =  356. 

Simplify,  64  y*  +  25  y^  =  8900. 

89  y«  =  8900, 
y«  =  100. 
Extract  the  root,  y  =  ±  10. 

Substitute  value  of  y  in  (3),  5x  =  i:  80. 

X  =  ±  16. 


•  • 
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5.  The  numerator  and  denominator  of  one  fraction  are  each 
greater  by  1  than  those  of  another,  and  the  sum  of  the  two  tnc- 
tions  is  1^7 ;  if  the  numerators  were  interchanged  the  sun  of  the 
fractions  would  be  IJ.    Find  the  fractions. 

Let  -  =  one  fraction, 

y 

and  ^Lz_  ^  the  other  fraction. 

y  +  1 

Then  £  +  £±1  =  12  (ly 

y    y  + 1     12  ^  ^ 

and  £±i +-*«-?  (2)- 

y      y+1    2  ^' 

Simplify  (1),  12a!y+12x+12xy+12y  =  17y«  +  17y. 
Simplify  (2),      2a;y4-2y+2a:+2+2xy  =•  3y'  +  3y. 
Transpose  and  combine, 

~17y»  -5y  +  24rry  +  12ar  =  0  (3) 

-  3y»  -  y  +  4xy  +  2a:  =  -  2  (4) 

Multiply  (4)  by  6, 

-18y«-r-6y  +  24a;y  +  12a;  =  -12  (5) 

Subtract  (5)  from  (3),  y»  +  y  =  12  (6) 

4y«+()+l-49. 
2y  +  1  =  ±  7, 
2y-Gor-8. 
.'.  y  =  3  or  —4. 

Substitute  3  for  y  in  (1).    f  +  ^^  =  1|- 

Simplify,  4a:  +  3a;  +  3  =  17, 

7x  =  14. 
.*.  aj  =  2. 

Hence,  the  fractions  are  }  and  }. 


6.  A  man  starts  from  the  foot  of  a  mountain  to  walk  to  its 
summit.  His  rate  of  walking  during  the  second  half  of  the  dis- 
tance is  i  mile  per  hour  less  than  his  rate  during  the  first  half, 
and  he  reaches  the  summit  in  5}  hours.  He  descends  in  3| 
hours,  by  walking  1  mile  more  per  hour  than  during  the  first 
half  of  the  ascent.  Find  the  distance  to  the  top  and  the  rates  of 
walking. 
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Let  22  =  distance, 

and  y  =  rate  at  first. 


X 


Then  -  =  number  of  hours  he  was  walking  Ist  half, 

y 

and  — —  =  number  of  hours  he  was  walking  2d  half. 

y-i 

Hence,  -  +  -^  =  b\.  (1) 

y    y-i 

Also,  -2^  =  3|  (2) 

y  +  1 

Clear  (1)  of  fractions,  4acy  —  2a;+4ay  =  22^*  — 11  y, 

22y'  -  8a:y  +  2a;  -  lly  =  0  (3) 

Clear  (2)  of  fractions,  8  a;  =  15y  +  15. 

Substitute  value  of  x  in  (3),  *  *  3  ^  ' 

22y'-8y(15Yiiy2^1i2L^ 

17Gy»  -  120y'  -  120y  +  30y  +  30  -  88y  =  0, 

563/«-178y  =  -30. 
Complete  the  square,  3136y«  -  (  )  +  (89)«  =  6241. 
Extract  the  root,  56y  -  89  =  ±  79. 

.-.  y  =  3. 

Substitute  value  of  y  in  (2),  —  =  — . 

^       w.  4       4 

2a;  =  15. 
Hence,  the  distance  is  15  miles ;  and  the  rates  of  walking,  3, 
2},  and  4  miles. 

7.  The  sura  of  two  numbers  which  are  formed  by  the  same 
two  digits  in  reverse  order  is  f  f  of  their  difference ;  and  the  dif- 
ference of  the  squares  of  the  numbers  is  3960.  Determine  the 
numbers. 

.  Let  X  =  digit  in  ten's  place, 

and  y  =  digit  in  unit's  place. 

Then  10  a;  +  y  =  first  number, 

lOy  +  a;  =  second  number, 
11a;  +  lly  =  sum  of  the  numbers, 
9a;  —  9y  =  difference  of  the  numbers. 
(10a;  +  yf  —  {x-\-  lOy)*  =  difference  of  the  squares. 

.-.  lla;  +  lly  =  f|(9a;--9y)  (1) 
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and  (10a? +  y)*--(x+10y)>  =  3960  (2) 

Simplify  (1),  x+y-5£^. 

7y-3a;-0  (3) 

3 

Sabstitaie  valae  of  x  in  (2), 

55^-3960. 

y«  =  9. 
.'.  y  =  ±3. 
From  (3),  3  a;  =  7y. 

.•.  a;  =  ±7. 

Hence  the  numbers  are  73  and  37. 


8.  The  hypotenuse  of  a  right  triangle  Is  20,  and  the  area  of 
the  triangle  is  96.    Determine  the  sides. 

Let  X  =  longer  side, 

and  y  =  shorter  side. 

Since  sum  of  squares  on  sides  equals  square  on  hypotenuse, 

a:»+y2  =  400  (1) 

Since  area  of  triangle  equals  one-half  product  of  sides, 

^  =  96  (2) 

2  ^  ^ 

xy  =  192. 

Multiply  (2)  by  2,  2a-y  =  384  (3) 

Add  (1)  and  (3).      a;*  +  2a:y  +  y''  =  784. 

Extract  the  root,  a;  +  y  =h=  ±  28  (4) 

Subtract  (3)  from  (1),  ar»  -  2a;y  +  y^  =  1 6. 

Extract  the  root,  a:  —  y  =  ±  4  (5) 

From  (5)  and  (4),  2  a;  =  ±  32  or  i  24. 

.'.  a;  =  ±  IG  or  ±  12. 
2y  =  ±24  or  ±32. 

.'.  y  =  ±12  or  ±  16. 

Hence,  the  sides  are  16  and  12. 
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9.  Two  boys  run  in  opposite  directions  round  a  rectangular 
field  tlic  area  of  whicli  is  an  acre ;  tliey  start  IVom  one  comer 
and  meet  13  yards  from  tlie  opposite  corner ;  and  tlie  rate  of  one 
is  {  of  tiic  rate  of  tlic  otlier.  Determine  tlie  dimensions  of  the 
field.   ' 

Let  X  =  length  of  first  side, 

and  y  =  lengtii  of  second  side. 

a;  +  y  +  13  =  number  of  yards  one  boy  runs, 
X  +  y  —  13  =^  number  of  yards  the  other  boy  runs. 
x  +  y-13  =  f(a:  +  y+13). 
.-.  6x  +  6y  -  78  =  5x  +  by  +-65, 

and  X  +  y  =  143  (1) 

an/  =  area  of  field  of  one  acre. 
(Since  4840  sq.  yds.  =  1  acre), 

xy  =  4840  (2) 

Square  (1),  x^  +  2xy  +  y*  =  20449 

(2)x4i8  4a:y  =19360 

x*~2xy+y^=    1089 

X  -  y  =  ±  33  (3) 

From  (1)  and  (3),  2x  =  1 76  or  110. 

.'.  x  =  88  or  55. 

2y=110orl76. 
.  •.  y  =  55  or  88. 

Hence,  the  dimensions  are  88  yds.  by  65  yds. 


10.   A,  in  running  a  race  with  B,  to  a  post  and  back,  met  him 

10  yards  from  the  post.     To  make  it  a  dead  heat,  B  must  have 

increased  his  rate  from  this  point  41  f  yards  per  minute;  and  if, 

without  changing  his  pace,  he  had  turned  back  on  meeting  A,  he 

would  have  come  4  seconds  after  him.    How  far  was  it  to  the 

post? 

Let  X  =  number  of  yards  to  the  post. 

Then       2x  =  number  of  yards  to  the  post  and  back.  ' 

Let  y  =  number  of  yards  A  runs  per  minute. 

Then       —  =  number  of  minutes  A  is  running  the  race. 

B  runs  (x  —  10)  yards  while  A  is  running  (x  +  10)  yards. 

Hence,  B  runs ^~^^  of y  yards  =  ^^ ~  ^  ^  yards  per  minute. 
x  +  10         ''  x  +  10''  ^ 
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A  has  (a;~10)  yards  to  run  when  B  meeU  him ;  and,  as  ho  runs 

y  yards  per  minnte,  it  will  take  him minutes  to  finish  Uio 

race. 
B  has  (j;  -f  10)  yards  to  run;  and,  if  he  increases  his  pace  41) 

yds.  per  min.,  he  will  be  running  at  the  rate  of  (  ^^Lz — 2^  4-  41)  ] 

yards  per  minute ;  and,  as  he  has  (x  +  10)  yards  to  run,  it  will 

take  him  (as  +  10)  -*-  f  ^2Lz — 2^  +  414  )  minutes  to  finish  tlio  race. 

^     \  x+lO  7 

But  this  change  of  rate  will  make  it  a  dead  heat ;  therefore, 

(x  +  10).(3^  +  41f)^^::i«  (1) 

\   a?  +  10  /  y 

Since  4  seconds  =  ^  minute,  B,  without  changing  hi.s  rate, 
will  be  3^5  of  a  minute  longer  than  A  in  running  the  (x— 10) 
yards  which  A  has  to  run  when  he  meets  B ;  therefore, 


(a;-10)-H/^-^Q?A-£lJiQ=.l 
^  M    x  +  lO  y  y  15 


(2) 


(x+10)-*-^ 


Simplify  (2),  ^±19  -  ?^Ill9  =  -L  (3) 

y  y         ID 

.-.  y  =  300. 
Simplify  (1), 

^  /  7y (x-10)  4- 290x  -I-  2900\  _  x-10 
7(x+10)  )         y 

•    7(x+10)«  _  x-10 

7y (x-10) +  290x4- 2900         y 

Substitute  300  for  y,     _-^l5±i^  =  ^^, 

•^      2390x- 18100        300 

210x*  +  4200x  +  21000  =  239  x«-4200x +18100, 

29x»-8400x  =  2900, 

a;._?iOOx^l 
29 

a5»-()+(^i5^)^=(^lF)^ 

.-.  x  =  290or-JJ. 
Hence,  the  distance  to  the  post  was  290  yards. 
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11.  The  fore  wheel  of  a  carnage  turns  in  a  mile  132  times 
more  than  the  hind  wheel ;  but  if  the  circumferences  were  each 
increased  by  2  feet  it  would  turn  only  88  times  more.  Find  the 
circumference  of  each. 

Let        X  =»  circumference  in  feet  of  the  fore  wheel, 
and  y  =  circumference  in  feet  of  the  hind  wheel. 

Then  5280  _  5280  ^^32 

X  y 

5280  _  5280  _  gg  -  ^2^ 

x+2     y+2  ^ ' 

Simplify  (1),  5280y  -  5280a;  =  132a;y. 

Divide  by  132,  40y  -4Qx  =  xy  (3) 

Simplify  (2),  528Py+10560-5280a;-10560  =  88icy+176a;+176y+352. 

Divide  by  88,  j60y  -  60a;  =  ay  +  2a;  +  2y  +  4. 

Transpose  and  combine,  58y  —  62  a;  =  a;y  +  4  (4) 

(3)  is  40y-40a;  =  a;y 

Subtract,  18y-22.'c=  4 

^  9 

Substitute  value  of  y  in  (3), 

40(2iJ^\_40^^/2_+il.y^ 

Simplify,  80  +  440a'  -  360a;  =^2x-^  lla:», 

lla;«-78x  =  80. 
Multiply  by  11,  •  121a;*- 858  a;  =  880. 

Complete  the  square,    121  a;*  -  ()  +  (39)*  =  2401. 
Extract  the  root,  11  a;  -  39  =  ±  49, 

lla;  =  88or-10. 

.'.  a;  =  8or  -  jf. 

Substitute  8  for  x  in  (3).  •  '•  y  =  10. 


12.  A  person  has  $  6500,  which  he  divides  into  two  parts  and 
loans  at  different  rates  of  interest,  so  that  the  two  parts  produce 
equal  returns.  If  the  first  part  had  been  loaned  at  the  second 
rate  of  interest,  it  would  have  produced  $  180 ;  and  if  the  second 
part  had  been  loaned  at  the  first  rate  of  interest,  it  would  have 
produced  $  245.    Find  the  rateb  of  interest. 
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X 


Let  X  —  number  of  dollars  in  one  part  of  the  capitftl, 

6500  —  x  =  number  of  dollars  in  the  other  part, 
and  y  =>  return  from  each  part. 

Then  -  =  rate  of  interest  on  first  part. 

'^^'  ccnA —  ^  ^**^  ^^  interest  on  second  part, 

(^-^ )  =  return  of  first  part  when  loaned  at  second  rate. 
ooUO  —  X  f 

y 

(6500  —  x)^  =  return  of  second  pari  when  loaned  at  first  rate. 

.-.  (6500- x)|  =  245  (2) 

Simplify  both  equations  and  add, 

ay  =  1170000  -  180x  (3) 

-xy=  +245x-rK500y    (4) 

0=1170000+    65x-6500y 

Transpose  and  divide  by  65, 

lOOy  -  X  =  18000  (5) 

1170000 -ISOx 
From  (3)  y  = . 

X 

Substitute  value  of  y  in  (5), 

10o("^°<^^-"°^)-. -18000. 

Simplify,  x*  +  36000x  =  117000000, 

x«  +  (  )  +  (18000)2  _  441000000. 
Extract  the  root,  x  +  18000  =  ±  21000. 

.-.  x  =  3000, 
and  6500  -  x  =  3500. 

From  (5),  y  =  210. 

.•.|-0.07, 

-^650b-x  =  ^-^- 
Hence,  the  rates  of  interest  are  7%  and  6%. 
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Exercise  105. 


1.  a^- 7a; +  12  =  0. 

a  =  l,   6  = -7,  c=12, 
6»-4ac=l. 
.-.  the  roots  are  real,  different, 
and  rational. 

2.  ar»-7a;-30  =  0. 

a  =  l,  &  =  -7,  c  =  -30, 
6»_4ac  =  -71. 
.*.  the  roots  are  imaginary. 

3.  a;«  +  4a!-5  =  0. 

a  =  1,  6  =  4,  c  =  —  5, 
6a-4ac  =  36. 
.*.  the  roots  are  real,  unequal, 
and  rational. 

4.  5a;»  +  8  =  0. 

a  =  5,  6  =  0,  c  =  8, 
6»-4ac  =  -160. 
.-.  the  roots  are  imaginary. 

6.   7a;«-3a;-22  =  0. 
a  =  7,  6  =  -  3,  c  =  -  22. 
6»-4ac  =  625. 
.'.  the  roots  are  real,  unequal, 
and  rational. 


6.  x*  +  4a;  +  l  =  0. 

a  =  1,  6  =  4,  c  =  1, 
6«-4ac=12. 
.-.  the  roots  are  real,  unequal, 
and  surds. 

7.  «»-2a;  +  9  =  0. 

a  =  1,  6  =  -  2,  c  =  9, 
6»-4ac  =  -32. 
.'.  the  roots  are  imaginary. 

8.  3«»-4a;-4  =  0. 

a  =  3,  6  =  -  4,  c  =  -  4, 
6»-4ac  =  64. 
.*.  th^  roots  are  real,  unequal, 
and  rational. 

9.  a:*  +  4a; +  4  =  0. 

a  =  l,  6  =  4,  c  =  4, 
6«  -  4<ic  =  0. 
.'.  the  roots  are  real  and  equal. 

10.  7a;-3a;»-2  =  0. 
.•.3a;»-7a;  +  2  =  0. 

a  =  3,  6  =  -  7,  c  =  2, 
6«-4ac  =  25. 
.'.  the  roots  are  real,  unequal, 
and  rational. 


11.  (771  +  l)a;*  +  (m  -  l)a;  +  (m  +  1)  =  0. 

a  =  m  +  l,  6  =  m— 1,  c  =  m  +  l, 
6«  -  4ac  =  -  3m»  -  10m  -  3. 
If  the  roots  are  equal,     6*  ~  4  ac  =  0. 
.'.  -3m«-10m-3  =  0. 
Whence,  by  solving,  m  =  —  J,  or  —  3. 

12.  (3m  +  l)a;»  +  (2m  +  2)a;  +  m  =  0. 

a  =  3m  +  l,  6  =  2m +  2,  c  =  m, 
6'  -  4ac  =  4  +  4m  -  8  w'. 
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If  the  roots  are  equal, 

Whence,  by  solving,  m  =  1,  or  —  J. 

13.  {m  -  2)x»  +  (m  -  5)x  +  (2m  ~  6)  =  0. 

a  =  m~2,  6  =  m-5,  c  =  2m-5, 

6«  -  4oc  -  -  7 wi»  +  26m  -  15. 
If  the  roots  are  equal, 

-7m»  + 26m -15  =  0. 
Whence,  by  solving,  m  =  ^,  or  3. 

14.  2mx*  +  a:'-6ma;-6a;  +  6m  +  l-0. 

a  =  2m  +  l,  6  =  -0m-6,  c=-6m  +  l, 

6'~4ac=-~12m»  +  40m  +  32. 
If  the  roots  are  equal, 

-12m»  + 40m +  32  =  0. 

Whence,  by  solving,  m  =  4,  or  —  |. 

15.  wix»  +  2a»  +  2m  =  37?wj- 9a! +  10, 

or        (m  +  2)0*  -  (3m  -  9)a;  +  (2m  -  10)  =  0. 

o  =  m  +  2,  6  =  -  (3m -  9),  c  =  2m  +  10, 
6*~4ac  =  m'-30m  +  161. 
Whence,  by  solving,  m  —  7,  or  23. 

Exercise  106. 

1.  2,  1.  6.   -5, -f 

{x  -  IXaJ-  2)  =  0,  (x  +  5)(aj  +  i)  =  0, 

a;>-3x  +  2  =  0.  (x  +  5)(2a;  +  1)  =  0, 

2.  r-3  2x»  +  llx  +  5  =  0. 

(a;-7)(x  +  3)  =  0,  6.   -J.f 

a»  -  4  X  -  21  =  0.  (a  +  i){x  -  f )  =  0, 

(9x  +  7)(7x-9)  =  0. 

*'.  *    ,x,        ,       ^  63a:«-32x-63  =  0. 

(a._JXaJ-i)  =  0, 

(2a;-l)(3a;-l)  =  0,  7.  a -26,  3a +  26. 

6x«-5a;  +  l  =  0.  (x-a-\-  2b){x - 3a - 26)  =  0, 

a^  -  4ax  +  3a»  -  4a6  -  46»  =  0. 
4.  t, -f. 

(aj - §)(a:  +  f )  =  0,  8.   2a-6,  6-3a. 

(3aj -  2)(2a;  +  3)  =  0,  (a;  -  2a  +  6)(x  +  3a  -  6)  =  0, 

6«»  +  5a:-6  =  0.  a'  +  aaj-6a»  +  5a6-6«  =  0. 


10.  3x' -  15z- 42  =  aCi" -5x-  14)  =  '6(x~T){x  +  2). 

11.  9i>-27«-70  =  (3j;-14K3i  +  5), 

12.  491*  +  49a!  +  6  -  {7x  +  6X7i  +  1), 

13.  x>-Zx  +  i. 

Solve  i'-3z  +  4=0, 


H-^^)(-'--i^> 


14 

i" 

H  +  1. 

Sol 

l?0 

^  +  z  +  l 

=  0, 

2 

-■-  i"  +  I  +  1 

-h 

1  +  v/:^ 

2 

15. 

41^ 

+  12i  +  13. 

Solve 

4a'  +  12i  +  13 

=  0 

X 

-3 

2V-1 

.■.  4i»  +  12i  +  13  -  (2 2  +  3  -  2V^X2i  +  3  +  2V^^). 
Exercise  107. 

1.    1!  a:b::C:d,  2.   3a  +  b:b: :  Se -¥  d:  d. 

Multiply  by  3,   ^-^■ 
Add  1  to  each  side, 

„  3a  +  &     3e  +  (f 
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3.   Ifa.biicidj 


then 


a 
.  b 


d 


Add  2  to  each  eide, 

?  +  2  =  ^+2. 
0  a 

a+26^c  +  2(f 

b  d 

.•.a +  26:  6::C  +  2d:ci. 


6.  a:a  +  6::C:c  +  <f. 


If  a :  6  : :  C :  d,        ^  = 

6 

By  invereion, 

a 

By  composition, 

e 

'd 

d 

'  -. 

c 

6+  a 

rf+r 

a 

tf 

By  inversion.    ^  .  - 
a  +b 

c 

.',  a:  a  +  6: 

:  c:  C  + 

f/ 

4.   Since  a  :  6 : :  c :  df, 


a 
6 


c 

d 


Cubing.        5?  =  ^. 

.•.  a*:  6*:  :  c":  d'. 


6.   a:a  —  6::C:C  —  <i. 

If    a:  b  ::  e:  df     -r  =  -;• 

6      a 


By  invereion, 
By  division, 

By  invereion, 


b     d 

a     e 
a— 6     c--rf 


a 
a 


e 
c 


a- b     c - d 
.%  a:  a  —  b:  :  c:  c  —  d. 


7.    If  a  :  6  :  :  c  :  6?, 
Multiply  by  ?, 


n 


a 

6 

ma 

nb 


c 
d 
mc 


By  composition  and  division, 

ma  +  rib     mc  +  nc? 
mo  —  n6     ?7ic  —  nd 
.  •.  wia  +  nb  :  ma  ^rib:  :mc  -\-nd:m^  —  nd. 


8.    Ifa:6: 

:  c:  a,                   —  =  — 

6     rf 

a^3     c . 3 

2a  +  36     2c  +  3d 

26              2d 

^^2a  +  36     2c-\-Sd 
b                d 

Also, 

a     4     c      4 
b     Z     d     Z 

(1) 
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Dividing  (1)  by  (2). 


3a-46     3c-4<f 

36  3d     ' 

^3a  —  46     3c  —  4c?  /o\ 

or— ^— =  ^^  (2) 

2a  +  36     2c  +  3d 


3a-46     3c-4:d 
.'.  2a  +  36:3a-46::2c  +  3c?:3c-4d. 


9.    If  a:b:  :  c  :  d, 
By  squaring, 


a 
b 

c 
d 

6« 

d^ 

nd^ 

r. 

r. 

Let 

Then 

Hence,  ma^  =  m6V,  and  nc^  =  ncPr, 

rrw?  +  nc*  =  {mb^  +  nc?^)  r, 

J  ma?  +  nc*  a* 

and  — ; —  =  r  =  — • 

mb^^nd^  l^ 

.'.  ma*  +  n<?  :  m6*  +  7w:?*  :  :  a*  :  6^ 


10.   If  a :  6  -. :  c :  c?,  by  alternation,  a.  c\:b:  d. 

a     b 

m^     ^^T     ^^« 

c       rf 

•'•  <?~  d^' 

Also,  _  X  -  =  -J  X  - 

cede 

.  o!_a6_61 

'*  c''     cd      d^' 

ma?     nab     pi? 

m(?     ncd     pd^ 

md?  +  Tiab  +  p6*  _  pb'^  __  6* 

mc*  +  ncd  +pd'^     pd^     d^ 

.•.  ma*  -f  na6  +7)6*  :  m(?  +  ncd  -{-pd^  : :  6* :  d\ 
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11.  If 

aib.'.biCt 

by  compoeition, 

a  +  6:  a::b-\-e:d; 

by  alternation, 

a  +  b:b-\-c::a:b. 

12.    If  a:b::b:c. 

a     b 
b'^e 

Multiply  by  i 
b 

a*     ab 
b'"  be* 

OTa*:l^::ab:be, 

By  alternation. 

a*  :  ab :  :  l^ :  be. 

By  composition, 

a^-\-ab:ab::b*-^bc:be. 

By  alternation,    a*  +  ab':  bl*  -i- be  : :  ab  :  be. 
Cancelling  b  in  the  terms  of  last  ratio, 

a*  +  ab:b'^ -^be:  :a:  e. 


13.    If  a  :  ft  :  :  6  :  C,  l^  =  OC. 

Multiply  by  (a  —  e),       ab*  —  ft'c  =-  a^c  —  (u^. 
Add  2abc  to  both  sides, 

oft*  +  2aftc  —  ft'c  =  a*c  +  2abe  —  a<?. 
Transpose  —  ft'c  and  —  oc*, 

oft*  +  2aftc  +  oc*  =  a'c  +  2oftc  +  ft'c, 
or  a{ft»  +  2ftc  +  c*)  =  c{a*  +  2oft  +  ft»). 
or  a(ft  +  c)'  =  c(o  +  ft)'. 

Divide  by  e(b  +  c)«,  5^  =  (o+il', 

or  a  :  c  :  :  (a  +  ft)*  :  (ft  +  c)'. 


14.  When  a,  ft,  and  c  are  proportionals,  and  a  the  greatest, 
show  that  a  +  c  >  2  ft. 

a  :  ft  :  :  ft  :  C. 

Since  7  =  -  aiid  a  >  ft, 

ft      c 

.*.  ft>c. 

Also,  since  by  division      ""    =  — ^  and  ft  >  c, 

ft  c 

.'.  a—  b>b~  c. 

By  adding,  ft  +  c  =  ft  +  c, 

a+c>2ft. 
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16.  If  - — ?  =  ? — -  =  ~ — ?,  and  a;,  y,  z  are  unequal,  then  Z  +  wi 
I  m  n 

+  11  =  0. 

Let  — -i  =  r,    ^^ =  r,     =  r. 

Then  x  —  y  =  lr, 

y  —  z  =  mr, 
z  —  x  =  nr. 
X  —  y+y  —  z  +  2  —  a;  =  (Z  +  m  +  n)r, 

or  0  =  (Z  +  m  +  n)  r. 
.•.  Z  + m  +  n  =  0. 

16.  Find  X  when         a;  +  5:  2x-3  : :  5a?  +  l  :  3a?-3. 
Equate  the  product  of  the  means  and  the  product  of  the 

extremes,         lOa:«  _  13x -  3  =  3x»  +  12a;  - 15, 

7a;«-25ar  =  -12, 
196  a? -()  + 625  =  289, 
14x-25  =  i:17, 
14a?  =  42  or  8. 
.••  a;=  3  or  ^. 

17.  Find  a;  when         a;  +  a:  2a;  — J  : :  3a;  +  6:  4a:  — a. 

ar  +  g  ^Zx-\-h 
2x  —  b     4iX  —  a 
Clear  of  fractions,  4  a?  +  3aa;  +  a^  =  6x^ —  bx  —  b\ 

2a?-a;(3a  +  6)  =  (6«-a«), 
16a?-  {  )  +  (3a  +  6)«  =  a^  +  6ab  +  9b\ 
4a;  -  (3a  +  J)  =  ±  (a  +  36), 

4a;  =  4a  +  46  or  2a  —  26. 

.\  x  =  a  -hb  or^^-^^^ — 

2 

18.  Find  x  when 

^/x■\^^/b:  Vx—Vb:  :a:b. 

bVx  +  bVb  =  aVx  —  aVS, 

(a  -  6)  \/^  =  (a  +  6)\/6, 

^_(a  +  &)Vg 

a  —  b 
.  ^^(a^  +  2ab  -fy)5 
a»-2a6  +  6* 
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19.  Find  x  and  y  when  x :  27  : :  y :  9,  and  x :  27  : :  2 :  x  — y. 

X  :  27  :  :  y  :  9. 

.-.  aj=-3y  (1) 

« :27: :  2:x~y, 
.  •.  a:*  —  ay  =  54. 
Substitute  3y  for  a;,  9y«  -  3y*  =  64, 

6y»  =  54. 

.'.  y  =  ±3. 

Substitute  values  of  y  in  (1),  x==  ±9. 

20.  Find  x  and  y  when  x  +  y+l:x  +  y+2::6:7,  and  when 
y  +  2x:y  — 2x::  12x  +  6y  — 3:  6y  — 12x--l. 

a:  +  y  +  l:x  +  y-f2::6:7. 
By  division,  aj  +  y-f-l:l:;6:l. 

.-.  aj  +  y  +  1-6, 

or  a:  +  y  =  5  (1) 

y  +  2a;:y-2a;::  12x  +  r)y-3 :  0y-12x-l. 
By  composition  and  division, 

2y:4a;::  12y-4:24x-2, 
or  y:2x::6y-2:  12x-l. 
.*.  12xy  — y  =  12xy  —  4x. 

.-.  4x  =  y  (2) 

From  (1)  and  (2),  x  =  1, 

and  y  =  4. 

21.  Find  x  when 

x^  -  4  X  +  2  :  x' -  2  X  -  1  .  :  x«  -  4  X :  X*  -  2  X  -  2. 
By  alternation, 

X*  — 4x  +  2:  X*  — 4x: :  X*  — 2x  —  1:  x^—  2x—  2. 
By  divisi(H),  2:  .ts*  — 4x:  :  1 :  x*  — 2x— 2. 

.*.  2x'  — 4x  — 4  =  X*— 4x. 
.'.  x'  =  4. 
.'.   x  =  ±2. 

22.  A  railway  passenger  observes  that  a  train  passes  him, 
moving  in  the  opposite  direction,  in  2  seconds;  but  moving  in 
the  same  direction  with  him,  it  passes  him  in  30  seconds.  Com- 
pare  the  rates  of  the  two  trains. 
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Let  X  =  rate  of  the  faster  train, 

and  y  =  rate  of  the  slower  train. 

Then  x  -{- y  :  x  —  y  :  :30:2. 

By  composition  and  division, 

2a;:  23/::  32:  28. 

.  •.  x:y  ::S:*7. 

23.  A  and  B  trade  with,  different  sums.  A  gains  $200  and  B 
loses  $  50,  and  now  A's  stock :  B's : :  2 :  }.  But,  if  A  had  gained 
$  100  and  B  lost  $85,  their  stocks  would  have  been  as  15 : 3}^. 
Find  the  original  stock  of  each. 

Let  X  =  original  stock  of  A, 

and  y  =  original  stock  of  B. 

Then  ar  +  200:  y -50:  :  2:  }. 

Simplify,  a;  +  200  =  4y  -  200, 

a;_4y  =  -400  (1) 

Also,  a;  +  100  :  y  -  85 : :  15  :  3J. 

Simplify,  '      13a;  +  1300  =  60y  -  5100, 

13a; -60y  =  - 6400  (2) 

Multiply  (1)  by  15,   15  a;  -  60y  = -6000  (3) 

Subtract  (2)  from  (3),  2  a;  =  400. 

.-.  a;  =  200. 
200-4y  =  -400. 
.-.  y  =  150. 

24.  A  quantity  of  milk  is  increased  by  watering  in  the  ratio 
4:  5,  and  then  3  gallons  are  sold;  the  remainder  is  mixed  with 
3  quarts  of  water,  and  is  increased  in  the  ratio  6 :  7.  How  many 
gallons  of  milk  were  there  at  first? 

Let  X  =  number  of  quarts  of  milk  at  first, 

and  y  =  number  of  quarts  of  water  put  in  at  first. 

Then    x  -\-y  =  number  of  quarts  of  mixture  after  watering. 

.*.  a; :  a;  +  y  :  :  4  :  5, 

X         4 
or  =  -, 

x-\-y     5 

5a;  =  4a;  +  4y, 
a;  — 4y  =  0. 
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a:  +  y  —  12  =  number  of  quarts  in  remainder  before  watering. 
«  +  y  —   9  =«  number  of  quarts  in  remainder  after  watering. 

.  g+y-12^6 
a;  +  y-9  "  1 

7a:  +  7y  -  84  =  6«  +  6y  -  54. 

aj~4y-   0  (1) 

x+    y  =  30  (2) 

5y  =  30 
.-.  y  =  6. 
Substitute  value  of  y  in  (1), 

x  -  24  =  0. 
.  •.  X  =  24  quartA  or  0  gallons. 

25.  In  a  mile  race  between  a  bicycle  and  a  tricycle  their  rates 
were  as  5:4.  The  tricycle  had  half  a  minute  start,  but  was 
beaten  by  176  yards.    Find  the  rates  of  each. 

Let         X  =  number  of  yards  bicycle  goes  per  minute, 
and  y  =  number  of  yards  tricycle  goes  per  minute. 

X  :  y  :  :  5  :  4, 
4x  =  5y. 


4 


1584 


—  =  number  of  minutes  tricycle  was  going  after 


y        2         bicycle  started, 

=  number  of  minutes  bicycle  was  going. 

X 

1584     1  ^  1760 
y        2^    X   ' 

1584x-^  =  17G0y. 

3168x-xy  =  3520y. 
Substitute  ^  for  x,  5  y«  =  1760y. 

.-.  y  =  352, 
and  X  =  440. 
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26.  The  time  which  an  express-train  takes  to  travel  180  miles 
is  to  that  taken  by  an  ordinary  train  as  9 :  14.  The  ordinary 
train  loses  as  much  time  from  stopping  as  it  would  take  to  travel 
30  miles ;  the  express-train  loses  only  half  as  much  time  as  the 
other  by  stopping,  and  travels  15  miles  an  hour  faster.  What 
are  their  respective  rates? 

Let  y  =  number  of  miles  ordinary  train  goes  per  hour, 

and  y  +  15  =  number  of  miles  express- train  goes  per  hour. 

Then     ^M±^  =  number  of  hours  required  for  ordinary  train. 

Also. 1 —  =  number  of  hours  required  for  express -train. 

y  +  15     y 

180  +  30      180        15     ^,    ^ 

H : :  14 :  9. 


y       'y  +  15      y 

1890       2520       210 

= 1 , 

y      y  +  15      y 

1680      2520 
y    ~  y  +  15' 
1680y  +  25200  =  2520y. 
840y  =  25200. 
.-.  y  =  30. 
and  y  +  15  =  45. 

97.  A  ttoe  is  dirkied  into  two  parts  in  the  ratio  2 : 8,  and  into 
tw\>  ixjurtsi  in  the  ratio  $ :  4 ;  the  distance  between  the  points  of 
>^vUou  is  2.    Find  the  length  of  the  line. 

Let  X  =  one  part, 

and  y  =  the  other  part. 

.•.  X :  y : :  2 :  3. 

3a:  =  2y. 
3x-2y  =  0  (1) 

Also,  X  +  2:y-2::3:4, 

4x-3y  =  -14  (2) 

Multiply  (1)  by  3.  9x  -  6y  =  0 

Multiply  (2)  by  2,  8x  -  6y  =  -  28 

Subtract,  x  =28 

Substitute  value  of  x  in  (1),  2y  =  84, 

y  =  42. 
.•.  X  +  y  =  70. 
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28.  When  a,  &,  e,  d  are  proportional  and  unequal,  show  that 
no  namber  x  can  be  fonnd  snch  that  a  +  x^b  +  XyC  +  x,  d+x  shall 
be  proportionals. 

If  a  :  6  :  :  C  :  d,  Qd~ht\ 

and  if  a  +  x:&  +  x::e  +  z:<2  +  x, 

ad  +  daj  +  aaj  +  aB'  =  6c  +  c»  +  6«  +  a'. 
Transpose,  and  cancel  a:', 

aab  —  hx  —  cx^dx^hc'-  ad. 
Bat  ad  »  he. 

.-.  a!(a  — 6  — c  +  d)  — 0. 

,«.  05  =-0. 
EXEBCISB    108. 

1.  If  ^  00 By  and  ^  =  4  when  B=  6,  find  ^  when  B  =  13. 
Here  A  =  m5,  or  m  —  --•       .•.  m  -  }. 

And  if  ^  and  12  are  snbstituted  for  m  and  B^ 

^  =  |Xl2  =  9f. 

2.  If  j1  00 By  and  when  £=  },  ^  =  },  find  A  when  i?  =  }. 
Here  il=»m5,  or  m=»-- •  .*.  m=»|. 
Snbstitiite  f  for  m,  and  \  for  ^, 

3.  If  A  vary  jointly  as  B  and  C,  and  3, 4,  6  be  simultaneons 
values  of  -4,  5,  C,  find  -4  when  -B  =  C=  10. 

Here  A^^mBC,  or  wi=«-— ■• 

Snbstitnte  3  for  il,  4  and  5  for  B  and  C, 

Then,  il «  ^  X  10  X  10  =  15. 

4.  If     00  i,  and  when  .4  =  10,  5  =  2,  find  the  value  of  B  when 
^  =  4.  ^ 

Here  -^  =  ^'  ^^  rn^AB.        .-.  m-20. 


Substitate  values  of  m  and  il, 

20 
B 


4  =  20.  ,.  5^5. 
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5.  If^Qc:?,  and  when  ^=6,  J?  =  4,  and  0=3,  find  the  value 

o 
of  A  when  B-h  and  C=  7. 

Here  ^  =  ^' 

4m  =  18. 
.  •.  m  =  4J. 
Substitute  value  of  B,  C,  and  m, 

6.  If  the  square  of  X  vary  as  the  cube  of  F,  and  X~  3  when 
Y—  4,  find  the  equation  between  Xand  Y, 

Here  X«  =  m  F*, 

X» 

.•.  m  =  ^j. 
Substitute  value  of  m,         X'  =  ^j  F* , 

64X«  =  9y». 

7.  If  the  square  of  X  vary  inversely  as  the  cube  of  F,  and 
X=  2  when  F=  3,  find  the  equation  between  Xand  Y. 

Here  ^'  =  -S»' 

m=x»r». 

.-.  m=108. 
Substitute  value  of  m,         X*  =  -— — • 

yn 

8.  If  Z  vary  as  X  directly  and  y  inversely,  and  if  when  Z  =  2, 
X=  3,  and  Y-  4,  find  the  value  of  Z  when  X=  15  and  r=  8. 

Zoc^. 
F 

Here  Z=^. 

ZF 

m  =  _. 

.•.m  =  f  =  2J. 

Substitute  values  of  m,  X,  and  F^ 

^_2fxl5 

8 
.-.  Z=5. 
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9.  ItAccB-\-c  where  c  is  constant,  and  ifA  =  2  when  B  =  1, 
and  if  ^=  5  when  JB  =  2,  find  A  when  B=S, 

As  A='  mB  +  c. 

Substitute  first  values  of  A  and  B, 

2  =  m  +  c  (1) 

Substitute  second  values  of  A  and  B, 

6«2to  +  c  (2) 

Subtract  (1)  from  (2),        m  »  3. 
Whence,  from  (1),  c  =-  —  1. 

But  il  =  mB  +  c. 

Substitute  for  m,  jS,  and  c  their  values  3,  3,  and  —1, 

il  =  8. 

10.  The  velocity  acquired  by  a  stone  falling  fW>m  rest  varies 
as  the  time  of  falling;  and  tiie  distance  fallen  varies  as  the 
square  of  the  time.  If  it  be  found  that  in  3  sccolids  a  stone  has 
fallen  145  feet,  and  acquired  a  velocity  of  9CJ  feet  per  second, 
find  the  velocity  and  distance  at  the  end  of  5  seconds. 

Let  V  —  velocity, 

r=  time, 
d  »  distance. 
Then  vccT, 

and  dccT^. 

Let  v^mT. 

Substitute  96}  for  v  and  3  for  T, 

96f  =  3m. 
...  m  =  ip. 
When  r=.  5,  «  =  2|Q  x  5  =  161^. 

Let*  d  =  mT^. 

.'.  145  =  3«m. 

When  r=  5.  rf  =  i^  X  5»  =  402J. 

11.  If  a  heavier  weight  draw  up  a  lighter  one  by  means  of  a 
string  passing  over  a  fixed  wheel,  the  space  described  in  a  given 
time  will  vary  directly  as  the  difference  between  the  weights,  and 
inversely  as  their  sum.  If  9  ounces  draw  7  ounces  through  8 
feet  in  2  seconds,  how  high  will  12  ounces  draw  9  ounces  in  the 
same  time? 
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Let  X  =  heavy  weight, 

y  =  light  weight, 
z  =  space. 
x-y 


2CC 

x+y 
^     {x~y)m 
x  +  y 
z(x  +  y) 
x-y 

Substitute  values,  m  =  ^    "^  j  ♦ 

9-7 

.'.  m  =  64. 

12-9 

3 
7z  =  64. 

.-.  2  =  9f 


12.  The  space  will  vary  also  as  the  square  of  the  time.  Find 
the  space  in  Example  11,  if  the  time  in  the  latter  case  be  3 
seconds. 

We  have  from  last  example,  9f  feet  for  2  seconds. 
Since  space  varies  as  square  of  time,  we  have 

9^  :  a; : :  2«  :  3«. 
.•.4a;  =  9x^^, 

»20f. 

20f  feet.  Aiu. 

13.  Equal  volumes  of  iron  and  copper  are  found  to  weigh  77 
and  89  ounces  respectively.  Find  the  weight  of  10}  feet  of  round 
copper  rod  when  9  inches  of  iron  rod  of  the  same  diameter  weigh 
Bl^jf  ounces. 


teachers'  edition.  401 


Let      X  =  required  weight. 

9  inches  =  f  of  a  foot. 

If  I  of  a  foot  weigh  31.9  ounces,  J  of  a  foot  would  weigh  lO.OSJ 

ounces,  and  10}  feet  would  weigh  446.60  ounces. 

And,  as  equal  volumes  of  iron  and  copper  weigh  77  and  89 

ounces  respectively, 

77  :  89  : :  446f  :  x. 

.*.  X  «-  516|  ounces. 

14.  The  .square  of  the  time  of  a  plauct*8  revolution  varies  as 
the  cube  of  its  distance  from  the  son.  The  distances  of  the 
Earth  and  Mercury  from  the  sun  being  91  and  35  millions  of 
miles,  find  in  days  the  time  of  Mercury's  revolution. 

Let  X  ==>  tiino  of  Mercury's  revolution. 

918 :  35s  .  .  p  .  jJ, 

13»  :  5»  :  :  1  :  a:». 
Whence,  a:'  =  .050895. 

.•.a?"  .238,  time  in  years, 
=s  87.1,  time  in  days. 

15.  A  spherical  iron  shell  1  foot  in  diameter  weighs  J\^  of 
what  it  would  weigh  if  solid.  Find  the  tliickness  of  the  metal, 
it  being  known  that  the  volume  of  a  sphere  varies  as  the  cube  of 
its  diameter. 

Let    D  =»  diameter  of  shell, 

(2  =  diameter  of  sphere  required  to  fill  the  shell, 
and  1  represent  the  weight  of  iron  sphere  having  diameter  =  D. 

Then  1  —  ^^  will  represent  the  weight  of  iron  sphere  having 
diameter  =  d. 

Now  the  weights  vary  as  the  cubes  of  their  diameters. 

That  is,  D»  :  rf»  :  :  1  :  IfJ  ; 

£>i,  by  extracting  the  cube*root  of  each  term, 

i)  :  d  :  :  1  :  f , 
or  d=iD. 
Since  the  thickness  of  the  shell     ~i(D  —  d), 
the  thickness  of  the  shell  =  i(l  —  J)  =  A- 

Hence,  the  thickness  of  the  shell  is  ^^  of  a  foot,  =  1  inch. 
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16.  The  volume  of  a  sphere  varies  as  the  cube  of  its  diameter. 
Compare  the  volume  of  a  sphere  G  inches  in  diameter  with  the 
sam  of  the  volumes  of  three  spheres  whose  diameters  are  3,  4,  5 

Inches  respectively. 

Let  X  =  volume  of  first  sphere, 

and  y  =  sum  of  volume  of  other  three. 

Then  x:y::(6f:  (3)»  +  (4)»  +  (5)», 

X  :  y  :  :  216  :  216. 
Therefore,  the  ratio  Is  a  ratio  of  equality. 

17.  Two  circular  gold  plates,  each  an  inch  thick,  the  diame- 
ters of  which  are  6  Inches  and  8  inches  respectively,  are  melted 
and  formed  into  a  singular  circular  plate  1  inch  thick.  Find  its 
diameter,  having  given  that  the  area  of  a  circle  varies  as  the 
square  of  its  diameter. 

Let    Oi  =  area  of  gold  plate  6  inches  in  diameter, 
Oj  =  area  of  gold  plate  8  inches  in  diameter, 
a,  =  area  of  gold  plate  formed  from  the  other  two  plates, 
and        X  =  diameter  required. 

Then  a^  +  a,  :  a,  : :  6«  +  8' :  a:». 

Since  the  first  ratio  is  a  ratio  of  equality,  the  second  is  also. 
Therefore,        a:*  =  6«  +  8«  =  100. 

.-.a;  =10. 

18.  The  volume  of  a  pyramid  varies  jointly  as  the  area  of  its 
base  and  its  altitude.  A  pyramid,  the  base  of  which  is  9  feet 
square,  and  the  height  of  which  is  10  feet,  is  found  to  contain  10 
cubic  yards.  What  must  be  the  height  of  a  pyramid  upon  a  base 
3  feet  square,  in  order  that  it  may  contain  2  cubic  yards? 

Let  V  =  volume, 

b  ■■=  area  of  base, 
and  a  =  altitude. 

Then  v  oc  ba, 

v  =  mba  (1) 

V 

7n  =  7— 
ba 

When  v  =  10  cubic  yards  =  270  cubic  feet, 

5  =  9x9  =  81  square  feet, 

and  a  =  10  feet. 

Then  .m  =  ^  =  HJ  =  J. 

From  (1),  a  =  ~ 

mb 

When  wi  =  J, 

V  =  2  cubic  yards  =  54  cubic  feet, 
ft  =  3  X  3  =  9  square  feet. 

Then  a=^=V  =  18. 

mb     ^ 
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Page  298. 
1. 

The  series  is  a,  '^  +  rf,  a  +  2  d 

.*.  nth  term  is         a  +  (u  —  l)d. 
Let  I  denote  last  or  nth  term 
Then  /  =  a  +  (n-J)^. 

2. 

l  =  a  f  (71-  !)<£. 

Z  =  a  +  nrf  —  J, 

nrf  =  Z  —  a  +  rf, 

Z  -  «  +  t/ 
n  = 1 


a  =  |(a  +  0. 


2«  =  n(a  +  Q, 

2s 
n  = . 

2s       l-a-\^d 


a-V  I  d 

Simplify,  2«<Z=  P-  a»  -f  at/  +  W, 

Z*  +  <iZ=2scZ  +  a«-ac?. 
Complete  the  square, 

4i»  +  (  )  +  d»  =  8s<£^4a'-4arf  +  rf«. 

Extract  the  root,    2  Z  +  d  =  ±  V«  s(i  +  4  g'^  -  4  a<f  +  rf*. 

4 

3.  s  =  !i(a  +  0,  -*•       ^  =  «  +  (— 1)^     (1) 

2        ^  «  =  |(a  +  /)  (2) 

2s  =  na  +  nZ. 
2s     , 
n 
Substitute  value  of  a  in  (1), 
s   .  (n-l)d 


28  = 

na  + 

nZ. 

Transpose, 
28  — 7ia  = 

nZ. 

.-.  Z  = 

2s- 

n 

na 

.-.  l^ 

2s 

a. 
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5. 

l==a  +  {n-l)d  (1) 

s  =  |(a  +  0  (2) 


Substitute  in  (2)  a-\-{n-l)d  for  l. 


2 

From  (1),  l=a  +  nd—d. 

From  (2),  28  =  7ia-\-nl 

l  —  a-\-d 


3-|[2a  +  {n-l)c?]. 


6. 

l  =  a  +  {n-l)d  (1) 

8  =  ^(a  +  Q  (2) 


»   »    lit  — 

d 

and  n-= 

28 

l_ 

-a-\-  d 

2s 

d  a  +  l 

I*  —  a^  +  ad  +  dl  =  28d. 

P  -  a^ -^  ad -{■  (U 
2d 

P-a"^  .  l  +  a 


or  8 


2d 


7. 

«=-     a      +(a  +  d)-\-(a  +  2d)  + +(l-d) -\-l 

or    8=      i      +(l  ~-d)+(l  -2d)  + +{a-\-d)  +  a 

.'.  2«  =  (a  +  0  +  (a  +  0  +  («  +  0      + +  (a  +  0  +  (a  +  Q 

28  =  n(a  +  Q. 

...  s  =  ^(^  +  Q. 
2 
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8. 

Z=,o  +  (n-l)rf 
«  =  Jn(a  +  /) 
From(l),  a  =  /-(n-l)<i. 

From  (2),  a  =  ^IzJl 

Then  '     28:zi5  =  z.(n-l)d, 

n 

2«  =  2/n-(n-l)rfn. 
.-.  «=}n[2Z-(n-l)d]. 

/-a  +  (n  — l)d 
Transposing,  a  =  Z  —  (n  —  1)  d. 

10. 

2  =  a  +(n  — l)rf, 
a  =  J  n  (a  +  Z). 
From  (2),  2«  =  na  +  nZ. 

,     2  «  —  na 

n 

,       -.  ,     2«  —na 

.*.  a  +  {n  — l)tf  = 

w 

na  +  rfn'  —  rfn  =  2«  —  na, 

2na  =  2«  —  rfn'  +  dn. 

s     (n-l)d 

n  2 

11. 

Z  =  a  +  (n  —  1)  6?, 

dn  =  i  —  a  +  d, 

'l  —  a-^d 
n —. 

«  =  Jn(a  +  Q, 
2«  =  na  +  nZ, 

*!         2« 

a  +  Z 
Z  — a  +  d    '  2« 


s 


d  a  +  Z 

/.  P  —  a'  +  ad  +  Zd  =  2efe. 

a«-ad=P  +  Zd-2d8, 

q*-()  +  a^)'  =  P  +  ^-2d8  4-(H)'. 

.-.  a  =  }d±V(Z  +  id)»-2d». 
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12.  15. 

«  =  Jn(a  +  0.  l  =  a  +  {n-l)d. 

9  .'.  n= — —  +  1. 

Multiply  by  =,  <^ 


n 


a  +  i 


.•.  a  = *.  .•. — -— +1  = 


n  d  a  +  l 

.•.  P— a' +  (Ki  +  c?Z  =  2<fe. 

.'.    2ds  — oc?  —  <K  =  i*  — a'. 

.-.     d(28-l-a)  =  l*-a\ 
13.  ^^    22_ai 


a  =  l-(n-l)d,  2s~l-a 

d(n-l)  =  l-a. 

16. 

•"•"^^^r^l*  Z  =  a  +  (n-l)d: 

.•.  a  =  Z  — (ti— l)dL 

s  =  Jn(a  +  Z). 

2s-?» 


.'.  a  = 


14. 


71 

I     /        i\j     28— In 
,  ,       -V,         .'.  t  — (n  — l)a  = 

8  =  in(a  +  0,  ?n-  dn«  4-  dn  =  28-ln, 

28  =  an  +  nZ.  -dn' +  dn=  2s- 2?n. 


,     28  — an  o>7        N 


.*.  a  +  nd  — (i  = 


n 

2s  — an 
n 


rf(n-l)n  =  2(Zn-s). 
n(n  — 1) 

17. 


an  +  n'(i  —  n(i  =  2s  —  an, 

nM  — n<x  =  2s  — 2an,  ,  \        ^^ 

t  =  a  +  an  —  a, 

rf(n«-n)  =  2(8-an).  rfn=Z-a+<i. 

.  ,7     2(s— an)  l-a     , 

n(n  — 1)  d 
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18. 

i  =  a  +  (n-l)cl  (1) 

s-.Jn(a  +  0  (2) 

From  (2),  I  =  —  -  a. 

an  +  e2*n  —  cf»  =»  2«  —  a«, 
dn«  +  n(2a-d)«2«. 

Complete  the  square, 

4d V 4-  ( )  +  (2a  -  rfy  -  (2a  -  d)"  +  8 A. 

Extract  the  root, 

2dn  -f  (2a  -  rf)  =  dbV(2a-rf)'4^8A, 

2dn  -  d  -  2a  i:\/(2a  -  rff  +  8  A. 
d~2oi:V(2a-<2)«-f  8di 
•'•**"  2d 

19. 

«  =  Jn(a  +  0, 

2«  =  an  +  Zn. 

2s 
.•.n  =  - 

Z  +  a 
20. 


2  =  a  +  (n-l)rf 

(1) 

«  =  Jn(a  +  0 

(2) 

From  (1).                           «  =  f^-  i^- 1)  ^• 

2«— Zn 
From  (2)                             « jj — ' 

.•.Z-(n^l)d=      ^     • 

.-.  /n-<fn*  +  rfn  =  2«-Zn, 

dn»-(2Z  +  d)n=-2«, 

4(fW - ( )  +  (22  +  d)»  =  (22  +  rf)«  - 8d8, 

2<2n  -  (2Z  +  d)  =  V(22  +  (2)^  -  8  d8. 

22+d±V(22  +  d)«- 

-8(28 

2d 
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109. 

1.  Viad  the  tkaitDmQk  tenn  of  5,  9, 13 

■mth  tarn  of  —3,  - 1, 1 

teaHi  temi  of  — 2,  — 5,  — 8 

de^hth  term  of  a,  a +  35,  a +65 

flfbeenthtennof  1,  f,  f 

thirteentli  tenn  of  —48,  —44,  —40 

(1)  |  =  «  +  (n-l)<  (4)     Z  =  a  +  (n-l)rf. 

1  =  5 +  (13-1)4.  Z  =  a  +  (8-l)(35). 

.-.  i-53.  .-.  Z  =  a  +  216. 

(2)  I  =  o  +  (»-l)d;  (5)     Z=-a  +  (n-l)d, 

Z  =  -3  +  (9-l)2.  i  =  l+(i5-l)(-f). 

.%Z-13.  .-.  Z  =  -l. 

(3)  i  =  a  +  (n-l)d;  (6)     Z  =  a  +  (n-l)(f, 

Z=  -2  +  (10-l)(-3).  Z  =  -48  +  (13  -  1)(4). 

.-.  Z  =  -29.  .'.1  =  0. 


2.  The  first  term  of  an  arithmetical  series  is  3,  the  thirteenth 
term  is  55.    Find  the  common  difference. 

d     ^-« 


d 


n-1 
55-3 


13-1 


3.  Find  the  arithmetical  meiui  between: 
(tt)  3  and  12;   (5)  —5  and  17;   (c)  a'  +  a5  — 5'and  «•- a5  +  5*. 

(a)       il-a-5-il.  (b)  A  +  b  =  n-A, 

2  A  =  12. 
.-.-A  =  6. 

(c)  -4-(a«  +  a5-5») 

=  (a«-a5+5n-^ 

2il  =  2a«. 


il 

—  a' 

-5- 

A. 

« 
• 

.A 

a  + 
2 

h 

A 

-3 

-12- 

-A, 

3^ 

-•  15. 

»• 

..4 

•7*. 
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4.   Insert  three  arithmetical  means  between  1  and  19,  and 
four  means  between  —4  and  17. 

(1)  ^.d. 

m-f  1 

3  +  1         ^ 

.*.  series  is  1,  5^,  10, 14},  19. 

(2)^-4i. 

4  +  1 

.-.  series  is  -4,  J,  4f,  8 J,  12}.  17. 

5.  The  first  term  of  a  series  is  2,  and  the  common  difference  j. 

What  term  will  be  10? 

Z  =  a+  (n-l)(/. 

.-.  10  =  2+J(n-1). 

3 

.-.  n-25. 

6.  The  seventh  terra  of  a  series,  whose  common  difference  Is 
3,  is  11.    Find  the  first  term. 

a  =  l  —  {n—  \)d, 
a  =11 -(7 -1)3. 
.•.  a=  —  7. 

7.  Find  the  sum  of 

6  +  8+11+ to  ten  terms. 

—  4  —  1  +  2+ to  seven  terms. 

a  +  4a  +  7a  + to  n  terms. 

i  +  A  +  A  + ^  twenty-one  terms. 

i  +  2J  +  4J  +.....  to  twenty  terms. 

(1)  a  =  in[2a  +  (n-l)(£],  (3)  s  =  }n[2a +  (n- 1)4], 
8  =  5(10  +  27),  «  =  }n  [2a  +  (n  -  l)?>al 
8  =  6x37,  8^in{Zan-a), 
8=185.  8  =  Jan(3n-l). 

(2)  8  =  }n[2a  +  (n-l)cZ],  (4)  8  =  Jn[2a +  (n- !)(£], 

8=j(-8+i8),  «=¥a-4). 

8  =  Jxl0,  «  =  -¥-x(-}). 
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(6)    f  =  }n  [2a +  (n -!)«?]. 
B  =  10(2  +  31i), 
»  =  10  X  33§. 
1  =  3361. 


8.  The  sam  of  six  numbers  of  an  arithmetical  series  is  27,  and 
the  first  teim  ia  1.    Determine  the  series. 


7      2« 

«= a. 

n 

Then 

.-.  I  =  8. 

i  =  a  +  (n-l)d 

Sulii:titate, 

8  =  l+(5)d. 
d=lf. 

Hence,  the 

series  is  1, 

2f ,  3|.  5i.  6f ,  8. 

9.   How  many  terms  of  the  series  —6  —  2+1+ mast  be 

taken  so  that  their  sum  may  be  63  ? 

Z  =  a  +  (n-l)d 
Substitute.  i  =  _  5  +  (n  -  1)  3. 

.-.  /  =  3n-8 
Substitute  values  in  8  =  in{a-\-l). 

63  =  }n(-5  +  3n-8), 
126  =  3n*-13n. 
3n«-13n-126. 
Multiply  by  12.    36n«  -  156n  =  1512. 
Complete  the  square. 

36n»-()  + 169  =  1681. 
Extract  the  root,  6n  — 13  =  ±41, 

6n  =  54. 
.%  w  =  9. 
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10.  The  first  tenn  is  12,  and  the  sum  of  ten  tenns  Is  10.  Find 
the  last  tenn. 

s  =  J  n  (a  +  0,  # 

i  =  a  +  (n~l)d. 
.-.  «  =  }n[2a  +  (n-l)d). 
10  =  5(24 +  9d), 
10  =  120  + 45  d, 
45rf=-110. 
d=-2|. 
Since  i  =»  a  +  (n  —  1)  d, 

Z-12  +  (9)(-2|). 
Z- 12-22, 
«  =  -10. 

11.  The  arithmetical  mean  between  two  numbers  is  10,  and 
the  mean  between  the  doable  of  the  first  and  the  triple  of  the 
second  is  27.    Find  the  numbers. 

Let  X  =  one  number, 

y  =  the  other  number, 
a?,  10,  y  =  the  series, 
2a;,  27,  3y  =»  the  series. 
Hence,  10  -  x  =  y  -  10  (1) 

27-2a;  =  3y-27  (2) 

From  (1),  a?  4-  y  =  20  (3) 

From  (2),  2.i;  +  3y  =  54  (4) 

Multiply  (3)  by  2,   2x  +  2y  =  40 
(4)  is  2.T  +  3y  =  54 

.-.  y  =  14 

Multiply  (3)  by  3,  3a;  +  3y  =  60 
(4)  is  2a;-f  3y  =  54 

.'.  a:=    6 


12.  Find  the  middle  term  of  eleven  terms  whose  sum  is  66. 

2 


_    ,    7 

Let  — ^  =  middle  term. 


8  =  J  n  (o  +  Q. 
Substitute  values  of  s  and  n, 

66  =  V(«  +  0- 
,-.  a+  ?  =  12. 

Hence,  the  middle  term  is  6. 
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13.  The  first  tenn  of  an  arithmetical  series  is  2,  the  comnion 
difference  is  7,  and  the  last  term  79.    Find  the  number  of  terms. 

Let  Z  =  a+(n  — l)d 

Substitute  values,  79  =  2  +  (n  -  1)  7. 

79  =  24-7n-7, 
7n  =  84. 
.-.  n  =  12. 


14.  The  sum  of  fifteen  terms  of  an  arithmetical  series  is  600^ 
and  the  common  difference  is  5.    Find  the  first  term. 

rd  =  2s  — na^ 
2b— na 


1  = 


.\a  +  {n  —  l)d  = 


n 

28  — na 


n 


na  +  c?n*  —  dn=28  —  na, 

2na  =  2«  —  dn^  +  dn. 

71  2 

...a-600     (15-l)cf 
15  2 

=  40-^35  =  5. 


15.  Insert  ten  arithmetical  means  between  —  7  and  114. 

l  =  a  +  {n-l)d, 
Z-a  =  (n-l)d, 

n-1 
.-.  114  =  -7  +  (12-l)d; 
121  =  11  d. 

.-.  d=n. 

Hence,  the  means  are  4,  15,  26, ..... 
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16.  The  sum  of  three  numbers  in  arithmetical  progrrasion  is 
15,  and  the  snm  of  their  squares  is  83.    Find  the  numbers. 

Let  «  —  y,  ».  »  +  y  =  the  numbeni. 

Then     (»  -  y)  +  a?  +  (a?  +  y)  - 15, 

3«  =  15. 
.'.  »  =  5. 
(a;  -  y)»  4-  a:*  +  (a;  +  y)«  =  83, 
3aj»  +  2y»  =  83. 
Substitute  5  for  x,  2y*  =  8, 

y«  =  4. 

.-.  y  -  ±  2. 
X— y  =  3  or  7, 

x  =  5. 
X  +  y  =  7  or  3. 

17.  Arithmetical  means  are  inserted  between  5  and  $3,  so  that 
the  sum  of  tlie  first  two  is  to  the  sum  of  the  last  two  a^s  2  is  to  5. 
How  many  means  are  mserted? 

Lot  X  =  number  of  nutans. 

Then  x  +  2  =  number  of  UTras. 

Z  =  o  +  (n  —  1 )  rf, 
23  =  5  +  (a;  +  2-l)(i. 
23-5  =  da;  f  rf. 
dx  + J=18. 
If  d  equal  common  difference, 

b  +  d  and  5  4-  2(/  =  fiist  and  second  mcaiu. 
23  —  d  and  23  —  2f/  =  last  two  means. 
Then  5  -\-  d  -^  5  +  2d .  23  -  d^2S  ~  2d: :  2  :  5, 

50-\-\5d-=92-ed, 
21(/=42. 
.-.  d==2. 
Substitute  value  ofdin  dx  -^  d=lS, 

2x'=18-2. 
.'.x  =  S. 

18.  Find  three  numbers  of  an  arithmetical  series  whose  sum 
shall  be  21,  and  the  sum  of  the  first  and  second  shall-  be  |  of  the 
sum  of  the  second  and  third. 


414 

A1.GEBRA. 

Lei 

x-y 

=  first  number, 

X- 

=  second  number, 

and 

x-\-y- 

=  third  number. 

.    Then 

x—y-\-x-\-x-\-y  = 

=  21. 

Zx- 

=  21. 

.-.  X- 

=  7. 

x  —  y  +  x  = 

=  i(a?  +  x  +  y). 

8a;-4y  = 

=  6a:  +  3y. 

7y  = 

=  14. 

''-y 

=  2. 

Hence, 

the  numbers  are  5,  7, 

and  9. 

19.  Find  three  numbers  whose  common  difference  is  1,  such 
that  the  product  of  the  second  and  thhrd  exceeds  that  of  the  first 
and  second  by  }. 

Let  x  —  \  =  first  number, 

X  =  second  number, 
and  x  +  1  =  third  number. 

Then  ii^  —  x-\-\  =  3?-\-x. 

Hence,  the  numbers  are  —  j,  J,  IJ. 


20.  How  many  terms  of  the  series  1,  4,  7, must  be  taken, 

in  order  that  the  sum  of  tlie  first  half  may  bear  to  the  sum  of  the 
second  half  the  ratio  10 :  31? 

Let  2x  =  whole  number  of  terms. 

Then  x  =  half  the  number  of  terms. 
From  the  formulas,  i=a  +  (n  —  l)ci, 

and  8 '^  ^n{a -\- J). 

For  the  first  half  of  the  terms, 

i  =  3a;-2, 

s  =  \xifix—  1). 

For  the  second  half  of  the  terms, 

a  =  3a;-2+3  =  3'x  +  l. 
.-.  i  =  3a:  +  l  +  (aj-l)3  =  6a;-2, 
and  8  =  Ja;(9a;— 1). 

But  Ja:(3a;-1) :  }a;(9a;  -  1) :  :  10  :  31, 
or  3a:-l:9a;-l::10:31. 

.-.  93aj-31  =  90a;-10, 
3a;  =21, 
a;  =  7. 

Hence,  the  whole  number  of  terms  is  14. 
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21.  A  travels  uniformly  20  miles  a  day ;  B  starts  three  days 
later,  and  travels  8  miles  the  first  day,  12  the  second,  and  so  on, 
in  arithmetical  progression.    In  how  many  days  will  B  overtake 

A? 

Let  X  =  number  of  days  B  travels. 

Since  A  travels  20  miles  a  day, 

20a:  +  60  =  number  of  miles  A  iruvels. 

1=  a  f  (n-  l)c/, 
/-8  +  (j;-l)4. 
/-4x  +  4. 

Hence,  B  travels  (4x  +•  4)  miles  the  last  day. 

-lx(8  +  4x  +  4). 
.-.  20x  +  G0=  4x(8  +  4x  +  4), 
40x+  120-4x»  +  12x. 
Multiply  by  4,  l(.x»  -  112x  =  480. 

Complete  tlie  square,  16x*-()  +196  =  676. 
Extract  the  root,  4x  —  14  =  i  26, 

4  X  -  40. 
.-.  x-10. 


22.   A  nnmber  consists  of  three  digits  which  arc  hi  aritlimeti- 

cal  progression;    and  this  number  divided  by  the  sum  of  its 

digits  is  equal  to  2G;  but  if  108  be  added  to  it,  tlie  digits  in  tlio 

units'  and  hundreds'  places  will  be  interchanged.     Hequired  the 

number. 

Let  X  —  y  =  digit  in  hundreds*  place, 

X  =  digit  in  tens'  place, 

and  X  +  y  =  digit  in  unit«'  place. 

Thenl00(x-y)+10x  +  (x  +  y)+198  =  100(x+y)+10x+(x-y)     (1) 

100(x-y)  +  10x  +  (x  +  y)  ^  o^  ,ov 

3  X  • 

From(l),  -198y  =  -198. 

.-.  y=l. 
Substitute  value  of  y  in  (2), 

(lOOx  -  100)  +  lOx  -f-  (x  +  1)     og 

3x 

33x  =  99. 

•  *•  X  =  o. 

ar-y  =  2. 
x  =  3, 
X  +  y  =  4. 
Hence,  the  number  is  234. 
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23.  The  sum  of  the  squares  of  the  extremes  of  four  numbers 
in  arithmetical  progression  is  200,  and  the  sum  of  the  squares  of 
the  means  is  136.    What  are  the  numbers? 

Let        a?  —  3y,  x  —  y,  x  +  y,  a;  +  3y  =  the  numbers. 

Then  2x2  +  18y«  =  200  (1) 

2x'+    2y«  =  136  (2) 

'  16y«=    64 

y«  =  4. 
.-.  y  =  ±2. 
Substitute  value  of  y  in  (2),  x^  =  64. 

.*.  jp  =  ±  8. 
Hence,  the  numbers  are  2,  6,  10,  14. 

24.  Show  that,  if  any  even  number  of  terms  of  the  series  1, 

3,  5, be  taken,  the  sum  of  the  first  half  is  to  the  sum  of  the 

second  half  in  the  ratio  1 :  3. 

Let  2n  =  whole  number  of  terms. 

Then,  for  n  terms,  1  =  a +  {n—l)d=2n —1, 

8  =  in{a  +  1)  =  n\ 

For  the  i^ext  n  terms,         a  =  2n  +  1. 

.-.  Z  =  (2ri  +  l)  +  (n-l)«  =  4n-l, 

5  =  Jn(2n  + 1 +4n-l)  =  3n». 

But  n»;3n^:l:3. 

25.  A  and  B  set  out  at  the  same  time  to  meet  each  other  f^om 
two  places  343  miles  apart.  Their  daily  journeys  are  in  arith- 
metical progression,  A's  increase  being  2  miles  each  day,  and  B's 
decrease  being  6  miles  each  day.  On  the  day  at  the  end  of  which 
they  met,  each  travelled  exactly  20  miles.  Find  the  duration  of 
the  journey. 

Let  n  =  number  of  days  they  travelled. 

8  =  in{a  +  I)  =  in[2a  -^  {n  —  l)d] 
=  Jn[40  +  (n-l)    (-2)] 
=  Jn(40-2n  +  2) 
-» 21  w  —  71?  (distance  A  travelled). 
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<»}n(a  +  /)»in[2a-f(n-l)d] 
-ln[40  +  (n-l)6] 
-Jn(40  +  6n-6) 

=  ^"^^"*  (difitonce  B  travelledX 

2 
42n  ^  2n»  +  36n  +  5n«  -  686. 
3n«  +  77n-686, 
36n«  +  ()  +  (77)«- 14161. 
6n  +  77  =  ±  119. 

6n  =.  42  or  - 196. 
.'.  n=  7. 

26.  Suppose  that  a  body  falls  through  a  space  of  16^  feet  in 

the  first  secon<Uof  its  fall,  and  la  each  succeeding  second  82| 

more  tlian  in  the  next  preceding  one.     How  far  will  a  body  fall 

in  20  seconds?  i    /     .  a  /i\ 

«-Jn(a  +  0  (1) 

Z-.a+(n-l)d  (2) 

Substitute  value  of  Hn  (1),  «  -  }  n  [2  a  +  (n  - 1)  rf  ]  (3) 
Substitute  values  in  (3).      s  »  »f  [32)  +  (20  - 1)  32}]. 

«- 10  (643  J). 

8 »  6433). 

27.  The  sum  of  five  numbers  in  arithmetical  progression  is 
45,  and  the  product  of  the  first  and  fifth  Is  f  of  the  product  of 
the  second  and  fourth.    Find  the  numbers. 

Let  05— 2y,  x—y,  a,  «  +  y,   x  +  2y  =■  the  numbers. 
Then,  as  45  » the  sum, 

6a;»45. 
.'.  a?=  9. 
{x  -  2y)(x  +  2y)  =  |(x  -  y)(x  +  yX 
a:»-4y»  =  |(i«-y«). 
8a:*-32y*  =  5««~5y». 
3a»-27y». 
«»-9y». 
.'.  0?=  ±3y. 
fiut  x  =  9. 

.'.  y  =«±3. 
Hence,  the  numbers  are  3,  6,  9, 12.  16. 
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28.  If  a  ftill  car  descending  an  incline  draw  up  an  empty  one 
at  the  rate  of  1 J  feet  the  first  second,  4i  feet  the  next  second,  7i 
feet  the  third,  and  so  on,  how  long  will  it  take  to  descend  an 
incline  150  feet  in  length?  What  part  of  the  distance  will  the  car 
have  descended  in  the  first  half  of  the  time? 

«  =  }n(a  +  Q, 
l  =  a  +  (n  —  l)d. 
a  =  }n[2a  +  (n-l)rf], 
28  =  2an  +  nM  -  nd. 
Here  8  =  150,  o=lJ,  d  =  3. 

.-.  300  =  37i  +  3n»-3n, 
3w«  =  300. 
.'.  n=  10  (seconds). 

«  =  }n[2a  +  (n-l)d]. 
«=i(3  +  12), 
8  =  37i  (feet). 
But  37J  =  J  of  150. 

Hence,  the  car  descends  one-fourth  the  distance  in  the  first 
half  of  the  time. 

Page  305. 

1.  1st  term  =  a,  3.  1  =  ar*^-^      (1) 

2d  term  =  ar,  ^  ^  ^ 

3d  term  ^  a,',  ^«"°  W-    """'^a 

• ,  .-.r^/I. 

ntA  term  =  ar*-*.  'a 

.  •.  ^  =  ar^-K  Also,  s  =  ^('^-^\ 

r  —  1 

8r  —  8  =  ar*  —  a, 

sr  —  at*  =  8  — a. 

Substitute  rl  for  ar*^, 

8r  —  rl  =  8  —  a, 
r{8  —  l)  =  8  —  a. 

rl-a  ..  r  =  izJL 


2.    s= -., 

r  —  1 


r^l 


^a      s-l 


rl  =  a  +  (r  —  l)8.  i 

.  y_gH  (r-l)8 


Multiply  by  r, 
Subtract^ 
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- 

4. 

/  = 

=  ar*- 

1 

• 

■ 

.-.  a  = 

1 

8  = 

.a(r* 

-^>. 

r  - 

1 

«(r 

-1)= 

o(r» 

-1). 

a=- 

.(r- 

1) 

r»- 

1 

• 
•   • 

J 

«(--- 

ii. 

r-  *»»        r*  —  1 
/(y*-l)^«,*-i(^_l)^ 


T«-l 


6. 

«  =  a  +  ar  +  ar»  +  ar»  +    -  +  ar^^ 
2;»=fltr  +  ar»  +  ar»  + +  or"-»  +  ar« 


«(r-l)  =  a(r»-l). 


r-1 


6. 


«  =  a  +  ar  +  ar*  +  ar»  + +  ar»-> 

Multiply  by  r.  „=        ar  +  ar^  +  a;-^. +  „,,..^„^ 


Subtract, 


(r-l)«=:o(r»-l), 


Since 


Substitute  rl  for  ar*, 

r-1 


a^^'^. 

-a 

r- 

-1 

;  =  ar»- 

-1 

1 

W  =  at^. 

.^'^- 

a 
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7. 


I  ar^~^  =  I. 


a 
r  = 


-(r 


^_a(r"-l)  10.  8  = 


ar*  — a 


r-1  ^-1 

,.,  _a  =  a(r»— 1).  v        /       \  -' 

(r-l)8 
Substitute  value  of  r,  .-.a-   ^_^ 


11. 


W  — a 


r-1 
(r-l)s  =  W-a, 
»_  a  =  rZ  —  (r  —  1)8. 


a I  - r    -a 


(r-. 


^     ^  12.  Z  =  ar»-i        (1) 

rZ  —  a       /nv 
5  = r-      (^) 


r-1 
1 


a 


*-^-"^  From(l),       *-=(^)-~*- 

,  .-.  From  (2),       r  =  ^^^ 

l^ar^i  (1)  ^  8-« 

3  =  «(!^      (2)  ...(n;i^i  =  i^ 

r  — 1  \a/  s  —  l 


From(l),        a  =  ^-  "a     (s-Q""*' 

From  (2),        «  =  '^^ 

.  8(r-l)  _  _L,  13.  ^  =  ar*-^ 
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14. 

16. 

r  —  1 

8^rl-a 
r-1 

r«  — «  =  af*—  a, 

«  —  a  =  W  —  a, 

.  r8  —  ar^  =  «  —  a, 

ra  —  W  =  a  -  a. 

ar*^  =  r«  —  («  ~  a). 

r{8-l)^8-a. 

^      a       a  — a 

.•.r*  =  -r 

a           a 

»  •  »  ^         - 

8~l 

•  r-      V  1  *  ~  "*     0 

a          a 

Then 


16. 

r-1 


**  » 


r*-l 

...J_  =  'J[L:^1). 
r"-'       r»-  1 

«r*  —  sr*-i  ~  Zr"  4-  Z  =  0, 

a  —  £  a  —  t 

17.  18. 

Z  r-1 

a  a  (r  —  1)  =  ar»  —  a, 


•       **W  —  1    -^ 
•    •     /  -^  ~~ 


,'.  (n  —  l)logr  =  log  /  —  logo.  07^^  =  0  +  8(r  —  1). 

...  w  -1  =  ^Qg  ^  -  ^Qg ^  loga  +  n  logr  =  log  [a  +  8(r-l)], 

^^g**  w  logr  =  log[a+8(r-l)]-loga. 

^.^^^logj-loga  ^  ^_log[a  +  (r-l)a]-loga 
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19. 

H-a 
•  = > 

r-1 
w  — «  =  rf  — a, 
•  —  a 

"-',7     »-a 


_«\«-» 


•■i-(^!) 


.-.  log/-loga  =  (n  -  l)Oog(«-a)-log(«- 0}. 

log  {  —  log  a 


.-.  m  —  1  = 


log(»-a)-log{«-0 


.  ^  logZ-logg         ^  ^ 

log(«-a)-log(»-0 


20. 


•.  a  = 


W— a 


«  = 

r-1 

.".  a  =  W  — (r  —  1)8. 
.•.-^=W-(r-l)s. 

log  Z  —  (n  —  1)  log  r  =  log  {rl  —  (r  — 1)«}, 

(n  —  1)  log r  =  log  2  —  log  [rl  —  (r  —  1)«]. 

.  ^      log/-log[H-(r-l)«J  ,  ., 

logr 

Exercise  110. 

1.  Find  the  seventh  term  of  2,  6,  18 

sixth  term  of  3,  6,  12 

ninth  term  of  6,  3,  IJ 

eighth  term  of  1,  —2,  4 

twelfth  term  of  ic',  aj*,  a:* 

fifth  term  of  4a,  —  6»ia',  9m*a' 
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By  snbBtitation, 

seventh  term  of  2,  6,  18 -  2  x  3»  -  1468 ; 

sixth      term  of  3,  6,  12 -3x2^  -  96 ; 

ninth      term  of  6,  3, 1} -  6(J)P    -  jh ; 

eighth    term  of  1,  -2,  4 =  - 2»     -  -  128 ; 

twelfth  term  of  a;",  a?*,  a* =  o^'x***  —  «** ; 

fifth       term  of  4a,  -  6ma\  9mV 

.4ax(-?«^Y"-20J«»m*. 

2.  Find  the  geometrical  mean  between  IST^y  and  30xt/z. 

Let  a-=18x"y, 

and  b  =  ZOxy^z, 

If  a  and  b  denote  two  nnmbers,  and  O  tlieir  geometrical  means, 
then  O     b 

.'.  G=Va5. 


.-.  (?=Vi8x»yx30xy«2 
=  Gx^yW\bl. 


3.  Find  the  ratio  when  the  first  and  third  terms  are  5  and  80 
respectively. 

*-i  'J 
*a 

=vrG 

-4. 


4.  Insert  two  geometrical  means  between  8  and  125,   and 
three  between  14  and  224. 
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Let                                 m  «  number  of  means. 

Then                        m  +  2  =-  n, 

l  =  ar*-^ 

(1) 

I  =  af-+i 

(2) 

...,•+1  =  1 

(3) 

a 

r»  =  If  4. 

.-.  r  =  {  =  2}. 

Hence,  the  series  is  8,  20,  60,  125. 

From  (3),                    t*+»  =  -. 

a 

t^  =  ^  =  16. 

.-.  r=2. 

Hence,  the  series  is  14,  28,  56,  112,  224. 

6.  If  a  =  2  and  r  =  3,  which  term  will  be  equal  to  162? 

f  «-i  =  _, 
a 

(n  —  1)  log  r  =  log  I  —  log  a. 

.  log?-loga 

logr 

logr  ^  ^ 

Substitute  values  of  a,  r,  and  2  in  (1), 

2.2095  -  0.3010  .  . 

"" aim  — ^' 

=  4  +  1 
=  5. 

6.  The  fifth  term  of  a  geometrical  series  is  48,  and  the  ratio 
Find  the  tlrst  and  seventh  terms. 


I 

a 

I 

48     , 

I 

^ar^-^ 

=:3x2«  = 

192. 
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7.  Find  the  sum  of 

3+6+  12+ to  eight  terniR. 

1  _  3  4-  9  — to  seven  terms. 

8  +  4+2+ to  ten  terms. 

0.1  +  0.5  +  2.5  +  .•  to  seven  terms. 

«!——  +  —  — to  five  terms. 

4      16 

r  —  1 
Substitute  values . 


r=2     J  ^-^ 


°  =  ?o  U-°i^ir-']    =i5H: 


::J     }.  =  lf^         -1953.1; 
r=5     j  5-1 


8.  The  popiilation  of  a  city  increases  In  four  years  from 
10,000  to  14,641.    What  Is  the  rate  of  increase? 

r"  •  =  -. 
a 


'a 


^  =  10%  increase. 
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9.  The  sum  of  four  numbers  in  geometrical  progression  is 
200,  and  the  first  term  is  5.    Find  the  ratio. 

«=2001        ,_^ 

n  =  4      >r  = => 

a  =  5     J        «-^ 

200-5 
r  = 


200-5r» 
200r-5r*  =  200-6, 
40r-r*  =  40-l, 
r*_40r  =  -39, 
r*-40r  +  39  =  0, 
(r  _  3)  (r»  +  3  r=»  +  9  r  -  1 3)  =  0. 

...  r-3  =  0. 
.*.  r  =  3. 

10.  Find  the  sum  of  eight  terms  of  a  series  whose  last  term 
is  1  and  fifth  term  f 


fM—l  -^  . 


I 
a 

Then  r»  =  1  -^  J. 

.-.  r=2. 

From  equations  I  =  or*-*, 

and  «  =  ?i!l;l). 

r  —  1 

I      _  s(r-l) 


s  = 


ff» f>n-l 


\  f  2)8  —  1 

Substitute  given  values,         s  =  ^-^J  ^^» 

(2f-{2y 

.-.  «=lUf 


ir€i>:«-  4^T 


11.  In  an  odd  nmabcr  of  Vr^Sw  s^-v  tloe  i*»*  70  •:  u*^  -/*  ^ 
first  and  last  will  be  equal  u>  tbe  <«^7ir«  cf  *^ 


Let  x» 

and  « = 

Then  ly  =  «^--i  ^:^ 

Bat  T  .-.-   =  r^.  - 

Therefore,  the  proi-ri  :f  'i*  trfi  ^:ii  l-k*i  i<nj*  i«  *•: 
the  square  of  the  miiilc  'Jtr=^ 


12.  The  piodoct  of  foor  tenn^  of  a  r^rniK^nc^  ^en«-s  Is  4« 
and  the  fourth  tenn  is  4.    DetermiDtr  tLc  »4rnKr«. 


Let 

X  =  £r«:  u  Tz^, 

and 

y  =  rau?. 

Then                x,  xy, 

,  xy*,  jy*  =  rh^  series. 

Uenee, 

«v=* 

Also. 

V  =  4 

Divide  (I)  by  (2). 

xy  =  i. 

.•.  xy  =  1 

Divide  (2)  by  (3), 

y»  =  4. 

.-.  y  =  *2. 

From  (2), 

*-i 

Hence,  the  series  is 

1. 1.  2.  4. 

(n 

(3> 


13.  If  from  a  line  one-third  be  cnt  off,  then  one-third  of  the 
remainder,  and  so  on,  what  fraction  of  the  whole  will  remain 
when  this  has  been  done  five  times? 

Snbfititate  values,  2  =>  1  {if. 
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14.  Of  three  numbers  in  geometrical  progression,  the  snm  of 
the  first  and  second  exceeds  the  third  by  3,  and  the  sum  of  the 
first  and  third  exceeds  the  second  by  21.    What  are  the  numbers? 

Let  X  =  first  of  Beries, 

and  r  =  ratio. 

Then  rx  =  second  term  of  series, 

and  r^x  =  third  term  of  series. 

x-\-rx-r^x=    3  (1) 

x  +  i*x-rx  =  2l  (2) 

Add,  2  a;  =24. 

Substitute  values  of  x  in  (1), 

12  +  12r-12r«  =  3, 
12r-12r«  =  -9, 
4r«-4r  =  3. 
Complete  the  square,   4r*  —  ()  +  l=4. 
Extract  the  root,  2r  —  1  =  ±  2. 

2r  =  3. 
.'.  r=  f. 
Hence,  the  numbers  are  12,  18,  27. 

15.  Find  two  numbers  whose  sum  is   3]  and  geometrical 

mean  1^. 

Let  X  =  one  number, 

and  y  =  the  other. 

Then  a;  +  y  =  3J  (1) 

V^  =  1 J  (2) 

Square  (2),  «y  =  |. 

.*.  x  =  - — 

9  ^^ 

Substitute  value  of  x  in  (1),  t-  +  y  =  ^;^, 

4y 

9  +  4y«  =  13y. 
4y«-13y  =  -9, 

4y*-()  +  (W  =  «- 
Extract  the  root,  2y  -  J;^  =  ±  J, 

2y  =  J^  or  2. 
.'.  y  =  f  or  1. 
Substitute  values  of  y  in  (1),  x  =  1  or  2J. 

Hence,  the  numbers  are  1  and  2^. 
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16.  A  glass  of  wine  is  taken  from  a  decanter  that  liolds  ten 
glasses,  and  a  glass  of  water  poured  in.  When  tliis  has  been 
done  Ave  times,  what  part  of  the  contents  is  wine? 

Since  there  are  ten  glasses  of  wine  at  first,  when  one  glass  of 
water  is  substituted  for  one  of  wine,  there  will  be  ^  as  much 
wine  in  the  decanter  as  before. 

Since  this  is  done  5  times, 

.•.«-(i)(A)* 
-(i)(iWftWr) 

=  0.59049. 

17  There  are  four  numbers,  such  that  the  sum  of  the  first 
and  liie  last  is  11,  and  the  sum  of  the  others  is  10.  The  first 
three  of  these  numbers  are  in  arithmetical  progression,  and  the 
last  three  in  geometrical  progression.    Find  the  numbers. 

Let  X,  y,  10  —  y,  11  —  »,  denote  the  numbers. 
By  Arithmetical  Progreefiion, 

y-aj-10-2y.  (1) 

By  Geometrical  Progression, 

10-y  =  Hjz*.  (2) 

y       10-y 

From(l),  x  =  3y-10.  (3) 

From  (2),  4y«  -  41  y  =  - 100.  (4) 

Whence,  4y»-61  +  (W  =  W» 

and  2y-^-±f. 

...  y  =  6Jor4. 

Substitute  4  for  y  in  (3),        a?  =  2. 

Hence  the  numbers  are  2,  4,  6,  9. 

18.  Find  three  numbers  in  geometrical  progression  whose 
sum  is  13  and  the  sum  of  their  squares  91. 

Let  x,  jry,  xy'  =  the  numbers. 

aj  +  xy  +  ajy*  =  13  0) 

jB»  +  a:^^  +  a^y*  =  91  (2) 

Divide  (2)  by  (1),         x-xy^xy'^     7 
(l)i8  a  +  an/  +  gy'=    13 

Subtract,  -  2ajy  =  -  6 

.'.  xy  =  3. 
3 

V 
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Snbstitote  valae  of  x  in  (1), 

-  +  3  +  3y  =  13, 

y 

3  +  3y  +  3y«  =  13y, 
3y«-10y  =  -3, 
36y»-()  +  100  =  G4, 
6y-10  =  ±8. 
.-.  y  =  3, 
and  X  =  1. 
Hence,  the  numbers  are  1,  3,  9. 

19.  The  difference  between  two  numbers  is  48,  and  the  arith- 
metical mean  exceeds  the  geometrical  by  18.    Find  the  numbers. 

Let  X  =  larger  number, 

and  y  =  smaller  number. 

a:-y  =  48  (1) 

^     y  =  arithmetical  mean, 
2 

y/xy  =  geometrical  mean, 
£±J?  =v/^  +  18. 

x+y  =  2Vxy  +  36, 
X  —  2y/xy  +  y  =  36, 

Vx-Vy^±6  (2) 

Divide  (1)  by  (2).    \/a;+Vy  =  ±8  (3) 

From  (2)  and  (3),  2Vi  =  14, 

2Vy  =  2. 
.-.  a;  =  49, 
and  y  =  1. 

20.  There  are  four  numbers  in  geometrical  progression,  the 
second  of  which  is  less  than  the  fourth  by  24,  and  the  sum  of  the 
extremes  Is  to  the  sum  of  the  means  as  7  to  3.  Find  the  num- 
bers. 

Let  X  =  first  number, 

and  y  =  ratio. 

Then  a?,  xy,  xy',  jcy*  =  numbers. 

ary*  —  a^  =  24  (1) 

« -f  ajy* :  aiy  +  a?y' : :  7 :  3  (2) 


L 
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3(l+y')  =  7y(l  +  y). 
Divide  by  1  +  y,     3 (1  -y  +  y»)  =  7y, 

3y»  ~  lOy  =  -  3, 
36  y*-()+ 100  =  64. 
6y-10  =  a8. 
6y  =  18. 
.',  y  ^  3. 
Substitute  in  (1 ),        27  a:  -  3  x  -  24, 

24a:  =  24. 
.'.  x=  1. 
Hence,  the  numbers  are  1,  3,  9,  27. 

21.  A  number  consists  of  three  digits  in  geometrical  progres- 
sion. The  sum  of  the  digits  is  13 ;  and  if  792  be  added  to  tlie 
number,  the  digits  in  the  units'  and  hundreds*  places  will  be  in- 
terchanged.   Find  the  number. 

Let  X  <=  first  digit, 

rx  »  second  digit, 
and  f^x  =  third  digit. 

»  +  rx  +  r»a:  =  13  (1) 

100a:  +  lOra:  +  r»a:  +  792  =  100r»a:  +  lOra:  +  x, 
-99r«x  +  99x  =  -792. 

r»x-x=    8  (2) 

X  +  rx  +  r*x  =  13 

Subtract,  2x  +  rx  =   5 

5 


•    •    Ju  ^^ 


Substitute  value  of  x  in  (2), 

5r»         5 

2-^r     2  +  r       ' 

5r»-5=16  +  8r, 

5r»-8r  =  21, 

100r»-()  +  64  =  484, 

10r-8  =  ±22. 

lOr-30. 

.•.  r  =  3. 

From  (1),  X  +  3x  +  9r:  =  13. 

.*.  x  =  l. 
Hence,  the  number  is  139. 
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22.  Find  the  limits  of  the  sums  of  the  following  infinite 


(1) 


(2) 


(3) 


(4) 


(5) 


4  +  2  +  1  +  -.- 
1  +  J+I+-. 

i-f+A  — 
4+A+A+ 


l-r 
a 
r 
g 

l-r 


=  Formula. 


r  = 


l-r 


r  = 


^-. 


-i. 


l-r 


r  = 


l-r 


r= 


l-r 


-i 


=  8. 


-(-« 
I 


+  t 


=  i- 


-I 


-(-I) 


+  1 


-i 
5  =  *. 


«-n+s- 

0.1  +  0.01  +  0.001  + 

0.868686 

0.54444 

0.83636 


(6) 


a 

r 


=  2. 


s 


a 


l-r 


1+f 
2 


=  ?  =  « 


(7) 


a 

r 


a 


0.1, 
0.1. 
0.1 


(8) 


1 

—  r 

1-0.1 

a 

=  0.86, 

r 

=  0.01. 

a 

0.86 

1 


l_r     1-0.01 


(9) 


a 

r 


a 


l-r 


A- 

A 


(10) 


a 
r 


T7nnF» 


l-r 

A  +  A 


—  TSt 
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Exercise  111. 
1.  Insert  four  harmonical  means  between  2  and  12. 


m  +  1 

/zt  A»  A.  A  "  arithmetical  means, 
.'.  2{,  3,  4,  6  =  harmonical  meana. 

2.  Find  two  numbers  whose  difference  is  8,  and  the  harmoni- 
cal mean  between  them  1|. 

Let  X  «  one  number. 

Then  a;  +  8  =  the  other  number. 

77—    ^^ 
a-\-b 

.  9_2g»-Hl6g 
'  '  5^     2x  +  8 

18aj  +  72=10a;«  +  80«, 

10a:»  +  62a;  =  72, 

100x»+()  +  (31)»  =  1681, 

lOaj  +  31  =±41, 

it  =  1  or  -  7i, 

a;  +  8  =  9  or  ^. 

Hence,  the  numbers  are  9  and  1. 

3.  Find  the  seventh  term  of  the  harmonical  series  3, 8f ,  4, ..... 

i  =  a  +  (n~l)d. 
Here  a  =  J,  n-7,  d=  A" A  =  - A* 

•  '•  ^  =  A- 

Hence,  the  seventh  term  is  12. 
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4.  Continue  to  two  terms  each  way  the  harmonical  series,  two 
consecutive  terms  of  which  are  15,  16. 

Harmonical  series,  15,  16. 
Arithmetical  series,  ^,  ^. 

Subtract  d  from  first  term,  ^  +  ^^  =  ^^. 

Subtract  d  from  ^,  1*A  +  lir  =  ^• 

Add  d  to  last  term,  A  -  riry  =  A^- 

Addrfto^A.  ^-^-iAf- 

Hence,  arithmetical  series  is  ^,  ^:|^ ^^,  /^. 

Hence,  harmonical  series  is  13},  14^ 17|,  18^j. 

5.  The  first  two  terms  of  a  harmonical  series  are  5  and  6. 

Which  term  will  equal  30? 

i  =  a  +  (n— l)d, 

I  — a  .  1 
n  =  --— +  1, 

a 
n«il^+l, 

n  =  6. 

6.  The  fifth  and  ninth  terms  of  a  harmonical  series  are  8  and 
12.    Find  the  first  four  terms. 

I  —  a 


m+1 


=  d. 


il^  =  d 

4 

Hence,  the  first  four  terms  are  6,  6},  6f ,  7^- 
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7.  The  difference  between  the  arithmetical  and  harmonical 
means  between  two  numbers  is  1|,  and  one  of  the  nambers  is 
four  times  the  otlier.    Find  the  numbers. 


Let 

X  and  y  » the  numben. 

Then 

— K"^'       f^  =  the  arithmetical  and  harmonical 
^        *  +  y         means. 

Hence, 

x  =  4y 

(1) 

and 

x  +  y       2xy      9 
2        x  +  y     6 

(2) 

iSubstitate 

4y 

for  X  in  (2), 

5^     Sf     9 
2       5y      5 

'''y  =  2, 

and  x=>8. 

8.  Find  the  arithmetical,  geometrical,  and  harmonical  means 
between  two  numbers  a  and  b ;  and  show  that  the  geometrical 
mean  is  a  mean  proportional  between  the  arithmetical  and  har- 
monical means.  Also,  arrange  these  means  in  order  of  magni- 
tude. 

Arithmetical,  A —  0  =  1  — A. 

a  +  6 


Geometrical, 


Harmonical, 


a     a' 

.-.  G  =  y/ah. 

H     a     h     H 

2  _1  ^  1  _a-i-6 
Hah       ab 

2ab 


.'.  JI= 


a-\-b 


Thn  ^^    V^::V^ 


2ab 


a  +6 
a-\-b     ./n      2ab 


The  order  of  magnitude  is  — — .    VoS, 


0  +  6 
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9.  The  arithmetical  mean  between  two  numbers  exceeds  the 
geometrical  by  13,  and  the  geometrical  exceeds  the  harmonical 
by  12.    What  are  the  numbers? 

Let  a  and  b  =  the  numbers. 

Then  ^"^    ,    Vol,   -^^  =  the  arithmetical,  geometrical, 

2  a  +  o         and  harmonical  means. 

Hence  «lJ!_V5^=13  (1) 

V^_^==12  (2) 

a-f  6 

Add  (1)  and  (2).  ^-^  -  -^  =  25  (3) 

Transpose  in  (1),      ^-^  - 13  =  Voft, 

a  +  6-26  =  2    S  (4) 

Square  (4),     a«  +  2ab  +  6«  -  52a  -  52  J  +  676  =  4a6 
Simplify  (3),  a*  +  2o6  +  &«  -  50a  -  506  =  4a5 

Subtract,  2a +  26  =676 

a  +  6  =  338  (5) 

Substitute  value  of  a+  6  in  (1), 

169-Va6  =  13, 
156=Va6. 
From  (5),  a  =  338  -  b. 

.-.  156=V(338-6)6. 
.•.156«  =  3386-6*. 
6»- 3386  =  -24336, 
6«-()  +  (169)«  =  4225, 
6-169  =  ±65. 

.-.  6  =  234  or  104, 
and  a  =  104  or  234. 


10.  The  sum  of  three  terms  of  a  harmonical  series  is  11,  and 
the  sum  of  their  squares  is  49.    Find  the  numbers. 
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Let  X  and  y  =  first  and  last  terms. 

Then  -^  =  middle  term. 

Hence,  aj  +  y  +  -^  =  ll  (1) 

«  +  y 

and  a?  +  y«  +  Ji^  =  49  (2) 

Square  (1),  and  subtract  (2)  from  the  result, 

6ay=>72,  and  xy  ^\2  (3) 

Substitute  12  for  xy  in  (1),  and  clear  of  fractions, 

(a:  +  y)«-ll(x  +  y)  =  -24. 
Complete  the  square  and  extract  the  root, 

s  +  y  =  8  (4) 

Square  (4),  x»  +  2  xy  +  y*  =  64 

From  (3),  4xy    ^48 

X*  — 2xy  -hy'-  16 

X  -  y  =  ±  4  (5) 

From  (4)  and  (5),  x  =  6,  and  y  =  2. 

Hence,  the  numbers  are  6,  3,  2. 

11.   When   a,  6,  c  are  in  harmonical  progression,  show  that 
a:  c:  :a  —  b  :b  —  c. 

If  a,  6,  c  are  a  harmonical  series,       -  —  =  —  -• 

b     a      c     0 

Multiply  by  abc,  ac  —  bc  =  ab  —  ac, 

or  c{a  —  b)='a{b  —  c\ 

or  a  :  C  :  :  a  —  b  :  b  —  c. 


Exercise  112. 
1 


1. 

2-3x 
Divide  1  by  2-3x. 

Then,  _L_  =  J  +  fx  +  }x«  +  fJx»  + 

^  —  o  X 

2.    1  +  * 


2  +  3x 
Divide  1  +  x  by  2  +  3  x. 

Then,  li:£.=}-Jx  +  tx«-Ax»  + 

2  -H  3x 
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3    3 -2a; 
4-3x 
Divide  3  -  2x  by  i 

3 -2a; 


Then. 


4-3x 


-3a;. 

=  f  +  iVaJ  +  A«"  +  rf7ra;'  + 


4. 


Let 


1  — X  +  a;* 
1-a; 


=  ^  +  5a;  +  Gr*  +  i>ar»  +  -Ec*  +  i^ar^  + 


1  —  X*  +  x* 

Then.  1 -a;  =  ^  +  (5-^)a;  + (C- 

-5  +  il)x2  +  (i)-C+5>r» 

+  (^-i)+C)a;* 

+  (F-Ei-D)3^-^ 

.-.  ^  =  1, 

^  =  1; 

5_^=_1, 

B  =  0- 

(7-5  +  ^  =  0. 

C=-l; 

D-C-^B  =  0, 

D  =  -l; 

E-D-\-C=0, 

E=0;     . 

F-E+D  =  0, 

i^=l. 

l-a:  +  ar» 

a;*  +  a;*  + 

Let 


l-2a;+  3.T* 
1 


A  +  Bx-\-W-\-Da^-\-E3^  +  F3^  + 


l-2x-^'dx' 

Then,  l^A-\-{B-2A)x  +  {C-2B-{^3A)3i^-^{D-20+3B)3^ 
+  lE-2D  +  SCy  + 

.-.  ^  =  1,  A  =  l 


B-2A^0, 
C-2B  +  3A  =  0, 
D-2C+SB  =  0, 
E-2D  +  3C=0, 

1 


B  =  2 
C=l 
i)  =  -4; 
^=-11. 


l-2a;  +  3a;« 


=  l  +  2a;  +  a;*-4ar»-lla!* 


6. 

Let 


5-2j; 


1  +3a;-a;» 

5-2a; 
1  +  3a;-a;2 


=  il  +  5a;  +  Gc2  +  Z)ar»  +  J5c*  + 
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Then,  5 -2x  =  A  +  (B +  ^A)x +  {C-\-3B- A)x^ 

+  (i>  +  3  a- 5)a^  +  (^+ 3i) -  C)ar* + 

/.  il  =  5,  -4  =  5; 

5  +  3^--2,  5--17; 

0+35-^  =  0,  C=.56; 

/>  +  3(7-5  =  0.  i>  =  -185: 

^+3i)~C=0,  ^=601. 

^-2«      =6-17a:  +  56a:»-185«»  +  611a?*-. 


7. 


1  +Sx-3^ 
l-2a;  +  3a;« 


1  -2x  +  Sa:* 

Then,  ^x -6x^  =  A -^{-2A -\-  B)x -\- (3A -2B  +  C)x* 

+  (3 -B  -  2(7+ Z))r»  +  (3  e- 2/)  + £) a?* + 

.-.  il  =  0,  i4  =  0; 

-2il  +  5  =  4,  5  =  4; 

3il-25  +  C=-6,  (7=2; 

35-2C+i>  =  0,  i)--8; 

3C-2i)+^=0.  JS:=-22. 

4a;-6x» 


l-2a;  +  3a;« 


=  4a:  +  2a:»-8a:»-22ar*- 


Exergise  113. 


Resolve  into  partial  fractions  : 
7x  +  l 


1. 


(x  +  4)(x  -  5) 

7x  +  l  A     ,     B 


Assume 


(a;  +  4)(x  —  5)     a;  +  4     x  —  5  ' 
then  7x  +  l  =  (A-¥B)x-5A-\-^B. 

.'.  A  +  B  =  7,        j1  -  3, 
45-5il  =  l,        5  =  4. 
.         7a;  +  l       ^3^4 
*"  (aj  +  4)(«  — 6)     a; +  4     a?  — 5 
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a           6 

(ar  +  3)(x  +  4) 

(x  +  3)(x  +  4)      x  +  3     x  +  4 

then                                               6=(^  +  B)x  +  44  +  3B 

/.  ^  +  fi  =  0 

4^+35=6 

.-.  ^  =  6 

B=-6 

6             _     6            6 

"  (x  +  3)(x  +  4)      x  +  3     x  +  4 

8            6x-l 

(2x-l)(x-6) 

ABflumc                    ^'"^         -      ^      1     -^ 

(2x-l)(x-6)      2x-l      x-6 

then                                      6x-l  =  (A4-2B)x-bA^B 

/.  ^  +  25=6 
6^+5=1 


• 

5:^-1          _    -*     , 

x-6 
1 

• 

(2x 
10 

-.l)(x-6)      2x-l  ' 

8 

^                 T-2 

3(x-6) 
x-2 

3(2  X- 

B 

+  2 
:  +  2^- 

■1) 

Aftfiiifnp 

(x-6)(x  +  2) 
x-2          _    A 

. 

then 

(^ 

-6)(x+2)      x-5     X 
x-.2  =  M  +  ^^a 

5£ 

/.  A-\-B~l 
2^-65=-2 

.-.  A=i,B=i^ 
x-2  3  4 


ar2_3x-10      7(x-5)      7(x  +  2) 


5. 


X»^l        (X-I)(x2+X  +  1) 


Assume       § =  -^+    ^^+ ^ 

(x-l)(x2  +  x+l)      x-l^xa  +  x+1 

'*>en  3  =  (^  +  B)x2+(^-B+a)x+^-C7 
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A''B+  C=0 

/.  A  =  l,  J5  =  -l,  C=r-2 
•        3^1  g-t-2 

"  x'  —  l     X— 1      xa  +  x+l 

ar2  _  a-  _  3 
o.    •        , 

x{x^  -  4) 

Assume  ^-^-g  =  ^  +  -g-+     ^ 


x(x2  — 4)       X      x  +  2      X  — 2 
then  x2-x-3=(^+fi+  C)xa+ (-2^  + 2C')x-4v4 

/.  ^+5+  C7=l 
-.25  +  2C7=-l 
-4^=-3 
.-.  ^  =  f,  ^=i,  C7=-i 


x2-.a:-3^^  3  1 


x(xa-4)       4x      8(x+2)      8(x-2) 


8x2  —  4 

X2(X  +  O) 

Assume  4^z4  =  4  +  ^+     C' 


x3(x+6)      x2      X      x  +  6 
then  3x2-4  =  (5  +  C)x2  +  (A  +  bB)x  +  bA 

.'.  B+  0=3 

6A  =  -4 


3x2-4  4.4,        71 


x2(x+5)  5x2     26  X     26(x  +  6) 


8.  '^''-" 


(x  -  l)2(x  +  2) 


Assume — — —■  = -—  ^ + 


(x-l)2(x  +  2)      (x-l)2     x-1      x+2 
then  7x2-x=(B+  C)x2+  (^  + 5-2  C)x+ 2^-2J?+  C 

/.  B-\-C=7 
^  +  B-2C=-1 
2^-25+0=0 

...  ^  =  2,  S=V,  C^=V 
7x2-x        ^2        I        11        I        ^^ 
"  (x  -  l)2(x  +  2)      (X  - 1)2  ■*■  3(x  -  1)      8(x  +  2)' 
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7a; +  1 
-1 

Assume 

2a;»-7a;+l        A     ^    5a;  +  C 
a;*-!           x—\     ar'  +  ar  +  l' 

then 

2a;*  -  7a;  +  1  =  (il  +  5)x»  ^{A-B^C)x^A- 
:.  ^-5=2. 
il-5  +  C=-7, 
A-C=\. 

.-.  ^  =  -t.  ^  =  V.  0 f 

.    2a;»-7a;  +  l_      10a;-7              4 

-C. 

a;»-l  3(a;»  +  a;  +  l)     3(a;-l) 


Exercise  114. 

1.  (l  +  2x)» 

=  (1)6  +  5(l)*(2a;)  +  10(l)»(2a;)«  +  10(l)«(2a;)»  +  5(lX2x)*  +  (2«)* 
=  1  +  10a;  +  40a;>  +  80a;»  +  80a;*  +  Z2^, 

2.  (x-3)9 

=  a;8  -  8  x^(3)  +  28  ^f  -  56  a!»(3)»  +  70a;*(3)* 

-  56  3^(3f  +  28  x«(3)8  -  8  X  (3^  +  (Zf 
=  x8  -  24xT  +  252x«  ~  1512x6  +  5670x* 

-  13608  x»  +  20412X*-- 17496  X  +  6561. 
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3.  (2aj-3y)* 

=  (2x)*  -  i(2xf(3y)  +  6(2x)«(3y)«  -  4(2ar)(3y)»  +  (3y)* 
=  16a!*  -  96a:»y  +  2l6a^*-2iexy*  +  Sly*. 

4.  (2-x)» 

=  (2)»  -  3(2y (ar)  +  3(2)(x)»  -  (xf 
=  S-12x +  6x^-0^, 

- (l)- - sp)- (^)  t  lO(l)- (^)'- 10(If  W 

-<'>(?)'-(-f)' 

^ ..      15y     45v'      135y»     405v*     243y^ 
4  8  32  256         1024 

(l)*"(l)'-"(f)'*'^(f)'-'^(i)' 

1   o  .  .1  a   28ic»  ,  14  a:*   14  ar^  ^  28  a*  4x'   a;*    a^ 

9     9    27    243   243  729  19683 


=  1-9 


7.  The  fourth  term  of  (2  x  —  6  y)". 

Substitute  in  formula  values  of  n  and  r, 

n(n-l) (7i-r  +  2)  ^„_^^.i  ^_i 

1X2 (r-1) 

=  - 14080000  a*y». 


8.   The  seventh  term 


(IKIT 


10  X  9  X  8  X  7 
1X2X3X4 

35a;*y^ 
1944  * 
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9.  The  twelfth  term  of  (a»  —  ax)^ 

» 15x14x13x12  /^2)4/^)ii 
1x2x3x4     '^ 


10.  The  eighth  term  of  (5  a^y  -  2  xy^) 


|2^9 


9x8 3 


,2\T 


{b7?yf{2xy') 


2 7 

=  - 36(25  a;V)(128a;y*) 

= -115200  a;  V'- 


11.   The  middle  term  of 

8x7x6x5 
1x2x3x4 
=  70. 


JO 

12.   The  middle  term  of  (  - 


mil 


10x9x8x7x6 
1x2x3x4x5 
=  -252. 


13.  The  two  middle  terms  of 


The  two  middle  terms  are  the  fourth  and  fifth. 

7x6x5x4  /a;V  /vV 


The  fourth  term  = 


1x2x3x4 
35  oj 


(;)■©■ 


y 

The  fifth  term     =pi|^ 

1x2x3 

_35y 

X 


14.  The  rth  term  of  (2  a  +  «)** 


6)'©' 


_  n{n-\) (n-r  +  2)  /2a)«-r+iaf-i. 

1X2 (r-1)       ^     ^ 
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15.  The  rth  term  from  the  end  of  (2  a  +  x)" 

1x2 (r-1)       ^ 

16.  The  (r  +  4)*;^  term  of  (a  +  x)» 

^  n(n~l) (n-r-2)  ^,^-Sa*44. 

1  X  2 (r  +  3) 

17.  The  middle  term  of  (a  +  a:)»* 

^  2n(2n-l)....(2n-(n-fl)  +  2)  ^»»-,-i+i^ 
1  X  2 (n  +  1  -  1) 

^2n(2n-l) (n  +  1)^^ 

1x2 n 

Multiply  both  terms  by  [n, 

|2n 
(n  +  l)i^  term  =»  - — -  a»a5*. 

{\nf 

18.  Expand  (2  a  +  x)^^  and  find  the  sum  of  the  terms  if  a  =  1, 

ar  =  -2. 

(2a)i»  +  12(2a)"a;  +  66(2a)'V  +  220(2a)»a:»  +  495(2a)8a:* 
+  792(2a)V  +  924(2a)«a*  +  1%2{2afx^  +  495(2o)*a^ 
+  220(2a)»aJ»  +  66  {2af3^^  +  12(2a)a:ii  +  x". 

Snbfltitute  1  for  a  and  —  2  for  a;. 

(2  -  2)i«  -  0. 

19.  ( Va  +  V6y^  =  (a*  +  6*)6 

=  a*  +  5a«6*  4-  10a*6  +  10a6*  +  5a*6»  +  6^ 

=  a«Va  +  5a«V6  +  lOaiVa  +  10a6v^  +  56*Va  +  h^y/b, 

20.  (2a«-jVS)« 

-  (2a«)«  -  6(2a»)5(i  v^)  +  15(2a2)*(}v^)2  -  20(2a')'{}V^)» 
+  15(2a7(}Vi)*-6(2a»)(i\^f +  (iVS)« 

=  64a"  -  96a»<>Va  +  60o»  -  200^  Va  +  3f  a?  -  \a^y/a  +  ^. 

64 


446  ALGEBRA. 


21.  (Vab ^V 

V  2VbJ 

-(va).-6(VS)^j^)tio(V3|.(^)' 

-'»'^'(i55)'*=<^'(i^)'-(i^); 

-  0*4*  -  J  a'6*c  +  f  J6*c»  -  f  o5"*fi»  +  A  ah'^d^  -  ^  6~M. 

22.  (Ia^-VI)' 

-(A'-KfVj)'(>S)-KfArj)(A?)'-(>S)' 

_    g*       3^^v  ^M  I  3^°*  V     M         "* 

g*        3oc^         3a^c  c* 

°(6c)»     3«^^     9g«6M     27a»6» 
g* 1_^     c*  c* 


24.  (v^m»+ V?)»  =  (m*  +  a;*)» 

=  (rJf  +  3(m')*a;*  +  3m'(a:*)«  +  (x*)» 
=  m'  +  SmxVm^a?  +  3a,''"\/m'  +  a;*\/x. 

»(2xV-4(2.*)3(|)  +6(2.fy(^)^4(2.l)(|y4-  (^)* 

16 
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26.  (^-^y 


-'(fi)'-Kfi)'(f) -■«©■(#)■- '»(fi)"(f)' 

27.   (aa-a~a)* 

n  n  n  n  n  n       _n  _n 

=  (a»)*-4(a»)»(a  »)  +  6(a»)«(a   »)«-4(aaXo  ')*  +  (<»  ')* 
=  a**  —  4a*  +  6  -  4a-*  +  a-"». 

-(ii)"-K^)'"^>*Kii)<'^^-<'^'' 

gt       9a      27  aM      p^^f 
8ft'     46«  2 

29.  (v^-2V6)6  =  (a*-26*)» 

=  (aV  -  6(a*)*(26*)  +  10(a*)»(26*)»  -  10(a*)«(26i)» 

=  aWa  -  10a«V5  +  ^OabVa  -  80o6  V5  +  806Va  -  326»>/6. 

30.  /?a^-.i/^y-(2x«y-i-y')» 

=  (2x*y-i)»  ~  6(2«*y-i)*(y')  +  15(2a;*y-')*(y')«  -  20(2xh/-^y{y^f 
+  15(2rr«y-i)»(yV  -  6(2  x'y-'Ky*)^  +  (y')« 

=  64a^V«-  192xiV*^J^  +  240x»y-«v^  -  160a:»y-i 

+  60aJ*v^  -  12a:«y«  v^  +  y*. 
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,1.   (^_^)'.(a.i-i)' 

2  16 

32.   (^-JftVSy 

_16o«     32a^     8g»     8a^     a'6* 
J8         36»      36»      27       81 

or     16o«6-»  -  Va^J-'  +  fa'i"'  -  /,o*6  +  — 

81 

=|)"-K"Jr(&*K!l)(i^)-(i^r 

o*      3a»  3  6* 


6*     2bii     4aM     8«' 

EXEBCISE    115. 

1 

1.  (1  +  xy  to  four  terms 

=  1  +  }„  +  Mini},.  +  ilizzMnJ)^ 

=  i  +  ?_^  +  £!!_ 

2      8      16 

2.  (1  +  xy  to  four  terms 

2  1x2x3 

=.l+fa;-iaj«4-Ax»- 


,t 
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3.  (a  +  x)<  to  four  terms 

4  a*     32  a*     128  a* 
V       4a     32  a«     128  a«  J 

4.  (1  —  ar)  '*  to  four  terms. 

By  substituting  1  for  a  and  —x  for  .r  in  the  formula  (a  f  a:)» 

2  [3 

=  1  +  4a;  +  10x»  +  20»»  + 


6.   (a*  —  x')'  to  four  terms 

_    5     Sa^a:'      15aa*      5a;* 
2  8  16a 


6.   (x^  +  xy)  ~^  to  four  terms 

^  -  |(-  I      1)(-  3  _  2) ^.j.a^^^a 

11 

-8      8    -4-    .  ISx'V      35j;-V  ^ 
-x*-ix  *y  +  — ^ 16  


7.   (2 X  —  3  y)  "*  to  four  terms 

=  (2a;)-»  -  (-  i)(2x)-i(3y)  +  tiKzJ)  (2a?)-*(3y)> 

_(-i)(-i)(-i)(2.)-V(3y)» 
-  2a:-i{l  +  |x-iy  +  T^h^~*f  +  ^A^^^V  + } 
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8.   v^l  — 605  to  four  terms 
-(l-5x)> 


9.  to  four  terms 

V(id*-Bazy 

=  {4a»-3ax)-i 

.  (4a.)-« -(-  i)(4-T' (3-)  +  (-*)(- t)(;^';)-*(3a.). 

1x2x3      ^      -^    ^       ' 

=  JL  I  1  +  ?[£  +  ^35  a»      945  a:»       ) 

8aM         8  a     128  a«     1924  a»     J 


10.  -J     —  -  -^  to  four  terms 
\(l-3y)* 

=  (l-3y)8 
.       -  1  -  (-  l)(3y)  +  ^"  }  xV^'Vyy  -  (-  ^y-  W(-  -V-)(3y)» 

2         8  48 

11.  (1  +  X  +  x')'  to  four  terms 
=  [1  +  (x  +  a;»)]3 

=  l+}a:  +  {a;»-}fa;»+ 

12.  (1  — X  +  x-)^  to  four  terms 

-  1  -  Ja:  +  ix'-'  +  Qx^  -  far')  -  (-  ^s^) 
-l-ia:  +  Jy^a;'^-|iar»  + 
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13.  The  rth  tenn  of  (a  +  x)* 

1X2 (r-l) 


Hi--1) a-r-fj)^4-r-H^r  1 


(l)(4)(-|)M)  (^i^) ._.  .    ' 

=  a   2   af-* 

r  —  1 


=(-1) 


• a   s    af-*. 

r  —  1 


r-l 
Multiply  both  terms  by  2*'  * 

^  l2l3x5,^2r-5)//r 

^       ^  Ir-lx^'-i 


14.  The  r«fe  term  of  (a  -  x)  » 

^(-3)(-4)       (-r     1)^.,..^, 
1  X2x3 r-l 

-3X4 (r-l)(r)(r  +  l)  .1 

1x2x3x4 (r-l) 

1X2 

15.  V65  to  five  decimal  places 

=  8(l+TiT-TjHi) 

-  8  (1  +  0.00781  -  0.00003) 

-  8.06224 


16.   Vlj\y  to  five  decimal  places 


-1+0.01111-0.00012 
- 1.01099. 
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17.  \/l29  to  six  decimal  places 

=  {128(1 +Th)}* 
=  {2^(1 +Th# 

=.  2{1  +  ^  X  Tk  +  ^^Y^^  dkH  +  •••- 

-  2(1  +  0.001116  -  0.000004) 
=  2.002224.       . 

18.  (1  —  2x  +  3x')*  to  four  terms 
=  {l-(2a;-3a,-»)}-* 
-l-(-i)(2x-3x^)  +  ^*H^)(2a:  -  3a^)« 

-      /4x     6x'\^f2Sc^     84x»  .  63a;*\  ,  /224^      \ 

_^      4a;     2a;«      196r^      

5        25        125 

19.  Q-±l^  to  coefficient  of  X* 
(1  +  3x)* 

=  (l+2x)2(l+3ar)-» 

=  (1  +  4x  +  4a;")  (1  -  9a;  +  54ar»  -  270ar»  +  1215a^). 

The  terms  containing  a;*  will  be 
1215a;*  -  4x(270a;3)  ^  4a;2(54a;«) 

=  351  a;*. 

« 

20.  (1  +  a)*  expanded  ; 

}Q  -  l)(i  -  2)  (i  -  3) 

li  ' 

^       2x2^*         2x3x2»         2x3x4x2*  ! 

When  a;  =  1,  this  becomes  (1  +  1)'  j 

1   1 1      1x3      1X3X5  ' 

2  2x2«  2x3x2»  2x3x4x2*  "*" 
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Exercise  116. 


1.  log35  =  logr7x5) 

=  log  7  + log  5. 

log   7  =  0.8451 
log   5  =  06990 

.-.  log35- 1.5441 

2.  log  9  =  log  (3  X  3) 

=  log  3  +  log  3. 

log  3^0.4771 
log   3  ==  0.4771 

.-.  log   9  =  0.9542 

3.  log   8  =  log(2x2x2) 

=  log  2  +  log  2  -I-  log  2. 

03010 
0.3010 
0.3010 


log  2 

log  2 

log  2 

.-.  log  8  =  0.9030 


4.  log  49 


log   7 

log   7      

log  49=  1.0902 


log(7x7) 
log  7  +  log  7. 

0.8451 
0.8451 


5.  log  12 


log  2 
log  2 
log   3 

102  12=  1.0791 


log(2x2x3) 

log  2  +  log2  +  log  3. 

0.3010 
0.3010 
0.4771 


6.  Iog60  =  log(2x  3x2x5) 

=  log  2'-*  +  log  3  +  log  5. 

log  2  =  0.3010. 

log  2  =  0.3010 

log  3  =  0.4771 

log  5  =  0.6990 

.-.  log  60  =1.7781 

7.  Iog75=log(5x5x3) 

=-  log  5  -f-  log  5  -H  log  3. 

log  5  -  0.(>990 
log  5  =  0.6990 
log   3^0.4771 

.-.  log  75  =1.8751 


8.  log   7.5 -log (3x5x5x0.1) 
=  log  3  +  log  5 

+  log5  +  log  0.1. 

3  -  0.4771 
5  =  0.6990 
5  =  0.6990 
0.1  =  9.0000-10 


log 
log 
log 
log 

log 


7.5  =  0.8751 


9.  log  0.05  =  log  (5x0.01) 

=  log  5  +  log  0.01. 

log  5  =  0.6990 
log0.01  =  8.(X)00-10 

.-.  log  0.05  =  8.6990  -  10 

10.  log  12.5  =  log  (5»x  0.1) 

-=  log  5  +  log  5  +  log  5 
+  log  0.1. 

log  5  =  0.6990 

log  5  =  0.^)990 

log  5  =  0.(5990 

log  0.1-9.0000-10 

.-.  log  12.5  =  1.0970 

11.  log  1.25  =  log  (53x0.01) 

=  log 5  +  log 5  -r  logo 
-flog  0.01. 

log  5  =  0.6990 
log  5  =  0.6990 
log  5  =  0.6990 
log  0.01  =  8.0(X)0  -  10 

.-.  log  1.25  =  0.0970 

12.  log 37.5  =  log (5^x3x0.1) 

=  log  5  +  log  5  +  log  5 
+  Iog3  +  log0.1. 

log  5  =  0.6990 
log  5  =  0.6990 
log  5  =  0.6990 
log      3=0.4771 

log  0. 1  -  1).00(K1  -  10 

.-.  log  37.5=1.5741 
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13.  log     1.75  =  bg  (5x0x7x0.01)  20.  log  5*  =  J  of  log  5 

=  log  5+ log  5  + log  7  8        =  I  of  0.6990 

+  log  0.0 1.  =0.3495. 

log  5  =  0.6990  1 

log  5  =  0.6990  21.  log   3»  =  Joflog3 

log  7  =  0.8451  =  J  of  0.4771 

log     0.01  =  8.0000-10  =  0.0596 

.-.  log     1.75  =  0.2431  ^    ,        a      .     r,      ^, 

^  22.  log   7^  =  I  of  log  7 

14.  log      105  =  log(5x3x7)     ^  lilir^^^ 

=  log  5  +  log  3  +  log  7. 

log  5  =  0.6990  23.   log   2*  =  J  of  log  2 

log  3  =  0.4771  =5  of  0.30 10 

log  7  =  0.8451  =0.2258. 


ii  of  log  5 


.-.  log      105  =  2.0212  ,         % 

^  24.  log   5*  = 

15.  Iog0.0105  =  log(3x7x5  ZnAaan^^'^ 

X  0.0001)  ~  "'*^^^' 

'  ^^^ ^  !  til  (U?f  ^  25.  log   3*  =  ?  of  loa  3 

4  log  0.0001.  ^        =3  of  0.177 1 

log          3  =  0.4771  =  0.2045. 

log          7  =  0.8451  9 

log          5  =  0.6990  26.  log3^T  =  ^9^  of  log3 

log  0.0001  =  6.0000-10  =  i»-  of  0.4771 

.-.  log  0.0105  =  8.0212  -  10  =  0.3904. 

16.  log      1.05  =log(7x  3x5x0.01)  27.   log   7^  =  ^  of  log  7 

=  log  7  +  log  3  +  log  5  =  I  ^^  0.8451 

+  log  0.01.  =2.9579. 

te          3104771  28.  log   3t  =  J  of  log 3 

lof          5:0.699i  ==L1.V''' 

log     0.01  =  8.0000-10  -  u.b.3bi. 

.-.log      1.05  =  0.0212  29.   log   5*  =  Joflog5 

,^     1               ^,4      .       I      ^.  =}  of  0.6990 

17.  log         7*  =  4  X  log  7  =0.5243. 

=  4  X  0.<S451  J  J 

=  3.3804.  30.   log  77=  V-  of  log  7 

=  V  of  0.8451 

18.  log         3«=^8xlog3  =1.3280. 

=  8x0.4771  . 

=  3.8168.  31.   log2l^  =  Joflog(7x3). 

log   7    =0.8451 

19.  log         73  =  3xlog7  log   3    =0.4771 

=  3x0.8451  log  21    =1.3222 

=  2.6353.  J  of  1.3222  =  1.1569. 
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Exercise  117. 


1. 


CO 


2. 


CO 


3. 


CO 


CO 


5. 


CO 


6. 


CO 


7. 


eg  f  =  log  2  +  colog  5. 

og  2  =  0.3010 

og  5  =  9.3010  -  10 

og  f  =  9.6020  -  10 


log  2  +  colog  7. 
0.3010 
9.1549  - 10 


og2 

og7      

og  f  =  9.4559  -  10 


og  f  =  log  3  +  colog  5. 

og  3  =  0.4771 

og  5  =  9.3010 -10 

ogf  =  9.7781-10 


log  3  +  colog  7. 
0.4771 
9.1549  - 10 


ogf 
og3 

og7     

og  f  =  9.6320  -  10 


log  5  -H  colog  7. 
0.6990 
9.1549  - 10 


og* 
og5 

og7      

og  f  =  9.8539  -  10 


og? 
og7 
ogS      

og  J  =  0.1461 


log  7  +  colog  5. 
0.8451 
9.3010  - 10 


ogf 
og5 


colog  3 
.-.  logi 


=  log  5  +  colog  3. 

=  0.6990 

=  9.5229  - 10 


=  0.2219 


8.    log  J 

log  5 

colog  2 

.-.  log  I  =  0.3980 


log  5  +  colog  2. 

0.6990 

9.6990-10 


».    log} 

log  7 

colog  3 

...  log  J  =  0.3680 


log  7  +  colog  3. 
0.8451 
9.5229  - 10 


10.    logi 

log  7 

colog  2 

.-.log  J  =0.5441 


log  7  +  colog  2. 
0.8451 
9.6990  - 10 


log  3  +  colog  2. 
0.4771 
9.6990  - 10 


11.    log! 

log  3 

colog  2 

.-.  log  1  =  0.1761 


7 
12.     log  -  -  =  log  7  +  colog  5. 

log  7  =  0.8451 
colog  5  =  0.3010 

...  log -'^-  =  1.1461 


13.   log  ^^  -=  log  0.05  +  colog  3. 


log  0.0.') 
colog  3 


.-.  log 


005 
3 


-  8.6990  --  10 
=  9.5229  -  10 

-8.2219-10 
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14.  log  2:225  _  log  0.005 +colog2. 

log  0.005  =  7.6990 -10 
colog        2  =»  9.6990  -  10 

...log 2:225 «  7.3980 -10 


16.  log   2:^  =  log0.07  +  colog5. 
o 

log  0.07  =  8.8451-10 

colog       5  =  9.3010-10 

...log   2:22=8.1461-10 


16.  log   ^  =  log  5  + colog  0.07. 

log        5  =  0.6990 
colog  0.07 '=1.1549 

.-.log   —=1.8539 


0.07 

17.  Iog^  =  log3+colog0.007. 

log        3  =  0.4771 
colog  0.007  =  2.1549 

•log-— -=2.6320 
^0.007 

18.  Iog2:225  =  log0.003+colog7. 

Iog0.003  =  7.4771 -10 
colog        7  =  9.1549  -  10 

...  log  2:225  =  6.6320  -  10 


19.   log -2:2^  =  log  0.05 

^0.003        ^  + colog  0.003. 

log   0.05  =  8.6990-10 
colog  0.003  =  2.5229 


.-.  log -2:25_  =  1.2219 
^0.003 


20.  log   - 


2:227  =  log  0.007 

0.02  +  colog  0.02. 


log   0.007  =  7.8451-10 
colog     0.02  =  1.6990 
0.007 


.-.  log 


21.  log 


0.02 
0.02 


=  9.5441  - 10 


=  log  0.02 


0.007        +  colog  0  007. 
log     0.02  =  8.3010  -  10 
colog   0.007  =  2.1519 
0.02 


•.log 


0.007 


=  0.4559 


22.   log   2:225  =  log  0.005 

0.07  +  colog  0.07. 

log   0.005  =  7.6990-10 
colog     0.07  =  1.1549 


log   2:225  =  8.8539-10 


23.  log 

log 
colog 

.••  log 

24.  log 


0.07 

0.03 

7 
0.03 

7 
0.03 


=  log0.03+colog7. 

=  8.4771  - 10 
=  9.1549-10 


0.0007 
0.2 


log  0.0007 
colog       0.2 

.-.log  2:2221 

^     0.2 


25.  log 

log 
colog 

.-.  log 


0.02^ 
3» 

0.02« 
33 
0.02^ 
3> 


=  7.6320  -  10 

=  log  0.0007 

+  colog  0.2. 

=  6.8451  -  10 

=  0.6990 

=  7.5441  -  10 


log0.02« 

+  colog  3'. 

=  6.6020  -  10 

=  8.5687-10 

=  5.1707-10 
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26.  log  -5i-  =  log3»  +  colog0.02«. 
0.02" 


I 

! 

3> 


log        3»  =  1.4313 
colog  0.02*  =  3.3980 


.-.  log  -i^=»  4.8293 


27.  log  -^  =  log7*  +  colog0.02«. 
^  0.02?        e     ^        B 


log  7»  =  2.5353 

colog     0.02'-'  =  3.3980 

.-.  log  -^  =  5.9333 


28.  log  -^^.  =  log  0.07»  X  colog  0.003*. 
^0.003»        ^  ^ 

log  0.07»  -  6.5353  -  10 
colog0.003'  =  7.5887 

...  log  i^  =4.1040 


29.  log^^'''  =  log  0.005*  +  colog  T'. 

log  0.0052  _  5  3980  _  10 
colog        7^  =  7.4G47  -  10 

...  log?:525!  =  2.8627 -10 


*30.  log  — —  =  log  7»  +  colog  0.005». 
^0.005*        ^  ^ 

log        7*  =  2.5353 
colog  0.0052  =  4.6020 

.-.  log— ^=7.1373 
^0.0052 
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Exercise  118. 

1.  log  999  =  2.9996. 

2.  log  9901  =  3.9956  +  yV  of  0.0005  =  3.9957. 

3.  log  5406  =  3.7324  +  ^%  of  0.0008  =  3.7329. 

4.  log  90801  =  4.9581  +  yj^  of  0.0005  =  4.9581. 
6.  log  10001  =  4.0000  -f  yj^  of  0.0043  =  4.0000. 

6.  log  10010  =  4.0000  +  yVn  ol  0.0043  =  4.0004. 

7.  Iog0.00987  =  7.9943 -10. 

8.  Iog0.87701  =  9.9430 -10. 

9.  log  1.0001  =0.0000 -I- yjjj  of  0.0043  =  0.0000. 

10.  log  7.0099  =  0.8488  +  j%%  of  0.0006  =  0.8494. 

11.  log  0.0897  =  8.9528 -10. 

12.  log  99.778  =  1.9987  +  ^%  of  0.0004  =  1.9990. 

13.  Antilogarithm  of  2.5310. 

Number  corresponding  to  0.5310  is  3390  +  j%  of  10  =  3396. 
.*.  number  required  is  339.6. 

14.  Antilogarithm  of  1.9484. 

Number  corresponding  to  0.9484  is  8880. 
.'.  number  required  is  88.8. 

15.  Antilogarithm  of  9.S800  -  10. 

Number  corresponding  to  0.8800  is  7580  +  |  of  10  =  7586. 
.'.  number  required  is  0.7586. 

16.  Antilogarithm  of  0.2787. 

Number  corresponding  to  2787  is  1890  +  |f  of  ICf  =  1900. 
.".  number  required  is  1.9. 

17.  Antilogarithm  of  7.0216-10.    .      ' 

Number  corresf>onding  to  0.0216  is  1050  -f  ^\  of  10  =  1051. 
.•.  number  required  is  0.001051. 

18.  Antilogarithm  of  8.6580- 10. 
Number  corresponding  to  0.6580  is  4550. 
.*.  number  required  is  0.0455. 
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Exercise  119. 


1. 

948.76  X  0.043875. 

log       948.76  =  2.9772 

log  0.043875  =  8.6423-10 

1.6195 
=  log  41.64. 


6. 


7561  X  (-  0.003764). 

log  7564  =  3.8787 

log(-  0.003764)  -  7.57r)«'»«  -  10 

1.4513" 
=  log -28.47. 


2. 

3.4097  X  0.0087634. 

log       3.4097  =  0.5328 
log0.0087634  =  7.9427 -10 

8.4755  -  10 
-  log  0.02989. 


6. 

3.7648  X  (-  0.083497). 

log  3.761S--0.57r>7 

log(-  0.083497)  =  8.9217"  -  10 

9.4974-  -  10 
=  log -0.3144. 


3. 

830.75  X  0.0003769. 

log       830.75  =  2.9195 

log  0.0003769  =  6.5762  -  10 

9.4957  -  10 
=  log  0.3131. 


-  5.840359  x(-  0.00178). 

log(-  5.840359)  --  0.7<»61'» 

log   (-  0.00178)  =  7.2r,()l»  -  10 

8.016S  -  10 
=  log  0.0104. 


4. 

8.4395  X  0.98274. 

log       8.4395  =  0.9263 
log     0.98274  =  9.9925-10 

0.9188 
=  log  8.294. 


8. 

-  8945.07  X  73.846. 

log   (-  8945.07) -3.9515" 
log  73.846  =  1.8683 


5.8198« 

log   -  660600. 
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70654 


9. 

=  log  70654  +  colog  54013. 
54013        ^  ^ 

log     70664  =  4.8491 
colog  54013  =  5.2675  -  10 

0.1106 
=  log  1.308. 

10. 

^^^  -=  log  58706  +  colog  93078. 
93078        ^  ^ 

log     58706  =  4.7686 
colog  93078  =  5.0312  -  10 

9.7998  -  10 
=  log  0.6307. 

7.652 


8.32165 


11. 

log  8.32165 

+colog  0.07891. 


0.07891 

log     8.32165  =  0.9202 
colog  0.07891  =  1.1028 

2.0230 
=  log  105.4. 


65039 


12. 


=  log  65039  H-  colog  90761. 
4.8132 


90761 

log        65039 

colog    90761  =  5.0421  -  10 

9.8553  -  10 
=  log0.71G7. 


13. 


=  log  7.652  -I-  colog  (-  0.06875). 
-0.06875        ^  ^^ 

log  7.652=   0.8838 

colog  (-  0.06875)  =  11.1627** -10 

2.0465" 
=  log -111.3. 

14. 

0.07654 


83.947x0.8395 


log  0.07654  +  colog  83.947  +  colog  0.8395. 


log  0.07654  =  8.8839  - 10 

colog  83.947  =  8.0760  -  10 

colog  0.8395  =  0.0759 

7.0358  -  10 
=  log  0.001086 


15. 

7564  X  0.07643 

8093x0.09817' 
log  7564  =  3.8787 

log  0.07643  =  6.8832  - 10 
colog  8093  =  6.0919  -  10 
colog  0.09817  =  1.0080 

9.8618  -  10 
=  log  0.7277. 


16. 

89  X  753  X  0.0097 
36709  X  0.08497  ' 
log      89  =  1.9494 
log     753  =  2.8768 
log   0.0097  =  7.4352  -  10 
colog  30700  =  5.4352-10 
colog  0.08497  --=  1.Q7Q8 

9.3190  - 10 
=  log  0.2084. 
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17.  22. 

413  X  8.17  X  3182  log  1.3178  =0.1198 

915  X  728  X  2.315  10 

log       413  =  2.6160  log  1.3178i'>=  1.1980 

log       8.17  =  0.9122  =  log  15.78. 

log      3182  =  3.5027 

colog    915  =  7.0386-10  23 

colog    728  =  7.1379  - 10  ,        .  ... 

colog  2.315  =  9.6354  -  10  log  0.78765  -  9.8963  -  10 

0.8428  log  0.78765»  =  9.3778  - 10 
=  ^^g^-^^'  -log  0.2387. 

18.  24. 

212  x(- 6.12)  x(- 2008)  log  0.691  =9.8395-10 
366  X  (-  531)  X  2.576  9 

log-  212  =  2.3263  log  0.691»  =  8.5555  -  10 

log      (-  6.12)  =  0.7868-  =  log  0.03593. 

log     (-  2008)  =  3.3028*  ^ 

colog         365  =  7.4377  -10  ok 

colog  (- 531)  =  7.2749»  -  10 

colog       2.576  =  9.5891   -10  log  (J})"  =  11  (log  73  +  colog  61) 

=11(1.8633+8.2147-10) 

0.7176*  =  0.8580 

=  log -5.21 9.  =  log  7.212. 

19.  26. 

log  6.05  =  0.7818  log  (if)'  =  7  (log  14  +  colog  51) 

3  =7(1.1461  +  8.2924-10) 

log  6.05.  =  2.3454  rfo^Lim. 


=  log  221.5. 
20. 


(lof  )*  =  i^J^Y 

log  1.051  =  0.0216  log  (^.)*  =  4  5^02  32  +  colog  3) 


27. 

I 

I 


1  =  4(1.5051  +  9.5229  - 10) 


log  1.05r  =  0.1512  =  4.1120 

=  log  1.416.  -=  log  12940. 

21.  ^• 

log  1.1768  =  0.0707  ^^^  jjjj:  I  ^  ,,  ^  ^  ,     ,^ 


log  1.1768*  =  0.3535  _  1.9992 

=  log  2.257.  -=  log  99.82 


=  8(1.2041+9.0458-10) 
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29. 

iog(m)« 

=  6{log951+colog823) 
=  6(2.9782  +  7.0846-10) 
=  0.3768 
=  log  2.381. 

30. 

(VtV-^ 

=  (Jf)0.38, 

log(ff)«^ 

=  0,38(log83  +  cologll) 
=  0.38(1.9191  +  8.9586  -  10) 
=  0.3335 
=  log  2.155. 

31. 

(3H)^i7 

^(1^)417. 

log(W)*-^ 

=  4.17(logl20  +  colog31) 
=--  4.17(2.0792  +  8.5086  -  10) 
=  2.4511 
» log  282.6. 

32. 

(hsr^ 

=  (Hr. 

l0g(H>3.2 

=  3.2(logl3  +  cologll) 
=  3.2(1.1139  +  8.9586-10) 
=  0.2320 
» log  1.706. 

33. 

(SIP 

=  (-¥P. 

l0gpj5)2.3 

=  2.3(log35  +  colog4) 

=  2.3(1.5441+9.3979-10) 
=  2.1666 
=  log  146.8. 


34.  (5i|)0-'75       ^^si^ytjii 

log(Wf' ^*  -=  0.375  (log  216  +  colog  37) 

=  0.375(2.3345  +  8.4318  -  10) 
=  0.2874 
=  log  1.938. 
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35.  log  7  =  0.8451.  39.  log     906.80  =  2.9575. 

3)0.8451  4)2.9575 

log  7*  =  0.2817  log  906.80*  =  0.7394 

=  log  1.913.  "log  5.487. 

40.  log    8.1004  =  0.9133. 

36.  log  11  =  1.0414.  5)0.9133 

5)1.0414  log  8.1004*  =  0.1826 

log  11*  =  0.2083  =  log  1 .523. 

=  log  1.616. 

41.  log  0.17043  =  0.2466-10 

5 

«,*     ,       ^„„      «„^o«  46.2330-50 

37.  log  783  =  2.8938.  10  _  ^q 

3)2.8938  6)5(>.2330  -  60 

log  783*  =  0.9646  j^g  0.17643*  =  9.3722  -  10 

=  log  9.218.  =  log  0.2356. 

42.  log  2.5637    =0.4088 

38.  log    8379  =  3.9232.  3 

10)3.9232  11)1.2264 

log  83791^  =  0.3923  log  2.5637*^  =  01115 

=  log  2.468  =  log  1.293. 

43.  log  (HI)*  =  iClog  431  +  colog  788). 

log     431  =  2.6345 
colog  788  =  7.1035  -  10 

9.7380  - 10 
lO         - 10 

2)19.7380-20 

9.8690 -10  =  log  07397. 

44.  log  {j^^)*  =  f  (log  71  +  colog  43406). 

log     71  =  1.8513 
colog  43406  =  5.3624  -  10 

7.2137  - 10 
4 

28.8548  -  40 

30.    -  30 

7)58.8548-70 

8.4078  -  10  =  log  0.02558. 
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log  (W)*  =  i  Gog  408  +  colog  43). 


log     408  =  2.6107 
colog    43  =  8.3065-10 

5)0.9772 


0.1964  =  log  1.568. 


46.  (11H)*  =  (W)*. 


log  (W)*  =  i  (log  802  +  colog  71). 

log     802  =  2.9042 
colog    71  =  8.1487-10 

1.0529 

1(1.0529)  =  0.8423  =  log  6.955. 


47.  5»  =  20. 


»log    5  =  log  20 

a.  -  log  20 
log  5 

_  1.3010 
0.6990 


=  1.861. 


48.  (1.3)»  =  2.1. 


ajlogl.3  =  log2.1 

^_  log  2.1 
log  1.3 

0.3222 


^  ,  _^  =  2.829. 
0.1139 
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50.  ^ 


a;  log  0.9  =  log  0.5 

log 

J.6990 
.9542^^*'^ 

0075433'  X  78.343  x  8172.4*  x  0.00052 

64285*  X  154.27*  X  0.001  X  586.79* 

log  0.0075433«  =  5.7552  -  10 
log 

log 
log 

colog 
colog 
colog 

colog    586.79*  =  8.0158  -  10 


\ 


\ 


78.343  =  1.8940 

8172.4*  =  1.3041 
0.00052  =  6.7160-10 

64285*  =  8.3973  -  10 
15427*  =  1.2468  -  10 
0.001  =  3.0000 


V 

\ 


\ 


5)  36.92^»2  -  50 

7.3858  -  10  =  log  0.002431 


51. 


^0 


* 


15.832»  +  5793.6^  x  078426 
,000327*  X  768.94»  x  3015.3  x  O007* 
log         15.832»  -  3.5988 
log        5793.6*  =  1.2543 


log 


,*  = 
078426  =  9.8445  -  10 


colog0.000327*  =  1.1618 
colog      768.94«  =  4.2282  -  10 
colog      3015.3  =  6.5207  -  10 

colog      0.007*  =  1.0774 


27.7357  -  30 
20.         -  20 


5)47.7357-50 

9.5471 -10  =  log  0.3525. 


o    ^ 


"^    Ls  >S'  /  -^ 
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52. 


1 17.1895  X  4764.2^  X  0.0032ffl 
\0.00048963  x  457»  X  5764.4'' 

log  7.1895  =  0.8566 

,      log  4764.2«  =  7.3558 

log         0.003265  =  7.5660  -  20 
coTog  0.00048963  =  3.3102 
colog  457»  =  2.0203  -  10 

colog        5764.4-»  =  2.478G  -  10 

23.5«75  -  40 
10.         - 10 


63. 


54. 


5)  33.5875  -  50 

6.7175  -  10  =  log  0.0005218. 

6 '  3.141tx  4771.21  X2.7183V 

'V30.103*  X  0.4343*  x  69.897* 

log  3.1416  =  0.4971 
log  4771.21=3.6786 
log  2.71834  =  0.2172 
colog  30.103*  =  4.0856  -  10 
colog  0.4343*  =0.1811 
colog  69.897*  =  2.6220  -  10 

11.2816-20 

30.         -  30 

5)41.2816-50 

8.2563  -  10  =  log  0.01804. 

7  /0.0327P  X  53.4^  x  0.77542* 


M 


55 


32.769x0.000371* 

log      0.0327P=    7.0292-10 
log  53.429=    1.7278 

log       0.77542»=    9.6688-10 
colog       32.769=    8.4845-10 
colog  0.000371*  =  13.7224 
7)  10.6327 

1.5190=  log  33.04. 

732.0562  x  0.0003572*  x  89793 


a  1732.056 

*    \42.2798 


2798»  X  3.4574  x  0.0026518* 

log         732.056^=   5.7290 
log     0.0003572*=   6.2116-20 
log  89793=   4.9533 

colog  42.2798*  =  5.1217-10 
colog  3.4574=  9.4612-10 
colog  0.00265186  _  12.8825 

3)4.3593 

1.4531  =  log  28.39. 
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56     »/7932  X  0.(J0657  X  0.S0464 
\         0.03274x0.6428 


log         7932  =  3.8994 
log     0.00057  =  7.8176-10 
log     0.80464  =  9.9056  -  10 
colog  0.03274  =  1.4849  -  10 
colog   0.6428  =  0.1919 
3)3  2994 

1.0998  -  log  12.58. 


^rj     - ,     7.1206  X  VO.  13274  x  0.057389 


V 


VO.43468  X  17.385  x  Va001H;372 

log  7.1206  =  0.8525 

log         V(UT274  =  9.5615  -  10 
log  0.057389  =  8.7588  -  10 

colog      VO.  13468  =  0.1809 
colog      _  17.385  =  8.7599  -  10 
colog  V0.()09G372  =  1 .0080 

3)29.1216-30 


9.7072-10  =  log  0.5096. 


gg      I  3.075526-  X  5771.2^  x  0.0036984^  x  7.74  )  * 
I  72258x327.93^x86.97*  J 


log    3.075526'^  =  0.9758 
log       5771.2* -1.8806 
log  0.0036984*  =  9.5136  -  10 
log  7.74  =  0.8887 

colog  72258  =  5.1412-10 
colog  327.933  =  2.4526  -  10 
colog      86.97«^  =  0.3030-10 

1.1555  -  20 
3 


3.4665-    60 
40  -   40 


5)  43.4665  -  100 
8.6933-    20 
«:  log  0.000000000004936. 
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Exercise  120. 

1.   In  how  man  J  years  will  $  100  amount  to  1 1050,  at  5  per  cent  com- 
pound interest  ? 

Put  A  =  1050 

P  =  100 
B  =  1.05 
Then  1050=  lOax  1.05- 

1.05-  =  JjVi? 
Take  the  logarithms  of  both  sides  of  the  equation, 

II  log  1.05  =  log  1050  -  log  100 
log  1050  -  log  100 

II  =  —^2 S 

log  1.05 

^3.0212-2^1.0212 
0.0212         0.0212 

log  1.0212  =  0.0091 
colog  0.0212  =1.6737 

.-.  logn=  1.6828 

n  =  48.18 
.'.  It  will  take  48.18  years. 

3.  In  how  many  years  will  ^A  amount  toi^B  (1)  at  simple  interest, 
(2)  at  compound  interest,  r  and  B  being  used  in  their  usual  sense  ? 

(1)  B=A{l-\-nr)  (2)  B=AB^ 

B-A  j^     B 

••--- 1^  ^  =  1 

B-A  y^^^^  n  log  B  =  log  5  -  log  ^ 

Ar  '  jj  _  log  -B  —  log  ^ 

log /J 

logB-log^ 

-       —         years. 

logi? 

3.  Find  the  difference  (to>  five  places  of  decimals)  between  the 
amount  of  $  1  in  2  years,  at  6  per  cent  compound  interest,  according  as 
tlie  interest  is  due  yearly  or  monthly. 
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(1) 

Let 

the 

interest    be 

due 

(2) 

Let 

the 

interest 

be 

due 

yearly 

• 

monthly. 

A  = 
P  = 

1 

A  = 

=  P(l  + 

r  ya» 
127 

B  = 

1.06 

P  = 

1 

n  = 

2 

r  = 

0.06 

• 
•  • 

A  = 

1  X  (1.06)2 
1.1236 

1  + 

r 
12 

1.005 

12n  =  24 

.•.^=1X1.0053* 

log^  =  24  log  1.006 

=  0.0528 

-4=1.12926 

$  1.12926  -  9 1.1236  =  90.00366. 

The  difference  is  $0.00366. 


4.   At  5  per  cent,  find  the  amount  of  an  annuity  of  $  ^  whicli  has 
been  left  unpaid  for  4  years. 

^,_5(Jgn-l)  ^;_  .1(1.054-1) 

r  0.05 

8  =  A  _   .0.2155 

i?=1.05  0.05 

r  =  0.05  =  ^  X  4.31 

11  =  4 

The  amount  is  4.31  X  A  dollars. 

6.  Find  the  present  value  of  an  annuity  of  ^00  for  5  years,  reckon- 
ing interest  at  4  per  cent. 

5=100 
2?=  1.04 
n  =  6 
.    p^  100       1.048-1 
1.046      1.04  - 1 

By  logarithms,  P  =  i52_  x  ^^ 

1.216      0.04 

P=444 

The  present  value  is  $444. 
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6.  A  perpetual  annaity  of  $  1000  is  to  be  purchased,  to  begin  at  the 
end  of  10  jears.  If  interest  is  reckoned  at  3}  per  cent,  what  should 
be  paid  for  it  ? 

Let  P=  present  yalue. 

Then  PB^^  =  value  at  end  of  10  years. 


But 

—  =  value  of  perpetual  annuity. 

• 
•  • 

r 

P^     ^ 

B^^r 

S^IOOO 

i?=  1.036 

r  =  0.036 

,   p_          1000 

1.03610x0.036 

By  logarithms, 

p  =  20270 

$20^70  should  be  paid. 

7.  A  debt  of  $  1860  is  discharged  by  two  payments  of  $  1000  each, 
at  the  end  of  one  and  two  years.    Find  the  rate  of  interest  paid. 

Let  r  =  rate  of  interest. 

Then  1860(1  +  r)  =  amount  of  debt  at  end  of  first  year. 

1860(1  +  r)  —  1000  =  amount  of  debt  after  first  payment. 
[1850(1  +  r)  - 1000]  (1  +  r)  =  amount  of  debt  at  end  of  second  year. 
.-.  [1860(1  +  r)  - 1000]  (1  +  r)  =  1000 
860  +  2700r  +  1860  r^  =  1000 
1860r2  + 2700  r=  160 
37r2+64r  =  3 

.   ^_-27j:2v^lO 
••  37 

By  logarithms,  r  =  0.06361 

The  rate  of  interest  is  0.05361. 

8.  Reckoning  interest  at  4  per  cent,  what  annual  premium  should  be 
paid  for  30  years,  in  order  to  secure  $2000  to  be  paid  at  the  end  of 
that  time,  the  premium  being  due  at  the  beginning  of  each  year  ? 

p_         Ar 

i?(/^-l) 
^  =  2000 
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r=0.04 

fl=i.a4 

n  =  30 
p^     2000x0.04 


1.04(1.04«'-1) 
By  logarithms,  P=  34.40 

.*.  The  annual  premium  is  f  34.40. 

9.  An  annual  premium  of  $  160  is  paid  to  a  life-insurance  company 
for  insuring  $5000.  If  money  is  worth  4  per  cent,  for  how  many  years 
must  the  premium  be  paid  in  order  that  the  company  may  sustain  no 
loss? 

p__     Ar 
/2»-l 
P(i?»-l)  =  i4r 

nn  =  iAr±P 
P 
«logi?  =  log(^r+P)-logP 
.    „^log(^r+P)-logP 
log/i 
P=160 
^=5000 
R  =  1.04 
r=0.04 

^_  log  360  — log  150 
log  1.04 

0.0170 
.*.  The  premium  must  be  paid  21.66  years. 

10.  What  may  be  paid  for  bonds  due  in  10  years,  and  bearing  semi- 
annual coupons  of  4  per  cent  each,  in  order  to  realize  3  per  cent  semi- 
annually, if  money  is  worth  3  per  cent  semi-annually? 

P  (1  +  ar)*  =  ^2J:-^lil±-2}!L^i-!i'' 

9  (1  +  ar)" 
ifif=100 
9  =  0.03 
r  =  0.04 
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*  =  0.03 
n  =  20 
.    p^  3 +  4(1.03^0-1) 
0.03(1.03)» 

By  loMrithms,  P=  _?:?1^  =  114.8 

^     *  •  0.06409 

The  bonds  mast  be  bought  at  114.80. 

11.  When  money  is  worth  2  per  cent  semi-annually,  if  bonds  haying 
12  years  to  run,  and  bearing  semi-annual  coupons  of  3}  per  cent  each, 
are  bought  at  114},  what  per  cent  is  realized  on  the  investment  ? 

Let  X  =  rate  of  interest  received  on  the  investment. 

Then  l  +  .=.(^-y+^'-0^y)"-^)^ 

/8f=100 
q  =  0.02 
r  =  0.036 
11  =  24 
P  =  114.126 


.    .  /2  +  3.6xl.02^-3.6\A 

V       114.126x0.02      ) 

V2.2826y 


X  =  0.026 

.'.  2\  per  cent  semi-annually  is  realized  on  the  investment;  that  is  5 
per  cent  per  annum. 

12.  If  %  126  is  paid  for  bonds  due  in  12  years,  and  yielding  3|  per 
cent  semi-annually,  what  per  cent  is  realized  on  the  investment,  pro- 
vided money  is  worth  2  per  cent  semi-annually  ? 

Let  X  =  rate  of  interest  received  on  the  investment 

Then  l  +  x  =  /^+^^(y-y)^-^]^ 

/8f=100 
9  =  0.02 
r  =  0.036 
n  =  24 
P=126 
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.    1  I  ^  ^ /2  +  3.5  X  1.02^  ~3.6\,'^ 
"  V  126x0.02  ) 

\2.62/ 
x  =  0.021 

4.2  per  cent  per  annum  is  made  on  the  investment. 


18.  A  person  borrows  $600.25.  How  mucli  must  he  pay  annually 
that  the  whole  debt  may  be  discharged  in  35  years,  interest  being 
reckoned  at  4  per  cent  simple  interest  ? 

Let  p  =  amount  of  debt. 

8  =  annual  payment. 

Then        .  PRn^§i^l:zlL 

•  •  ^=  #4 

P=  600.25 
r  =  0.04 
72=1.04 
n  =  35 

o^  600.25  X  0.04  Xl.04» 
1.0486-1 

2.935 
.*.  He  must  pay  $32.30  per  year. 

14.  A  perpetual  annuity  of  $  100  a  year  is  sold  for  #2600.  At  what 
rate  is  the  interest  reckoned  ? 


p  = 

S 

r 

r  = 

,8 
P 

P  = 

2600 

S  = 

100 

r  = 

iVifir 

r  =  0.04 
.*.  The  interest  is  reckoned  at  4  per  cent. 
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15.  A  perpetual  Annuity  of  $320,  to  begin  10  years  hence,  is  to  be 
purchased.  If  interest  is  reckoned  at  3^  per  cent,  what  should  be  paid 
for  it  1 

Let  P  =  present  value  of  the  annmty. 

Then  P(1.032)io  =  its  value  10  years  hence. 

But  =  its  yalae  10  years  hence. 

0.032  ^ 

/.  P  (1.032)w  =  -^  =  10000 
^         ^        0.032 

.*.  $  7377  should  be  paid  for  the  annuity. 

16.  A  sum  of  $  10,000  is  loaned  at  4  per  cent.  At  the  end  of  the 
first  year  a  payment  of  $400  is  made ;  and  at  the  end  of  each  following 
year  a  payment  is  made  greater  by  30  per  cent  than  the  preceding 
payment.    Find  in  how  many  years  the  debt  will  be  paid. 

Let  n  =  number  of  years  in  which  the  debt  will  be  paid. 

Then 

10000(1.04)*'  =  sum  to  which  10,000  dollars  will  amount  at  the  end 

of  that  time. 

400  (1.04)"-i  +  400  X  1.30  (1.04)»»-2  +  400  (1.30)2(1. 04) «-«  +  etc. 

=  sum  to  which  the  payments  would  amount  at  the  end 

of  that  time. 

.-.  10000  (1.04)"  =  400  (1.04)"-i  +  400  X  1.30  (1.04)«-« 

+  400  (1.30)2(1.04)»-8  +  etc. 

=  400  [1.04'«-i  +  1.30(1 .04)"-2  +  (1.30)2(1.04)*-«  +  etc.] 

But  1.04«-i  +  1.30(1.04)»-2  +  (1.30)2C1.04)»-8  +  etc.  is  a  geometrical 

1  30 
progression  of  which  the  ratio  is  -:^,  and  the  sum 

J.  .114 


'■«-[(iS)'-'] 


10000(1.04)"  =  400 


1.30*-1.04«» 

1.30    ^  1.30-1.04 

1.04 
1.30" -1.04* 
1.30  - 1.04 

1.30«-1.04» 


25  (1..30  - 1.04)  = 


1.04" 
25x0.26 


=  /I  soy 
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1.U4 

„^  log  7.5 


log  1.30 -log  1.04 
0.8751 


=  9.032 
0.0969 

.*.  The  debt  will  be  paid  in  9.032  years. 

17.  A  man  with  a  capital  of  9 100,000  spends  every  year  $9000.  If 
the  current  rate  of  interest  is  5  per  cent,  in  how  many  years  will  he  be 
ruined  ? 

Let  n  =  number  of  years  in  which  he  will  be  ruined. 

Then 
100000(1.05)"  =  sum  to  which  his  capital  will  amount  in  n  years. 

9000(1.05)--!  +  9000(1.05)»-2  +  etc. 

=  sum  to  which  his  expenditure  will  amount  in  n  years. 
.-.  9000(1.05)"-!  +  9000(1. 05)"-2  +  etc.  =  100000(1.05)« 


V1.05"     ; 


9000 Y^^^ =  100000(1.05)' 

-i--l 
1.05 

f— -^) 
flOOo/!'^^"        ^    =100000 

I— 1)1.05 

\1.05        I 

-1—1 
l.OS"        _  100 

*      1-1.05  ~    9 

*  1     ^i_5^4 


1.05"  9     9 

1.05"=  I 
n  log  1.05  =  log  9  —  log  4 
.   „_log9-log4 
log  1.05 
^03621^1^^ 
0.0212 
.*.  He  will  be  mined  in  16.23  years. 
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18.  Find  the  amount  of  $365  at  compound  interest  for  20 
years,  at  5  per  cent. 

il  =  365(1.05)«>  =  969. 

.'.  1 969  is  the  amount. 

Exercise  121. 

1.  How  many  different  permutations  can  be  made  of  the  letters 
in  the  word  Ecclesiastical^  taken  all  together  ? 

There  are  14  letters.     There  are  2  a's,  2  c's,  2  i's,  2  Ts,  2  «'8,  and 
3c'8. 
Hence  the  numher  of  permutations  possible  is 

[14 


2x[2x[2x|2xt2xl3 


=  454,053,600. 


2.  Of  all  the  numbers  that  can  be  formed  with  four  of  the 
digits  6,  6,  7,  8,  9,  how  many  will  begin  with  56  ? 

The  first  two  places  can  be  filled  in  only  1  way. 
The  third  place  can  be  filled  in  3  ways  (by  7,  8,  or  9). 
The  fourth  place  can  be  filled  in  2  ways. 
Hence,  the  whole  number  is  1  x  3  x  2  =  6. 

3.  If  the  number  of  permutations  of  n  things,  taken  4  together, 
be  equal  to  12  times  the  permutations  of  n  things,  taken  2 
together,  find  n. 

The  number  of  n  things  taken  4  together  is 

n(n-l)(7i-2)(n-3). 
The  number  of  n  things  taken  2  together  is 

n(n-l). 
.-.  n{n  -  l)(n  -  2)(n  -  3)  =  12(n)(n  -  1).* 
...  (n  _  2)(n  -  3)  =  12, 
or  n«-5n  +  6  =  12. 

Solving  this  equation,        n  =  6. 

4.  With  3  consonants  and  2  vowels,  how  many  words  of  3  let- 
ters can  be  formed,  beginning  and  ending  with  a  consonant,  and 
having  a  vowel  for  the  middle  letter  ? 
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The  first  place  can  be  filled  in  3  ways. 

The  second  place  can  be  filled  in  2  ways. 

The  third  place  can  be  filled  in  2  ways. 

Hence,  whole  number  of  words  =  3x2x2  =  12  words. 

5.  Out  of  20  men,  in  how  many  different  ways  can  4  be  chosen 
to  be  on  guard  ?  In  how  many  of  these  would  one  particular 
man  be  taken,  and  from  how  many  would  he  be  left  out  ? 

The  number  of  ways  in  which  we  can  select  4  men  out  of  20  is 

20  X  19  X  18  X  17  =  116,280  ways. 

The  4  men  on  guard  may  be  arranged  in  [4  =  24  ways. 

Hence,  number  of  relations  is : —  =•  4845. 

24 

Since  in  20  men  there  are  5  groups  of  4  each,  one  man  would  ap- 
pear in  every  fifth  group. 

Hence,  one  man  would  be  taken  in  — — ^  =  969  ways. 

6 

4845  -  969  =  3876  ways  from  which  he  is  left  out. 

6.  Of  12  books  of  the  same  size,  a  shelf  will  hold  6.  How 
many  different  arrangements  on  the  shelf  may  be  made  ? 

The  first  place  can  be  filled  in  12  ways. 
The  second  place  can  be  filled  in  1 1  ways. 
The  third  place  can  be  filled  in  10  ways. 
The  fourth  place  can  be  filled  in  9  ways. 
The  fifth  place  can  be  filled  in  8  ways. 
Hence,  whole  number  of  ways  =12xllX  10x9x8 

=  95,010  ways. 

7.  Of  8  men  forming  a  boat's  crew,  one  is  selected  as  stroke. 
How  many  arrangements  of  the  rest  are  possible  ?  When  the 
4  who  row  on  each  side  are  decided  on,  how  many  arrangements 
are  still  possible  ? 

When  one  man  is  chosen  for  stroke,  the  number  of  arrangements 
of  the  seven  men  left  is 

[7  =  7x6x5x4x3x2x1=  5040. 

The  number  of  arrangements  of  the  three  men  on  the  side  with  the 
stroke  is  \^\  on  the  other  side  is  [4.     Hence,  the  whole  number  is 

[3  x[4  =  3x  2x4x3x2  =  144. 
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8.  How  many  si^rnals  may  be  made  with  6  flags  of  diflerent 
colors  which  can  be  hoisted  either  singly,  or  any  number  at  a 

time? 

The  number  of  ways,  when  all  are  taken,  would  be 

6x5x4x3x2x1  =  720 
When  five.         6x5x4x3x2        =720 
four,        6x5x4x3  =360 

three,      6x5x4  =120 

two.         6x5  =30 

one,         6  =6 

Hence,  in  all  1956 

9.  How  many  signals  may  be  made  with  8  flags  of  different 
colors  which  can  be  hoisted  either  singly,  or  any  number  at  a 
time,  one  above  another  ? 


The  number  of 

signals,  when  all  are 

)  used, 

would  be 

8x7x6x5x4x 

3x2 

X  1  =  40,320 

When  seven, 

8x7x6x5x4x 

3x2 

=  40,320 

six. 

8x7x6x5x4x 

3 

=  20,160 

five. 

8x7x6x5x4 

=    6,720 

four. 

8x7x6x5 

=    1.680 

.    three. 

8x7x6 

=      336 

two, 

8x7 

56 

one, 

8 

8 

109,600 
Hence,  109,600  =  number  of  signals  in  all. 

10.  How  many  difierent  signals  can  be  made  with  10  flags,  of 
which  3  are  white,  2  red,  and  the  rest  blue,  always  hoisted  all 
together  and  one  above  another  ? 

Since        3  are  white, 
2         red, 
and  5         blue, 

there  are    10  in  all. 

Hence,  whole  numbers  of  signals  is     ' —     =  2520, 

.         L3[2|5 
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11.  How  many  signals  can  be  made  with  7  flags,  of  which 
2  are  red,  1  white,  3  blue,  and  1  yellow,  always  displayed  all 
together  and  one  above  another  ? 

il  7x6x5x4x3x2x1 


|2[2[3[1  2x3x2 


=  420. 


12.  In  how  many  different  ways  may  the  8  men  servhig  a 
tield-gan  be  arranged  so  that  the  same  man  may  always  lay  the 
gun? 

8-1-7. 

[7  =  7x6x5x4x3x2x1=  5040  ways. 

13.  Find  the  number  of  signals  which  can  be  made  with  4 
lights  of  different  colors,  when  displayed  any  number  at  a  time, 
arranged  above  one  another,  side  by  side,  or  diagonally. 

Number  of  ways,  when  four  are  taken,  is 

4x3x2x1  =  24 

When  three,  4x3x2        =24 

two,  4x3  =12 

60 

Then  60  arrangements  can  be  made  in  four  ways :  either  side  by 
side,  diagonally  in  two  ways,  or  one  above  another. 

.-.  60  X  4  =  210. 

And  when  one  light  is  taken,  it  can  be  displayed  in  one  way  only. 
Hence,  4  different  signals  can  be  made  with  the  4  lights  of  different 
colors,  1  at  a  time. 

Therefore  the  whole  number  of  ways  is  240  +  4  =  241. 

14.  From  10  soldiers  and  8  sailors,  how  many  different  parties 
of  3  soldiers  and  3  sailors  can  be  formed  ? 

=    120,  number  of  selections  of  3  out  of  10, 

1x2x3 

and  =      56,  number  of  selections  of  3  out  of  8. 

1x2x3 

.•.  120  X  56  =  6720,  number  of  parties  that  car;  be  formed. 

15.  How  many  signals  can  be  made  with  3  blue  and  2  white 
flags,  which  can  be  displayed  either  singly,  or  any  number  at  a 
time,  one  above  another  ? 
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The  number  of  ways  in  which  all  can  be  arranged  is 

-^=—  =»  10  ways. 
[3[2  ^ 

They  can  be  arranged  singly  in  2  ways, 

2  and  2  in  4  ways, 

3  and  3  in  7  ways, 

14         14 

4  and  4  in  -=^  +  -=—  =  10  ways. 

[2[3     |_3|J.  ^ 

Hence,  whole  number  of  ways  is  33. 

16.  In  how  many  ways  can  a  party  of  6  take  their  places  at  a 
round  table  ? 

If  places  are  not  relative,  [6  =  720  =  number  of  ways. 

If  relative,  [5^=  120  =  number  of  ways. 

17.  Out  of  12  Democrats  and  16  Republicans,  how  many  dif- 
ferent committees  can  be  formed,  each  consisting  of  3  Demo- 
crats and  4  Kepublicans  ? 

The  Democrats  can  be  selected  in  ^^X  11x10  ^  220  ways. 

1x2x3  ^ 

The  Republicans  in  ^6x15x14x13  _  ^ggo  ways. 
^  1x2x3x4  ^ 

Hence,  the  whole  committee  can  be  appointed  in 

220  X  1820  =  400,400  ways. 

18.  From  12  soldiers  and  8  sailors,  how  many  different  parties 
of  3  soldiers  and  2  sailors  can  be  formed  ? 

12  X  11  X  10 
The  soldiers  can  be  arranged  in  — ^^—-  =  220  ways. 

1  X  iy  X  «J 

The  sailors  can  be  appointed  in  - — -  =  28  ways. 
Hence,  whole  number  of  ways  is  220  X  28  =  6160  ways. 

19.  Find  the  number  of  combinations  of  100  things,  97 
together. 
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The  number  is  the  same  as  the  number  of  selections  of  3  things 
from  100  things. 

Hence,  the  number  of  ways  in  which  they  can  be  selected  is 

100  X  99  X  98 


11 


=  161,700. 


20.  With  20  consonants  and  5  vowels,  how  many  different 
words  can  be  formed  consisting  of  3  different  consonants  and  2 
different  vowels,  any  arrangement  of  letters  being  considered  a 
word? 

Three  consonants  can  be  selected  in 

20  X  19  X  18  ^  ^^^Q 
1x2x3  ^ 

5x4 
and  two  vowels  in  =  10  ways. 

1x2  ^ 

When  they  have  been  selected  they  can  be  arranged  in 

[5  =  120  different  orders. 
.-.  1140  X  10  X  120  =  1,368,000. 

21.  Of  30  things,  how  many  must  be  taken  together  in  order 
that,  having  that  number  for  selection,  there  may  be  the  great- 
est possible  variety  of  choice  ? 

Here  n  is  even,  and      r  =  -  =  —  =  15. 


22.  There  are  m  things  of  one  kind  and  n  of  another;  how 
many  different  sets  can  be  made  containing  r  things  of  the  first 
and  8  of  the  second  ? 

Let        X  =■  number  of  ways  r  elements  can  be  selected  from  m 
elements, 
and  y  =  number  of  ways  a  elements  can  be  selected  from  n  ele- 

ments. 
number  of  arrangements 
[r 

m(m  —  l)(m  —  2) [m  —  (r  —  1)] 

r 
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Multiply  both  terms  of  the  fraction  by  \m-r. 

\m 

\r\m  —  r 

number  of  arrangements 
^                             8 
_n(n-l)(n-2) In-js-l)] 

8 

Multiply  both  terms  by  |n  — 8, 

^ \^_ 

Multiply  (1)  and  (2), 

\mx\n 


(1) 


(2) 


(|r|m-r)(|fi|n-8) 

23.  The  number  of  combinations  of  n  things,  taken  r  together, 
is  3  times  the  number  taken  r  —  1  together,  and  half  the  number 
taken  r  +  1  together.    Find  n  and  r. 

^i_= '^     .  (1) 

\r\n  —  r    ]r  —  l\n  -  r  +  I 

and  T—. = , —. r-  (2) 

\r\n  —  r     \r  +  l\n  —  r  —  l 

1  In  3  \n 


Divide  by 


r     |r  -  1|to  -r     n  — r+1     |r—  l|7i  — r 


r— In  — r    r     n  —  r  +  1 


n  — r  +  l«3r, 

n  =  4r  —  1. 


o                 In  1  In 

(2)=-^X— -^= ;=-^X 


Divide  by 


^~^     |r|n  — r  +  1      r  +  1     [r|n  — r  — 1 
ll*  2  1 


[r  |n  — r  4-  1     n  —  r     r  +  1 

2r  +  2  =  n  — r, 

n  =  3r  +  2, 
3r  +  2  =  4r-l. 
.-.  r=3, 
and  n  =  ll. 


teachers'  edition.  483 


24.  In  how  many  ways  may  12  things  be  divided  into  3  sets 
of  4? 


Here  the  sets  are  indifferent,  and  the  answer  is 

.      U[2 


[3  [4  [4  [4 


5775. 


26.  How  many  words  of  6  letters  may  be  formed  of  3  vowels 
and  3  consonants,  the  vowels  always  having  the  even  places  ? 

The  vowels  may  be  arranged  in  [3,  and  the  consonants  in  [3,  ways. 

|3x|3  =  6x6  =  36  ways. 

26.  From  a  company  of  90  men,  20  are  detached  for  mounting 
guard  each  day.  How  long  will  it  be  before  the  same  20  men 
are  on  guard  together,  supposing  they  were  to  be  changed  as 
much  as  possible ;  and  how  many  times  will  each  man  have  been 
on  guard  ? 

The  90  men  can  be  arranged  in  [90  ways. 
The  20  detached  in  [^  ways. 
The  70  remaining  in  |70  ways. 
.     190 


20170 


whole  number  of  ways. 


One  man  will  be  on  guard  all  the  time,  leaving  89  men  who  can 
be  arranged  in  [89  ways. 

That  one  will  be  one  of  the  20  detached,  leaving  19  who  can  be 
arranged  in  [19  ways. 

The  remaining  70  can  be  arranged  in  [70  ways. 

89 

=  whole  number  of  times. 


L19[70 

27.  Supposing  that  a  man  can  place  himself  in  3  distinct  atti- 
tudes, how  many  signals  can  be  made  by  4  men  placed  side  by 
side? 

Tbe  first  can  be  placed  in  3  attitudes. 

The  second  can  be  placed  in  3  attitudes. 

The  third  can  be  placed  in  3  attitudes. 

The  fourth  can  be  placed  in  3  attitudes. 

Hence,  all  can  be  placed  in  3*  attitudes. 

But  as  one  is  the  attitude  of  rest,  therefore,  3^  —  1  =  80  signals. 
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28.  How  many  different  arrangements  may  be  made  of   11 
cricketers,  supposing  tlie  same  2  always  to  bowl  ? 

Putting  aside  the  2  bowlers,  9  are   left,  and   they  can   be   ar- 
ranged m  [9  ways,  and  the  bowlers  in  [2  ways. 

.-.[2 1^=725,760  ways. 


29.  Five  flags  of  different  colors  can  be  hoisted  either  singly, 
or  any  number  at  a  time,  one  above  another.  How  many  dif- 
ferent signals  can  be  made  with  them  ? 

When  they  are  all  displayed,  they  can  be  arranged  in 


5x4x3x2x1  =  120 

When  four, 

5x4x3x2        =120 

three. 

5x4x3               =60 

two. 

5x4                      =    20 

one. 

5                            =5 

. .  whole  number  of 

signals                   =  325 

30.  How  many  signals  can  be  made  with  5  lights  of  different 
colors,  which  can  be  displayed  either  singly  or  any  number  at  a 
time  side  by  side,  or  one  above  another  ? 

When  they  are  all  displayed,  they  can  be  arranged  in 

5x4x3x2x1  =  120 

When  four,  5x4x3x2         =120 

three,  5x4x3  =60 

two,  5x4  =20 

•.  whole  number  of  arrangements         =  320 

Since  they  can  be  displayed  as  many  ways  side  by  side  as  one 
above  the  other,  multiply  by  2, 

320  X  2  =  640. 

Since  5  lights  of  different  colors,  displayed  singly,  give  5  different 
signals,  the  whole  number  of  signals  will  be 

640  +  5  =  645. 

31.  The  number  of  permutations  of  n  things,  3  at  a  time,  is 
6  times  the  number  of  combinations,  4  at  a  time.    Find  n. 
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n(»  -  1X»  -  2)  =  6  /n(n- lKn-2Xn-3)\ 


Divide  by  n(n  -  l)(n  -  2),  1  = . 

11 
24  =  6n-  18. 
6n  =  42. 
.-.  n  =  7. 


Exercise  122. 

1.  The  chance  of  an  event  happening  is  }.  What  are  the  odds 
in  favor  of  the  event  ? 

The  charce  of  its  not  happening  is  1  —  J  =  f . 
The  odds  in  its  favor  are  therefore  4  to  3. 

2.  If  the  odds  are  10  to  1  against  an  event,  what  is  the  chance 
of  its  happening? 

There  is  1  chance  out  of  11  that  the  event  will  happen. 
Hence  the  chance  of  its  happening  is  ^. 

3.  In  one  throw  with  a  pair  of  dice  what  number  is  most  likely 
to  be  thrown?   Find  the  odds  against  throwing  that  number. 

12  can  be  thrown  in  1  way,  6,  G. 

11  can  be  thrown  in  2  ways,  6,  5. 
10  can  be  thrown  in  3  ways,        G,  4,  or  5,  5. 

9  can  be  thrown  in  4  ways,        6,  3,  or  5,  4. 

8  can  be  thrown  in  5  ways,        G,  2,       5,  3,  or  4,  4. 

7  can  be  thrown  in  6  ways,        G,  1,       5,  2,  or  4,  3. 

6  can  be  thrown  in  5  ^ays,        5,  1,       4,  2,  or  3,  3. 

5  can  be  thrown  in  4  ways,  4,  1,  or  3,  2. 

4  can  be  thrown  in  3  ways,  3,  1,  or  2,  2. 

3  can  be  thrown  in  2  ways,  2,  1. 

2  can  be  thrown  in  1  way  1,  1. 

In  all,  36  ways. 

7  can  be  thrown  in  6  ways,  and  is  therefore  most  likely  to  be 
thrown.  There  are  30  chances  that  it  will  not  be  thrown.  Hence 
the  odds  against  it  are  30  to  6. 
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4.  Find  the  chance  of  throwing  doublets  in  one  throw  with  a 
pair  of  dice. 

There  are  36  throws,  6  of  which  are  doublets. 
Hence,  the  chance  of  throwing  donhlets  is  ^  =  J^. 

6.  If  10  persons  stand  in  a  line,  what  is  the  chance  that  2 
assigned  persons  will  stand  together? 

If  we  call  the  two  persons  A  and  6,  the  chance  that  A  will  stand 
at  the  beginning  of  the  line  is  ^j^,  and  if  A  stands  at  the  beginning 
of  the  line,  the  chance  that  B  will  have  the  second  place  is  }. 

Hence  the  chance  that  A  and  B  occupy  these  two  positions  together 

IS  i\j  X  J  =  iftj. 

Also  the  chance  that  A  and  B  will  occupy  the  tenth  and  ninth 
places  is  ^. 

If  A  occupies  any  of  the -8  remaining  positions,  B  may  stand  on 
either  side  of  him. 

Tlie  chance  that  A  occupies  one  of  these  8  positions  is  ^j^. 

The  chance  in  such  case  that  B  occupies  one  of  the  two  places 
beside  A  is  ). 

Hence,  the  chance  that  both  events  occur  together  is  ^  X  }  =  if  ■ 

Hence,  the  chance  that  A  and  B  stand  together  is  ^  +  ^ J  =  ||  =1- 

6.  If  10  persons  form  a  ring,  what  is  the  chance  that  2  as- 
signed persons  will  stand  together? 

Call  the  2  assigned  persons  A  and  B. 

Then  if  A  occupies  any  position,  B  may  stand  on  either  side  of 
him. 
The  chance  that  B  does  stand  in  one  of  these  two  positions  is  }. 
Hence,  the  chance  that  A  and  B  stand  together  is  |. 

7.  Three  balls  are  to  be  drawn  from  an  urn  containing  5  black, 
3  red,  and  2  white  balls.  What  is  the  chance  of  drawing  1  red 
and  2  black  balls? 

There  are  10  balls  in  the  urn. 

110 
3  balls  can  be  selected  from  these  in  -==^  =  120  ways. 

1  red  ball  can  be  selected  in  3  ways. 

2  black  balls  can  be  selected  from  5  in  -=^  =  10  ways. 

|3|2  ^ 

Hence,  the  required  chance  is  ^^  =  J. 
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8.  Id  a  bag  are  5  white  and  4  black  balls.  If  4  balls  are  drawn 
out,  what  is  the  chance  that  they  will  be  all  of  the  same  color? 

There  are  9  balls  in  the  bag. 

|9 
4  balls  can  be  selected  from  these  in  -~-  -  126  ways. 

[514  ^ 

4  white  balls  can  be  selected  from  5  in  5  ways. 

4  black  balls  can  be  selected  in  1  way. 

Hence  4  balls  all  of  the  same  color  can  be  selected  in  6  ways. 

Hence,  the  required  chance  is  if  {  »  ^. 

9.  If  2  tickets  are  drawn  from  a  package  of  20  tickets  marked 

1,  2,  3, ,  what  is  the  chance  that  both  will  be  marked  with 

odd  numbers  ? 

There  are  10  odd  and  10  even  numbers. 

The  chance  that  the  first  ticket  is  marked  with  an  odd  number  is  }. 
If  the  first  ticket  is  odd,  there  remain  10  even  and  9  odd  numbers 
in  the  package. 
Hence,  the  chance  that  the  second  ticket  is  odd  is  f^. 
And  the  chance  that  both  are  odd  is  }  x  fg  =  ^g. 

10.  A  bag  contains  3  white,  4  black,  and  5  red  balls;  3  balls 
are  drawn.  Find  the  odds  against  the  3  l>eing  of  three  diflferent 
colors. 

The  bag  contains  12  balls. 

1 1  ^ 
3  balls  can  be  selected  from  them  in  -    -  =  220  ways. 

1  white  ball  can  be  selected  in  3  ways. 

1  black  ball  can  be  selected  in  4  ways. 

1  red  ball  can  be  selected  in  5  ways. 

Hence,  3  balls  of  3  different  colors  can  be  selected  in 

3  X  4  X  5  =  60  ways. 

And  the  odds  against  the  3  balls  being  of  3  different  colors  is  100 
to  60,  or  8  to  3. 

11.  There  are  10  tickets  numbered  1,  2, 9, 0.    Three  tickets 

are  drawn  at  random.    Find  the  chance  of  drawing  a  total  of  22. 

110 
Three  tickets  can  be  selected  from  the  10  in  -- —  =  120  ways. 

Of  these  sets  of  3,  only  9,  8,  5,  and  9,  7.  6  will  give  22. 
Hence,  the  chance  of  drawing  a  total  of  22  is  ifs  =  s^- 
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Exercise  123. 

1.  Find  continued  fractions  for  ||f ; 
and  find  the  fourth  convergent  to  each. 

123      1      I      1      1      1      1 


1  59 
'¥7' 


V5;    VTI;   4V6; 


1      1      1 


Let 


157      1  +  3  +  1  +  1  +  1  +  1  +  1  +  1  +  2 
Quotients      =  1,  3,  1,  1,  1. 
Convergents  =  J,  |,  J,  *  J. 
Fourth  convergent  is  J. 
159^31      1      1      1      1^1^ 
47  2  +  1+1  +  1  +  1  +  3 

Quotients      =  2,  1,  1,  1. 
Convergents  =  f  ^,  '|,  f ,  f . 
.-.  Fourth  convergent  =  3f  =  ^/. 

\/5  =  2+J.  .-.  Vn 


X 


3  +  1     i. 
3  +  6 


1 


. .  a-  —      -  ■ 

V5-2 

=  V54-  2 

• 

=4+1. 

a; 

.'.  V5  =  2  +  r 

1 

Quotients     =  4,  4,  4,  4. 

Convergents  =  ?,  J,  j^.  it  i^z 

.'.  Fourth  convergent=2^5=|J| 

Let 

VTl  =  3  +  -. 

a; 

■  X-        1 

Vll-3 

vTi  +  3 

2 

Let 

vn  +  3_3   1 

2          3/ 

2 

•        41    ... 

Quotients    =  3,  6,  3,  6. 
Convergents  =  f  f  ^^,  JJ.  If  J. 
Fourth  convergent=3  Jf  ^=-y7y-. 

Let  4>/6  =  9  +  l. 

2; 

4V6-9 
_4v^  +  9 
15 
4\/ti  +  9     1   ,  1 

=  i  H — 


Let 


15 


y  = 


y 

15 


Let 


2\/6  +  3 


2  = 


4\/6-6 
2V6  +  3 

2 

11 

z 
2 


=  3  + 


Vll-3 
=  Vll  +3 

X 


Let 


2  V6  -  3 
_4>/h  +  6 
15 

4V6+6     1^1 

=  1  +  — 


15 


u 
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1+3  +  1  +  18 
Quotients      -  1,  3,  1,  18. 
Convergenta  =  f ,  |,  f ,  },  JJ. 
.-.  Fourth  convergent  =  9J}=-'^/. 

2.  Find  continued  fractions  for  jVt;  Ul'y  iUii  VsVi  and  And 
the  third  convergent  to  each. 


4>/6-9 
=  4V6  +  9 

=  18  +  -. 

X 


47^     1      1     1     1 
257  =  5  +  2  +  7  + 3* 
Quotients      =  5,  2,  7. 
Convergents  =  f ,  J,  3^,  J{- 
.'.  Third  convergent  is  Jf . 
2065  _  1      1      1      1     JL. 
"2  +  4  +  6  +  8  + 10' 
=  2,  4,  6,  8. 


2  +  1     I     I 
4  +  6  +  8 


4626 

Quotients 

Convergents  =  J,  },  f ,  f  |. 

Third  convergent  is  f  J. 


457 

204 

Quotients      =  4,  6,  8. 

Convergents  =  f ,  J,  A,  ^j. 
.-.  Third  convergent  =»  2^^,  =  J^  J. 

299l_g     1     1111. 

568  3  +  1+3  +  5  +  7" 

Quotients      =  3,  1,  3,  5. 

Convergents  =  ?,  J,  J,  t^. 
.'.  Third  convergent  =  5^  =• }{. 


3.  Find  continued  fractions  for  V2I ;  V22;  V33;  >/66. 


Let 


V2I  =  4  +  i 

a; 

1 


M  = 


3 


a;  = 


V2r  -  3 

Vin +3 


V2I-4 
\/2l  +  4 


Let 


\/2l  +  4 


5 

1+1 

y 
5 


Let    ^^^^^  =  1  +  1. 


V 


V  ^ 


V2I-I 
\/2i  +1 


Let 


V2I  -  1 

Vin  +  i 


^  +  1  =  1+1 


Let 


:^^2rvi  =  i  +  l. 


5 


w  = 


5 


z  = 


>/21-3 
V2I  +  3 


\/21-4 
=  V2i+4 

=8  +  1. 


X 


Let 


^^  +  ?  =  2  +  l 


3 


u 


V2l  =  4  +  1     i     1     1     1     1 
1+1+2+1+1+8 
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Let 


Let 


X  ••^^''     ^1  +  2+4  +  2  +  1+8 


1 


V22-4 


V22  +  2 


2  = 


3 


Let     ^-^^==1+1 
6  «; 


\/22-4 
\/22  +  4 


=  8  +  1 
a; 


Let 


\/33  =  5  +  i. 


a; 


V22  +  4  .  1 

6  V33  -  5 

V^  +  ^-1  I  V  V^+5 

6  y  =—l — 

6 

■  ■  ^  ~  "Tiis     ^  T  *      V33  +  5      1^1 

V  22  -  2  Let     — ^—  =  1  +  — 

8  y 


8 

•••  y 


>/33-3 

Let     ^-±2  =  2  +  1.                                                  V33+3 
3  2  = • 

3  ^ 


V22-4  Let     :5/;^ii±^  =  2  +  i- 

V22  +  4  ^  3 

2  .-.  z  = 


V33-3 

V3ii 
2  8 


T   .      a/22  +  4      .^1 

Let =  4  +  —  /T7  .  Q 

2  w  V  3.^  +  3 


■■■"^^3^-J  Let     -^li±i=l+I 

_  \/22  +  4  8  w 

3  8 


Let     ^^-^^  =  2  +  1.  *■  V33-5 

^  ^  =V33  +  5 


1 


•••^=V22-2  =10  +  - 

\/22  +  2 


V22-2  a; 


••  V33  =  5  +  T     ^     7      ^• 
1+2  +  1+10 


Let 


\/55  = 

*       T  — 

=  7+1. 

X 

1 

•   •     «l/  — 

\/55- 
V55  + 

7 

7 

teachers'  edition. 


491 


Let 

^            y 
•  y-      ^ 

Let     ^  +  5^2  +  1 
6                 u 

Let 

V55-5 

y/d5  +  5 
5 
V55  +  5      o  .  1 

5    =^^r 

V65-7 
=  V55  +  7 

=  14  +  -. 

X 

,.  V§5  =  7  +  i     ^     i     ,V 
2  +  2  f  2  +  14 

V55  —  5 
_  y/ort  +  5 
6 

4.  Obtain  convergents,  with  only  two  figures  in  the  denomi- 
nator, that  approach  nearest  to  the  values  of  ViO;  \/l6;  Vvt ; 
VlS;   V20. 


• 

6 
Quotients      =  6,  6,  6. 
Convergents  =  f ,  J,  ^V- 
.-.  3/y  is  the  required  convergent. 

•  • 

Vl5  =  3  +  -     i. 
1+6 

Quotients      =  1.  6,  1,  6,  1,  6. 

Convergents  =  f,  I.  f,  J,  if  J  |. 

.*.  3f  J  is  the  required  convergent. 


VT7  =  4  +  i. 
o 

Quotiento      =  8,  8.  8. 

Convergents  =  f ,  J,  ^^. 

•.4^5  is  the  required  convergent. 

x/l8  =  4+i     I 
4  +  8 

Quotients      =  4,  8,  4. 

Convergents  =  J,  J,  ^^. 

'.  4^y  is  the  required  convergent. 


>/20 


4  +  -     — 
2  +  8 


Quotients      =  2,  8,  2,  8. 
Convergents  =  ?,  J,  V't.  if 
.*.  4JJ  is  the  required  convergent. 


5.  Find  the  proper  fraction  which,  if  converted  into  a  con- 
tinued fraction,  will  have  quotients  1,  7,  6,  2. 

Quotients      =  1,  7,  5,  2. 
Convergents  =  f ,  {,  f  f|,  JJ. 
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6.  Find  the  next  convergent  when  the  tw6  preceding  conver- 
and  ift  and  themex^  quotient  la  5.  t 


m,  =  5,  1/1^3,  Vj  =  If ,  1/,  =  19,  ^2  =  89 
5xl9_±3\_^ 


7.  Find  a  series  of  fractions  to  the  ratio  of  a  yard  to  a  meter, 
if  a  meter  is  equal  to  1.0936  yards. 

ma = 1 + Tiih- 

Quotients      =  10,  1,  2,  6,  6. 
Convergenta  =  f ,  ^3^^,  ^,  ^^,  jVj.  lih- 
Adding  1  to  each  of  these  fractions  we  have  the  required  frax^tions 

14.  H. 


fi  Uh  iiU- 


8.  If  the  pound  troy  is  the  weight  of  22.8157  cubic  inches  of 
water,  and  the  pound  avoirdupois  of  27.7274  cubic  inches  of 
water,  find  a  fraction  with  denominator  less  than  100  which  shall 
differ  from  their  ratio  by  less  than  0.0001. 

228157  ^  1     lllllllj^lll' 

277274     1+4  +  1  +  1  +  1+4  +  1  +  1  +  82  +  1  +  5  +  3' 
Quotients      =  1,  4,  1,  1,  1,  4,  1,  1,  82. 
Convergents  =  f  {,  I  |,  j\,  |f  f |,  J|,  {^. 
If  we  stop  with  J|,  the  error  is  <  Jf 


144 
T7^ 


or  < 


Jf  is  the  required  fraction. 


T^rUTi- 


9.  The  ratio  of  the  diagonal  to  a  side  of  a  square  being  V2, 
find  a  fraction  with  denominator  less  than  100  which  shall  differ 
from  their  ratio  by  less  than  0.0001. 

v-2=i+i. 

Quotients      =  2,  2,  2,  2,  2,  2,  2. 

Convergents  =  ?,  I  f ,  t\,  M.  f i  iVV 

If  we  stop  with  f  J,  the  error  is  <  f  J  —  ^^ 

or  <  TriiTT- 
.'.  l^J  is  the  fraction  required. 
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10.  The  ratio  of  the  circumference  of  *a  circle  to  its  diameter 
being  approximately  the  ratio  of  3.14169265:1,  find  the  tLTs% 
three  convergents  to  this  ratio,  and  determine  to  how  many 
decimal  places  each  may  be  depended  upon  as  agreeing  with  the 
true  value. 

314159265  ^  3  ■  1      JU     1  '' 

100000000        "^7  +  15  +  1  + 
First  convergent     =   V  =  3.142+ 
Second  convergent  =  f^  =  3.14150+  . 
Third  convergent    =  Hf  =  3.1416920+ 

11.  In  two  scales  of  which  the  zero-points  coincide  the  dis- 
tances between  consecutive  divisions  of  the  one  are  to  the  corre- 
sponding distances  of  the  other  as  1 : 1.06577.  Find  what  division 
points  most  nearly  coincide. 

Let  n  divisions  of  the  first  scale  equal  as  nearly  as  possible  m 

divisions  of  the  other.    Then  —  is  a  convergent  of -• 

n  *  1.06577 

100000  _i    i_iiiJLllii 

106577     1  +  15  +  4  +  1+8  +  11  +  2  +  1  +  1+2 

Quotients      =  1,  15,  4,  1,  8,  11. 

Convergents  =  f ,  I  |f .  H  if  f}}. 

If  we  stop  with  }},  the  error  is  <  f  f  |  —  }f 

That  is,  division  76  of  the  second  scale  nearly  coincides  in  the 
division  81  of  the  first  scale,  the  distance  between  them  being  less 
than  sj^^j  of  one  division  of  the  first  scale. 

12.  Find  the  surd  values  of 

Q,i    i     i    1     i     1  .1    1    i 

3+-     -:    --  -;     1  +  - 

1+6      3+1+6  2+3+4 

i      1  .-.«»  + 6a; -6  =  0, 

^'^                 ^=1  +  6  ^_-6^V60 

1  2 

••*■"'         f"  ^            .-.  a;  =  -3+ Vl5. 

6  +  a?  •'•  T^®  required  value 

6  + a;  =3-3+Vl5 

7  +  a;"  =  \/l5. 
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Let            x  =  i     1     1 

3  +  1+6 

Let 

•                           • 

1      1      1 
"^     2  +  3+4 

1 

1 

3  1       1 

*>!          ^ 

1 
6  +  x 

3  +  1^- 

4  +  » 

7  +  x 

13  +  3x 

27  +  4x 

30  + 7a: 

..4x»  +  26x-7  =  0, 

-26db2Vl97 
8           • 
^     _13+ Vl97 
4 

.-.  7x«  +  27x- 
.'.  The  requirec 

13  =  0, 

\/l093-27 

X  = 

14 
value  is 

.-.  The  required  value 

V1093  - 

-27 

-13  + V197 

14 

13.  Show  that  the  ratio  of  the  diagonal  of  a  cube  to  its  edge 
may  be  nearly  expressed  by  97  :  56,  Find  the  greatest  possible 
value  of  the  error  made  in  taking  this  ratio  for  the  true  ratio. 

The  ratio  is  V3  : 1. 

V3»l+i     1 
1  +  2 

Quotients      =  1,  2,  1,  2,  1,  2,  1,  2.  1. 

Convergente  =  ?.  J.  f .  f,  A.  ij,  |J,  fj.  IJf 

If  we  stop  with  f  J,  the  error  is  <  j-^^j. 

Hence  |J  differs  from  V3  by  an  amount  <  j^j. 

14.  Find  a  series  of  fractions  converging  to  the  ratio  of  5 
hours  48  minutes  51  seconds  to  24  hours. 

5  hours  48  minutes  51  seconds  =  20931  seconds. 

24  hours  =  86400  seconds. 

20931  ^  1     11111111111. 

86400  "4  +  7  +  1+4  +  1  +  1  +  1  +  1  +  3  +  2  +  1  +  2' 

Quotients      =  4,  7,  1,  4.  1,  1,  1,  1,  3,  2,  1.  2. 

Convergents  =  J,  }.  A,  A.  A\.  T%.  ^,  W  HI  A%.  Hfi 
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16.  Find  a  series  of  fractions  converging  to  the  ratio  of  a 
cubic  yard  to  a  cubic  meter,  if  a  cubic  yard  is  t^Wv  ^^  *  cubic 
meter. 

76453      111      1      1111111 


100000     1+3+4  +  19  +  2  +  3  +  1  +  1  +  5  +  1  +  2 

Quotients      =  1,  3,  4,  19,  2,  3,  1,  1,  5.  1,  2. 

Convergents  =  J.  {,   }.   {^  «?.   HI   iJI«.  Hil  Ufi.  §«!«. 

Exercise  124. 

1.  If  6,  7,  8,  3,  2  are  the  digits  of  a  number  in  the  scale  of  r, 
beginning  from  the  right,  write  the  number. 

2r*  +  3r»  +  8r»  +  7r  +  6. 

2.  Find  the  product  of  234  and  125  when  r  is  the  base. 

234  =  2r»  +  3r  +  4, 

125  =  r»  +  2r  +  5. 
.-.  234  X  125  =  (2r»  +  3r  +  4)(r»  +  2r  +  5) 
=  2r*  +  7r»  +  20r2  +  23r  +  20 
=  27  (20)  (23)  (20)  in  the  scale  of  r. 

3.  In  what  scale  will  756  be  expressed  by  530? 

Let  r  be  the  radix  of  the  required  scale. 

Then  756  =  5r»  +  3r, 

5r«  +  3r-756  =  0. 

.-.  r  =  12,  or  -  Sf. 
.'.  The  required  scale  is  that  of  12. 

4.  In  what  scale  will  540  be  the  square  of  23? 

Let  r  be  the  radix  of  the  required  scale.  *  " 

Then  540  =  5r'  +  4r, 

23  =  2r  +  3. 
.-.  5r2  +  4r  =(2r  +  3)«, 

5r*  +  4r  =  4r»  +  12r  +  9, 
ra_8r-9  =  0. 

.*.  r  =  —  1,  or  9. 
.'.  The  required  scale  is  that  of  9. 
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5.  In  what  scale  are  212, 1101 ,  1220  in  arithmetical  progression? 

Let  X  =»  the  radix. 

Then        2a:»  +  a;  +  2  +  a^  +  2a^  +  2a;  =  2(x»  +  x*  +  1), 

a»-2a;«-3a;  =  0. 

aj«-2a;-3  =  0, 

(x-3)(a;  +  l)  =  0. 

.*.  X  ^  o. 

6.  Multiply  31.24  by  0.31  (scale  of  five). 

31.24 
0.31 


3124 
14432 

20.2444 


Exercise  125. 

Find  the  least  number  by  which  each  of  the  following  numbers 
must  be  multiplied  in  order  that  the  product  may  be  a  square 
number : 

1.  2626=126X21  =  6»X7X3. 

Hence  the  required  multiplier  is  5  x  7  X  3,  or  105. 

2.  3676  =  26  X 147  =  52  X  3  X  7». 

Hence  the  required  multiplier  is  3. 

3.  4374  =  2x9x243  =  2x37. 

Hence  the  required  multiplier  is  2  x  3,  or  6. 

4.  74088  =  8X27  X343  =  2«x38x7«. 

Hence  the  required  multiplier  is  2  X  3  x  7,  or  42. 

5.  If  m  and  n  are  positive  integers,  both  odd  or  both  even, 
show  that  wi*  —  n2  is  divisible  by  4. 

m'  —  n*  =  (m  +  n){m  —  n). 
If  m  and  n  are  both  odd  or  both  even, 
m-\-n  and  m  —  n  are  both  even. 
.'.  (m  -t-  n){m  —  n)  is  divisible  by  4. 
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6.  Show  that  n^  —  n  is  always  even. 

If  n  is  even,  n'  and  n  are  both  even. 
If  n  is  odd,  n'  and  n  are  both  odd. 
In  both  cases  their  difiference  is  even. 

7.  Show  that  n*  —  n  is  divisible  by  6  if  n  is  even ;  and  by  24 

if  n  is  odd. 

n^  —  n'^n{n  +  l)(n  —  1)  —  (n  +  l)n(n  —  1). 

One  of  the  three  factors  must  be  divisible  by  3. 

If  n  is  even,  it  is  the  only  even  factor. 

But  if  n  is  odd,  n  +  1  and  n  —  1  are  both  even ;  and  since  they  are 
successive  even  numbers,  one  of  them  is  divisible  by  4,  so  that  their 
product  is  divisible  by  8. 

Hence,  if  n  is  even,  2  X  3,  or  6,  is  a  factor ;  and  if  n  is  odd,  8x3, 
or  24,  is  a  factor. 

Exercise  126. 
Find  the  limiting  values  of : 

1.  ^  ^^   ~"    ^^  when  X  becomes  infinitesimal. 

7a?  — 6a:  +  4 

(4a:«  -  3)(1  -  2a;)  _  -  8ar»  ->-  4j«  +  6  j  -  3 
7x»-6a;  +  4     "^         7x»-6a;  +  4 
Put  a?  =  0 ;  the  fraction  becomes  —  f . 

2.  (jg'-5)(3^'-f  7)  ^hen  a:  becomes  infinite. 

r*  +  36 


{x'  -  5)(a:»  +  7) 


('-i){-a 


x*  +  36  ,35 

X* 

Put  a;  =  00 ;  the  fraction  becomes  1. 

3.  (^"^  ^)    when  x  becomes  infinitesimal. 

x3  +  4 

Put  X  =  0 ;  the  fraction  becomes  f ,  or  2. 

4.  ^^  — Q^  +  ^^  when  x  approaches  3. 
x2-7x+12  • 

x'-S.T  +  lS ^  (x - 3)(x - 6) ^ x-5 

a-J  _  7a;  +  12     (x  -  3)(x  -  4)  "  x  -  4* 

—  2 
As  X  approaches  3,  the  fraction  approaches  — -,  or  2. 
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5, when  x  approaches  —  3. 

x^  +  9x+  18 

a»-9       ^  (a  -I-  3Xg  -  3)  ^  x-S 
ir»  +  9a;  +  18  "^  (x  +  SXaJ  +  6)     a;  +  6* 

As  X  approaches  —  3,  the  fraction  approaches  — ,  or  —  2. 

6.  f(^V^'^^^»  when  x  approaches  -  1. 
a:»  +  3x3+6x  +  3 

x(x«  +  4g-f-3)    ^      a(x  +  lXg  +  3)     _    z(x  +  3) 
x»  +  3x*  +  5x  +  3''(x  +  1X»*  +  2x  +  3)     x»  +  2x  +  3* 

—  2 

As  X  approaches  —  1,  the  fraction  approaches  — ,  or  —  1. 

7.  — ^ — — when  x  approaches  1. 

x*  +  2x2  — 2x—  1 

x»  -f  ar*  -  2        ^  (x-  IXa?' +  2x -f  2)  ^  x'  +  2x  +  2 
x»  +  2.r»-2x-l      (x-lXa:*  +  3x  +  l)     x*  +  3x  +  l' 
As  X  approaches  1,  the  fraction  approaches  f,  or  1. 


8.  -^-i — ^        when  x  approaches  1. 

2x  — Vx+  1 

Put  X  =  1 ;  the  fraction  becomes  ,  or  2(2  +  V2). 

2- V2 

X  —  1 

9.  — i^ •  when  x  approaches  1. 

\/x2-l  +  \/x-l 


X  —  1  Vx  —  1  Vx  —  1 


Vr»  -  1  +  Vx^n;      Vx-Uyx  +  1+1/ 

Vx^ 


Put  X  =  1 ;  the  fraction  becomes  .  or  0. 


Vx  +  1  +  1 
0 

V2T1' 


x2  — 4 
10.  — ==1  when  x  approaches  2. 

Vx  +  2-V3x-2 

a:a-4  (x»  -  4XVa+2  +  V3x- 2) 

v^T2-V3x-2  x  +  2-(3x-2) 

(x  +  2XVx  +  2  +  V3x-  2) 
2 
put  X  =  2 ;  the  fraction  becomes  ~    >    "^    \  or  —  8, 
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11.  — ^===1 when  X  approaches  a. 

\/x  —  g  +  Vx  —  Va  _       1  Vx—  y/a 

Vx^  —  a^  Vx  +  a      Vx*  —  o' 

^ 1    _  _j,  (Vx  -  Va)(  Vx  -f-  Va) 

Vx  +  a       Vx*  —  a'^(Vx  +  Va) 
1  Vx^  a 


Vx  +  a      Vx4-a(Vx  +  Va) 
Put  X  =  a ;  the  fraction  hecomes 


a 


12.  If  X  approaches  a  as  a  limit,  and  n  is  a  positive  integer, 
show  that  the  limit  of  x"  is  a\ 

Since  the  limit  of  x  is  a,  x  =  a  +  x^,  where  x'  is  a  variable  which 
can  be  made  less  than  any  assigned  number. 

And  x«  =  (a  +  x^"  =  a"  +  na'^-^x^  +  n(n-\) ^n-2^n  ^ ^  j./* 

But  as  x'  approaches  0,  each  term  on  the  right  except  a"  also  ap- 
proaches 0;  hence  the  sum  approaches  0,  as  nearly  as  we  please, 
since  the  limit  of  the  sum  is  the  sum  of  the  limits.  Hence,  as  x 
approaches  a,  xn  approaches  a*  as  nearly  as  we  please.  Hence  a»  is 
the  limit  of  x* 

13.  If  X  approaches  a  as  a  limit,  and  a  is  not  0,  show  that  the 
limit  of  X"  is  a",  where  n  is  a  negative  integer. 

Let  n  =  —  in,  where  m  is  a  positive  integer. 

Since  the  limit  of  x  is  a,x  =  a-\-x'  where  x'  is  a  variable  which 
can  be  made  less  than  any  assigned  number. 

-   1       1 


And  x-"»  =  —  = 


X"*     (a  +  X'')"* 

1 


a"»  +  ma*- V  +  ^^^-^^^ — ^  a"»-2x^  -f +  x^"» 

2 


But  as  x'  approaches  0,  all  the  terms  of  the  denominator  except  a" 
also  approach  0,  as  nearly  as  we  plea'^e ;  hence  their  sum  approaches 
0,  as  nearly  as  we  please.  Hence,  as  x  approaches  a,  x**  approaches 
1 


,  or  a**. 
a"» 
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Exercise  127. 

1.  Find  the  fiftieth  term  of  1,  3,  8,  20,  43, 

The  series  is  13  8  20  43 

First  differences,  2  5  12  23 

Second  differences,  3  7  11 

Third  differences,  4  4 

Fourth  differences,  0 

a=l,  6  =  2,  c  =  3,  ci=4,e  =  0. 
060  =  a +  496  +49x24c  +  49x47x8rf 
=  1  +  98  +  49  X  72  +  49  X  47  X  32 
=  77323. 

2.  Find  the  sum  of  the  series  4,  12,  29,  55, to  20  terms. 

The  series  is  4  12  29  55 

First  differences,  8  17  26 

Second  differences.  9  9 

Third  differences,  0 

a  =  4,  6  =  8,  c  =  9,  <£  =  0. 
820  =  20a  +  1906  +  20xl9x3c 
=  80  +  1520  +  10260 
=  11860. 

3.  Find  the  twelfth  term  of  4,  11,  28,  66,  92, 

The  series  is  4  11  28  55  92 

First  differences,  7  17  27  37 

Second  differences,  10  10  10 

Third  differences,  0  0 

a  =  4,  ft  =  7,  c  =  10,  d  =  0. 
ai2  =  a  + 11 6  +  56c 
=  4  +  77  +  550 
=  631. 

4.  Find  the  sum  of  the  series  43,  27,  14,  4,  —  3, to  12  terms. 

The  series  is  43  27  14  4  -3 

First  differences,  -16-13        -10       -7 

Second  differences,  3  3  3 

Third  differences,  0  0 

a  =  43,  6  =  -  16,  c  =  3,  rf  =  0. 
«„  =  12a +  666  + 220c 
=  516  -  1056  +  660 
=  120. 
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5.  Find  the  seventh  tenn  of  1,  1.235,  1.471, 1.708, 

The  series  is            1            1.235            1.471  1.708 

First  differences,         0.235           0.236  0.237 

Second  differences,               0.001            0.001 
Third  differences,  0        

a  =  l,  6  =  0.235,  c  =  0.001,  d  =  0, 
a,  =  a  +  66  + 15  c 

=  1  +  1.41  +  0.015 

=  2.425. 


6.  Find  the  sum  of  the  series  70,  GG,  C2.3,  58.9, to  15  terms. 

The  series  is  70  66  62.3  58.9 

First  differences,  —  4         -  3.7  —  3.4 

Second  differences,  0.3  0.3 

Third  differences,  0 

a  =  70,  6  = -4,  c  =  0.3,  t/  =  0. 
ai5  =  15  a  +  105  6  +  455  c 
=  1050  -  420  +  136.5 
-  766.5. 

7.  Find  the  eleventh  term  of  343,  337,  326,  310,  ..... 

The  series  is  343  337  326  310 

First  differences,  -6  -11  -16 

Second  differences,  —  5  —  5 

Third  differences,  0 

a  =  343,  6  =  -6,  c  =  -5,  d  =  0. 
Oji  =  a  +  106  +45c 
=  343-60-225 

=  58. 

8.  Find  the  sum  of  the  series  7  x  13,  6  x  11,  6  x  9, to  9  terms. 

The  series  is  91  66  45  28 

First  differences,  -25         -21        -17 

Second  differences,  4  4 

Third  differences,  0 

a  =  91,  6  =  -25,  c  =  4,  cZ  =  0. 
89  =  9a +  366  + 84c 

=  819  -  900  +  336 

=  255. 


502  ALGEBRA. 


9.  Find  the  sum  of  n  terms  of  the  series 

3  X  8,  6  X  11,  9  X  14,  12  X  17,  

The  series  is  "  24  66  126  204 

First  differences,  42  60  78 

Second  differences,  18  18 

Third  differences,  0 

a  =  24,  ft  =  42,  c  =  18,  d^O. 

,  n(n  —  l),    ,  n(n  —  l)(n  —  2)^ 
2  6 

=  24?i  +  21  n(n  -  1)  +  3n(n  -  l)(n  -  2) 
=  3n»  +  12n'-}-9n 
=  3n(n  +  l)(n  +  3). 

10.  Find  the  sum  of  n  terms  of  the  series  1,  6,  15,  28,  45 

The  series  is  1  6  15  28  45 

First  differences,  5  9  13  17 

Second  differences,  4  4  4 

Third  differences,  0  0 

a  =  l,  6  =  5,  c  =  4,  d  =  0. 

^  ,  n(n  — 1),    ,  n(n  — l)(n  — 2) 
fi«  =  7ia  +  — ^ '  b  -\ — ^ ^ ^  c 

2  6 

=  n     5w(n-l)      2n(n-l)(yt-2) 

^2  3 

_  4  yi*  +  3  71*  —  71 

6 
_n(n  +  l)(4n  — 1) 
6 

11.  Determine  the  number  of  shot  in  the  side  of  the  base  of  a 
triangular  pile  which  contains  286  shot. 

7i(7i-fl)(n  +  2)^^33 

6 
n{n  +  l)(7i  +  2)  =  1716  =  11  X  12  X  13. 
.'.  n  =  11  is  one  solution. 
The  other  solutions  are  imaginary. 
Hence  there  are  11  shot  in  the  side  of  the  base. 

12.  The  number  of  shot  in  the  upper  course  of  a  square  pile  is 
169,  and  in  the  lower  course  1089.  How  many  shot  are  there  in 
the  pile? 
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The  lower  coarse  has  V1089,  or  33  shot  on  a  side. 
If  the  pile  were  fall,  it  would  contain 

n(n  +  l)(2n  +  1)  ^  33  x  34  X  67  ^  ^og^ 

6  6  "  ' 

The  upper  course  has  Vl69,  or  13,  shot  on  a  side. 
The  next  course  above  would  have  12  shot  on  a  side. 
The  number  of  shot  lacking  from  the  whole  pile  is 
n(n4-lX2n.fl)  ,  1?  Xj3_x  25  ^  ^  ^^^^ 

6  6 

Hence  there  are  12529  —  650,  or  11879,  shot  in  the  pile. 

13.  Find  the  number  of  shot  in  a  rectangular  pile  having  17 
shot  in  one  side  of  the  base  and  42  in  the  other. 

«-^(n+lX37i'-7H-l), 
o 

n=17,  n'-42. 

.-.  8  =  ^x18x110  =  5610. 

14.  Find  the  number  of  shot  in  the  five  lower  courses  of  a  tri- 
angular pile  which  has  15  in  one  side  of  the  base. 

If  the  pile  were  complete,  the  number  of  shot  would  be 
njn  +  IXn  +  2)  _  15  x  16  X  17  _  gg^ 
6  6 

The  number  of  shot  in  one  side  of  the  sixth  course  from  the  bottom 
would  be  10.     Hence  the  number  in  the  ten  upper  courses  is 
10X11X12^^^ 
6 
Hence  there  are  680  —  220,  or  460,  shot  in  the  five  lower  courses. 

15.  The  number  of  shot  in  a  triangular  pile  is  to  the  number 
in  a  square  pile,  of  the  same  number  of  courses,  as  22 :  41.  Find 
the  number  of  shot  in  each  pile. 

n(n  +  lXn  +  2)  .  n(n  +  1X2  n  + 1)  ^22-41 
6  '  6 

.-.  n  +  2:2n  +  l  =  22:41. 
.*.  w  =  20, 

n(n  +  lXn  +  2)^^g^Q 

6 
n(n  +  lX2n-H)  ^  ^870 
6 
There  are  1540  shot  in  the  triangular  pile,  and  2870  in  the  square 
pile. 
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16.  Find  the  namber  of  shot  required  to  complete  a  rectangular 
pile  haying  15  and  6  shot,  respectively,  in  the  sides  of  its  upper 
course. 

The  next  course  above  would  have  14  and  5  shot  in  its  sides. 
Hence  the  number  of  shot  required  to  complete  the  pile  is : 

«  =  ?(n  +  l)(3n'-n  +  l) 
6 

=  i  X  6  X  38  =  190. 

17.  How  many  shot  must  there  be  in  the  lowest  course  of  a 
triangular  pile  that  10  courses  of  the  pile,  beginning  at  the  base, 
may  contain  37,020  shot  ? 

Let  n  =  the  number  of  shot  in  one  side  of  the  lowest  course. 

Then  n  — 10  =  the  number  of  shot  in  one  side  of  the  eleventh  course. 
The  number  of  shot  in  the  complete  pile  is 

n(n +  1X71  + 2) 
6 
The  number  in  the  courses  above  the  tenth  is 

(n  -  lOXn  -  9)(n  -  8) 
6 
.   n(n  +  IXn  +  2)  _  (n  -  lOXn  -  9Xn  -  8)  ^  ^^^^ 
6  6 

30n»-240n-t-720  ^  ^^^go 

ri»-8n  +  24  =  7404, 
w«-8n=7380. 
.-.  n  =  90. 

Hence  there  are  90  shot  on  a  side  in  the  lowest  course,  and 
^jf  (90  +  1),  or  4095,  shot  in  the  lowest  course. 

18.  Find  the  number  of  shot  in  a  complete  retangular  pile  of 
15  courses  which  has  20  shot  in  the  longest  side  of  its  base. 

8  =  ^(n  +  lX3n^-n  +  l), 
6 

n  =  15,  n^  =  20. 

.-.  8  =  ^^x16x46  =  1840. 

There  are  1840  shot  in  the  pile. 

19.  Find  the  number  of  shot  in  the  bottom  of  a  square  pile 
which  contains  2600  more  shot  than  a  triangular  pile  of  the  same 
number  of  courses. 
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Let  n  s  number  of  coarses  in  each  pile. 

Then      -^ ^^  "^    f  =  number  of  shot  in  triangular  pile. 

-^ ^- ^  =  number  of  shot  in  square  pile. 

.    n(n  +  l)(2n-H)     n(n-H)(n  +  2)     ^^^ 

6  6 

.-.  (n-l)n(n  +  l)  =  15600, 

(n  -  l)n(n  -I- 1)  -  24  X  25  X  26. 
.'.  n  »  25  is  one  solution. 

The  other  two  solutions  are  imaginary. 

.*.  The  number  of  shot  in  the  bottom  row  of  the  square  pile  is  25. 

20.  Find  the  number  of  shot  in  a  complete  square  pile  in  which 
the  number  of  shot  in  the  base  and  the  number  in  the  fifth  course 
above  differ  by  225. 

Let         n  =  number  of  shot  in  the  side  of  the  bottom  course. 
Then  «— 5  =»  number  of  shot  in  the  side  of  the  fifth  course  above, 
n'  =  number  of  shot  in  bottom  course, 
(n  —  5)'  =  number  of  shot  in  fifth  course  above. 
.-.  7i'  -  (n  -  5y  =  225, 
10n-25  =  225, 
n-25. 

Also  s  =  ^(n  +  l)(2n  +  l) 

6 
25  X  26  X  51 

6 
=  5525. 
There  are  5525  shot  in  the  pile. 

21.  Find  the  number  of  shot  in  a  rectangular  pile  which  has 
600  in  the  lowest  course  and  11  in  the  top  row. 

nn^  =  600. 
n^  — 71  +  1  =^=«  11. 
.*.  n  =  20, 
n'  =  30. 

Also  a^^-in^  lyZn^  -  n  +  1) 

6 

=  ^<i  X  21  X  71  =  4970. 

There  are  4970  shot  in  the  pile. 
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Exercise  128. 
Sum  to  n  terms,  and  to  infinity,  the  following  series : 
1  1  1 


1. 


1X4'   2X5'   3X6' 

The  general  term  is =  -  ( j  • 

Hence  the  series  may  be  written 
3\        ij'   3V2     6/     3V3     6/     3\4     7/  'i\n     n-\-3) 


The  snm  to  n  terms  is  therefore 


3V        2     3^      3\n  +  l     n  +  2     n  +  3/ 


and  the  snm  to  infinity  is 


2. 


1X3X5'  2X4X6'  3x5x7' 


The  general  term  is : =  -( 1 ] • 

^  n(n  +  2)(n  +  4)     S\n     n  +  2     n  +  4/ 

Hence  the  series  may  be  written 

Ki-i+i).  i(i-f +  i).  i(i-«  +  *).  i(i-i  +  « 

1/_1 2     _1_\     1/_1 2  1    \ 

8\n-2     n     n  +  2y'   8\n-l     n  +  1     n  +  3^ 

1/1 2_^_J_\ 

8\n     n  +  2     n  +  4/' 
The  sum  to  n  terms  is 

8V        2     3     4/     8\     n  +  1     n  +  2     n  +  3     n  +  4^ 
and  the  snm  to  infinity  is 

J(l+i-J-J)  = 


2x4x6'  4x6x8'  6x8x10* 

The  general  term  is ^ =  -Ifi ^  +     ^     V 

2n(2n  +  2X2n  +  4)      16Vn     n  +  1      n  +  2/ 
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Hence  the  series  may  be  written 

A(i-f  +  l).  A(i-f +  i).  A(l-J  +  i).  Ad-f +  J) 
L(^ 2_    i\    ±i_i 2    ^1_\ 

16Vn-2     n-1     nj'    16Vn-l     n     n  +  l)' 

16Vn     n  +  l     n  +  2/ 


The  sum  to  n  term  is 


ie\        2     2/      16V     n  +  l      n  +  2y 


and  the  snm  to  infinity  is 

4        7       10 


*  2x3x4'  3X4X6*  4x5x6* 

The  general  term  is — — —  = + 


(n  +  l)(n  +  2)(n  +  3)         n  +  l     n  +  2     n  +  3 
Hence  the  series  may  be  written 

-4  +  f-i  -i  +  J-i  -i  +  «-i  -4  +  *-* 

1.5        4  1,5  4 


n  —  1     n     n  +  l*       n     n+l     n  +  2' 

1^5  4 

+ 


n+l      n  +  2     n  +  3' 
The  sum  to  n  terms  is 


2     3     n  +  2     n  4  3' 
and  the  sum  to  infinity  is 

-4+i=i 


6. 


1X2X3    2X3X4    3x4x5 

The  general  term  is 

I =i/i__2_+_!_y 

n(n  +  l)(n  +  2)     2Vn     n  +  l      n+2/ 
Hence  the  series  may  be  written 

J(i-f +  J).  i(i-§  +  i).  i{J-J  +  «.  i(i-f +  i). 
l/_J 2-  +  1V  l(-^ 2  ^     1    y 

2\»-2     n-1     nj'   2\n-l     n     n  +  1^' 

l/l__2_  +  _j_\ 

2\n     n  +  l      n  +  2/ 
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The  sum  to  n  terms  is 

2\       2     2/     2V     n  +  1     n  +  2y 
and  the  sum  to  infinity  is    i  (1  ~  f  +  i)  =  i- 

„       ,  Exercise  129. 

Revert : 

1.  j^  =  x  — 2x8  +  3x8  — 4x*+ 

Here                       a  =  l,   6  =  -2,   c  =  3,   rf=-4. 
.'.  A  =  l,B  =  -2,  C=5,  Z>  =  14. 
.-.    x  =  y +  2y* +53/*  +  14y*  + 

o  x*  ,  X*      x^  , 

2.  w  =  x  — —  H + 

^  3       6       7 


Here                   a  =  l,   6  =  0,   c  =  -J,   <i  =  0,   c  =  i. 
.-.  il  =  1.5  =  0,  C=J,      i)  =  0,  ^=tV- 
,.    ,=.y+^  +  2|^ 

3.    y  =  x+  — +  — +  — + 

^  1.2      2.3      3.4 

Here  a  =  1 ,   6  =  },       c  =  J,   c?  =  y'^. 

.-.  ^  =  1.5  =  -},  C=i,Z)  =  -^V 

^      2      3       24 

Exercise  130. 

Find  the  Identical  relation  and  generating  function  of : 
1.   1  +  2x+ 7x2  + 23x8 +  76x*+ 

Notice  that  7  =  3x2  +  1, 

23  =  3  X  7  +  2, 
76  =  3  X  23  +  7. 

.".  The  identical  relation  is  tin  =  3  a-'Wn-i  +  aj'wn-s. 

Bat  8  =  1  +  2x  +  73?"  +  23x8  +  76x*  4- 

-3xs=    -3x-6x«-21a!8-69x*- 

--x*s=  —    x'—   2x8—    7a?*— 

.-.  (l-3x-x'')«=l-x 

1-x 
l~3x-x» 
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8.  3  +  2x  +  3a:a+7a:»+18x*+ 

Notice  that  3=3x2-3 

7=3x3-2 
18  =  3x7-3 
/.  The  identical  relation  is  «»  =  Sxun-i  —  x*m»-». 

But  s  =  3  +  2x  +  3x2+7ar«+  18a*  + 

—  3x»=     -9ir-6x2  — 9x»-21x*  — 

3^s=  3x2  +  2x»+    3a:*  + 

.-.  (l-3x+x2)«  =  3-7x 

^      3-7x 

Find  the  generating  function  and  the  general  term  of : 
3.   2  +  3x  +  5xa+9x»+17x*  +  33x6+ 

Suppose  «n  =  pa:«»-i  +  gx^^n  2- 

Then  5  =  3p  +  2g 

9=  6/1  +  39 
/.  p  =  S,  9  =  -2 
,'.  The  identical  relation  is  u*  =  3xtt»_i  •^2xhin-i» 

«  =  2  +  3x  +  6x2+    9x8+17ar*  +  33x*  + 

-3j-»=     -6x-9x3_16x8-27ar*-61a:«- 

2x2*=  4x2+    6x«+10x*+18x«  + 


.-.  (1-3x  +  2x2)s  =  2-3x 

_       2-3x 
'•  *~l-3x  +  2xa 

=  -^  +  -L. 
l-2x      1-x 

— ?L_  =  1  +  2x  +  22x2  + +  2«x«  + 

1  — 2x 

— I_  =  l  +  x  +  x2+ +  a?»+ 

1  — X 

...  5=  l  +  (2+  l)x  +  (22+  l)x2+ +  (2»+  l)x~+  .. 

.*.  The  general  term  is  (2»  +  l)x*». 

4.  7-6x  +  9x2  +  27x«  +  54x*+189x6+ 

Suppose  Un  =  pxuiu.i  +  qx^n^i  +  rjfiun^ 

Then  27=    9p-   6q-{-1r 

54  =  27p+    9q-6r 

189  =  54/) +  27(7 +  97 

/.p-2,  9  =  2,  r  =  3 


510  ALGEBRA. 


.*.  The  identical  relation  is 

5=7-  6x+  9x2  +  27 aJ» +  54jc*+ 189x5 + 
-2xs  =  -14x+12x2-18x»-54x*-108x«- 
-2x8*=  -14x3+12x»-18x*-   64x«- 

-3x»5=  -21x»  +  18x*-   27x«- 

(l«2x-2xa-3x»)»  =  7-20x+    7x3 

.   ^_      7-20x+7x2 
1  — 2x  — 2x2  — 3x» 
7-20x+7xa      ^       7-20x-f7x2 
l-2x-2x2-3x«      (l-3x)(l  +  x  +  x2) 

^  10  27(3-x) 

13(l-3x)      13(l  +  x  +  x2) 


But         — - — =l  +  3x  +  32x2  +  3»x»+ +  3»x«+ 

l-3x 

3-x     ^  _ (l^j)(3-x)       ^  3-4x  +  x2 

1  +  X  +  X2         (f+x  +  x2)(l-x)  1-xS 

and  — —  =  l  +  x«  +  x«  +  x»+ +  x8»4- 

1  —X* 

^"''^=3-4x  +  x2  +  3x»-4x*  +  x6  +  3x«-4x7  +  x8  + 


l-x8 
7-20x+7xa 


=  jj  (1  +  3x  +  32x2  +  38  x«  + ) 


l-2x-2x2-3x8 

+  f}(3-4x+x2  +  3x«-4x*  +  x6+ ) 

.-.  «s»     =  iS38"-i  +  ij  =  jj  (10  X  33—4  +  1) 

ti3«+i  =  lS33«     +fjx3         =H(10x38«-4+l) 
»*3»+2  =  U  3*"^^  +  f }  X  (-  4)  =  f  J  (10  X  3a-2  -  4) 

6.   l  +  6x  +  9x2+13x8+17x*  +  21x6+ 

Suppose  U»  =  pXTln-l  +  qx^nr-2 

Then  9=6p-\-q 

lZ  =  9p  +  6p 
.-.  p  =  2,  9  =  -  1 
.'.  The  identical  relation  is  u^  =  2  u„_i  —  u„-2. 

s=l  +  5x+    9x2+ 13x8+ 17  x*+ 

-2x5=     -2x— 10x2— 18x8  — 26x4  + 

x^s=  j:2+    6x8+    9x4  + 


(l-2x  +  x2>=l  +  3x 
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_       l  +  3ar     _   l  +  Sar 


l-2x  +  xa      (l-.ar)a 

Also  l  +  5.r+9x*+13x»+ 

=  l  +  (4  +  l)x  +  (2x4  +  l)x3  +  (3x4  +  l)x8+ +(4n+l)a:«+ 

.*.  The  general  term  is  (4  n  +  l)x». 

6.  l  +  x-7x»  +  33x*-130x«  +  499a:«+ 

Suppose  M»  =  /)Un-l  +  q-Un-a  +  run-^ 

Then  —  7  =  9  +  r 

33  =  -7/>  +  r 
-130  =  33/)-77 
/.  ;>  =  —  5,  7  =  —  6,  r  =  —  2 
The  identical  relation  is   Un  =  —  6  xii,»_i  —  5  x^Un-s  ->  2  x^Un.^ 

«=1+    X  -7x»  +  33x*-130x6  +  499x«  + 

6xs=        5x+6xa  -36x*+ 165x6 -650  x«-- 

6x2«=  6x»+6x»  —  35x*+165x«  + 

2x's=  2x3+   2x*  -    14x« 

(l  +  5x  +  5x3+2x«)»=  l  +  6x+  10x« 

_       l  +  6x-H0xg 
**  *~l  +  5x+5x2  +  2x8 

7.  3  +  6x  +  14x3 +36x»  +  98x*  + 276x6+ 

Suppose  Un  =  j»tin-i  +  qun-2  +  ru^-s 

Then  36=14/)+    6g+    3r 

98  =  36p  +  147+    6r 

276  =  98/?  +  369+14r 

.*.  p  =  6,  r  =  — 11,  9  =  6 

.-.  The  identical  relation  is 

ttn  =  6  Un-l  —  11  Un-2  +  6Un-S 

5  =  3+    6x+ 14x2 +  36x8+    98x*  + 276x6  + 

-  6x5  =     -  18x- 36x2 -84x8- 216x*- 588x6- 
+  11  xSf  =  33x2  +  66x8  +  I54x*  +  396x6  + 

-  6x85=  -18x8-   36x*-   84x6 

(l-6x+llx2-6x3)5  =  3-12x+llx2 

^^      3-12x  +  llxa      ^  3-12x+llx2 

"  *■     l-6x+llx2-6x8      (l-x)(l-2x)(l-3x) 

=  ~i-+--L_+-^ 
1-x      l-2x      l-3x 
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But  _.?_=l4.x  +  *3  +  a:»+ +Jf"+ 

1  — X 

— - —  =  1  +  2  X  +  22x2  +  28  x«  + +  2*x»  +  ..— 

1  — 2x 

— - —  =  1  +  3x  +  32x2  +  38  x»  + +  3»x»  + 

1  —  3x 

.-.«  =  3+ (1  +  2  +  3)  x+ (1  +  22  + 32)x2  + 

+  (1  +  2"  +  3»)  X*  + 
.-.  The  general  term  is  (1  +  2*  +  3»)  x*. 

Find  the  sum  of  n  terms  of : 

8.  2  +  5+10  +  17  +  26  +  37  +  50+ 

First  differences  3  5  7  9  11 

Second  differences,  2  2  2  2 

Third  differences,  0  0  0 

.-.  a  =  2,  6  =  3,  c  =  2,  cf  =  0 

.■.s,  =  na  +  »C»-^)6  +  ''Cn-l)(n-2) 

2  6 

=  2n  +  ^("'-'')  +  "(»"^)(»"^> 
2  3 

2n8+3n2  +  7n 

6 


9.  l»  +  2»+3«  +  4«  +  58+ 

=  1  +  8  +  27  +  64  +  125  + 

First  differences,  7  19         37         61  91 

Second  differences,  12  18  29  30         < 

Third  differences,  6  6  6 

Fourth  differences,  0  0 

.♦.  a  =  1,  6  =  7,  c  =  12,  «?  =  6,  e  =0 

2  6 


••••• 


6nCn^lKn-2)(n-3) 
24 


_6n*+12n«+6n» 
""  24 

_n2r^-l-l)a 

4 
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Exercise  131. 

Determine  whether  the  following  infinite  series  are  conver- 
gent or  divergent : 

The  sum  of  all  terms  after  the  second  is    — •"-:  +  ";  + 

31     48     54 

But  this  is  less  than     —  +  —  +  —  + 

3»     4«     5» 

But  this  has  been  shown  to  be  a  convergent  series. 
Hence  the  given  series  is  convergent. 

2    l  +  l'  +  ^V'^V 


^_,(n-iy     n-l(n-l) 
[n  71        |w  —  1 


n-I 


But 

(n-l)"-»  >\n-\. 

For 
and 

(n-l)»->  =  (n-l)(n-l)... 
|n-l=(n-lXn-2).. 

...1. 

1  factors), 

Hence 

(H-l)«^^i 

n-1     ^   ^' 

Also 

n-l_j      1 

n 


n 


As  n  is  indefinitely  increased,  1  —  approaches  1  as  a  limit. 


n 


Hence  the  limit  of  n^,  as  n  is  indefinitely  increased,  is  not  0,  but  is 
greater  than  1.     Therefore  the  given  series  is  divergent. 


3     2.346 
•   12^2^     3*     42 


But 


=1+2       3^4 
P     2«     3»     4« 
i+2^3^4       ... 
1»     2»     3«     4? 


=i+i+UU 

2     3     4 


And  this  has  been  shown  to  be  a  divergent  series. 
Hence  the  given  series  is  also  divergent. 

A      1    .  l"  .  2"»  ,  3"*  , 

"■-r-t^)--('-;)" 

,•.  The  limit  of  n^  is  1.    Hence  the  series  is  divergent. 
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6.  Show  that  the  infinite  series 


1      1  +  1,.  1,+ 


1X2     2x2«     3x2»     4x2* 
is  convergent,  and  find  its  sum. 
The  series  may  be  obtained  from  the  series 


bj  patting  y  =  } 


log.(l  +  y)  =  y-|-  +  f-^  + 


.-.  log.2     ^^^     2.2«'*"3x2»     4X2*'*' 

The  series  is  convergent.  For  the  terms  are  alternately  positive  and 
negative  and  are  continually  decreasing,  and  the  limit  of  the  nth  term 
isO. 

6.  Find  the  limit  which  \^l  +  nx  approaches  as  n  approaches  0  as  a 
limit. 

Let  m  =  - 

n 


Then  vO  +  ni  =  (1  +  nx)» 


=^^)' 


As  n  approaches  0,  m  increases  indefinitely. 

limit 
n  =  0 


.-.  i'i'lJ^T+1S  =  «« 


7.  P„,vethatU2(l  +  |+i+ ) 


Consider  the  series 


e»=l  +  x+— + -  +  ™ 


pat  »  =  —  1 

1  + 

[2     15 


«-»=l-l  +  i-i  + 
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•    I  =  i_i4.i_i  +  i_i4. 

13     13"^15     [6  "^12     \1^"" 

=  2+i+e  + 

l§     16     II 
=  2(1+2  +  3  + \ 


8.  Calculate  to  four  places,  log.  4,  log.  5,  log.  6,  loge  7. 

log.4  =  21og.2  =  1.3863 

o  o  o 

log.5=log.4 +  -  +  —=—  +— =—  + 

'^  ^  0     3X0»     6x96 

=  1.6004 

log.6  =  log.5  +  —  +  —- —  +  — - —  + 
6e  6-    ^11^3xll»     5x11* 


=  1.7918  =log.2  + log.  3 
log.7  =  log.6  +  ^  +  _?_-+      2 


13     3  X  13«     5  X  13* 
=  1.9469 


9.  Find  to  four  places  the  moduli  of  the  systems  of  which  the  bases 
are :  2,  3,  4,  6,  6,  7. 


•°«''-lor2  = 

1 

=  1.4427 

0.693147 

'*"^"-log.3  = 

1 

=  0.9102 

1.098612 

10g4«=,-^  = 

log.  4 

1 

-  0  721.S 

2  log.  2 

—  \J'  1  ^xo 

"^^'-lol,= 

1 

-nA21.^ 

1.609432 

—  V.vl^XO 

•"«•'- log.6  = 

1 

-  0i)5R1 

1.791760 

-   V.t/vOX 

•'"^"  =  log.7  = 

1 

-  0  5139 

1.9469 

—     MmtfXfJW 
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10.   Show  tliat 


1       /8\  6         .  7  9 

^^"\ej      1X2X3'^3X4X6'*"6X6X7"*" 


6.7.9 


1X2X3  3x4x6   6x6x7 


3  +  2       ^      6-1-2       ^      7  +  2      ^ 


1X2X3      3x4x6      6x6x7 

1    +JL,+  ^-^  + 


1X2     3x4     6X6 

+  2(        ^         +         ^         +         ^         + ) 

UX2X3^3X4X6     5X6X7^         / 

=(i-j)+(i-i)+a-i)+ 

+  2f— 1— +  — 1— +  — L_  + ] 

\1X2X3^3X4X6^6X6X7  / 

*^    ^    VlX2x3^3x4x6^5x6x7^         / 

=  log2  +  2f-^  +  -i— +-^—  + ^ 

^    ^    V1X2^3X4^6X6^         ; 

.2^-J-+-i-+-J-  + ^ 

VlX3^3x6^6x7^         ) 

=  3,o.2-(^+A^  +  ^  + ) 

=  logs  -  [(1  _  J)  +  (}  _  J)  +  (J  _  I)  + ] 

=  log8-l 
=  log8  — loge 

--0 


11.    Show  that 


log«a  — loge6  = +-   I  +-   )  + 

a         2\    a     J       3\    a     / 

logeO  — l0ge6=  log^  =  —  log-  =  —  logT  1  —  f  1 J    | 

...W..-.o...^'.l("-^)%!("-')V..... 
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12.  Show  that,  if  x  is  positive, 

log  (2  +  X  +  1)  =  log^ili±l  =  log  [(X  +  1) '-±1] 

=  log(x+l)  +  log(l  +  lj 

Butlog(l  +  x)  =  x-|  +  J-^  + 

and      ,og(l  +  i)  =  l-X  +  _L.__L.+ 

.■.log(2  +  x  +  ^)  =  x+l-i;x«+l)  +  l(x*  +  ^,) 

The  series  is,  however,  convergent  only  when  x—\. 

13.  Show  that    1  +  .?  +  ,-'  +  .^ =  5e. 

|2      L?     li 

Q2       42        A2       62 

=  1  +  22+-+-  +-+- 

L2    [^   li   li 

=  i  +  ,+3  +  ^+i  +  l^±i+?i±l  +  ?^+i  +  . 

|2[3[4|6 


=  e  +  3+8  +  15+24      3_6 

|2     H     11     11 

=  4.  +  l  +  l  +  i  +  i+ 

=  6e 


•  •  ••  • 


■  •  ••• 


518  ALGEBRA. 


Exercise  132. 

Find  the  quotient  and  remainder  obtained  by  dividing  each  of 
the  following  expressions  by  the  divispr  opposite  it : 

I.  a:«+5x«-7x  — 3  x— 2. 

1+5-    7-   312 
2  +  14  +  14 


1  +  7+    7  +  11 

.•.  The  quotient  is  jb*  +  7x  +  7,  and  the  remainder  is  11. 

2.  x*  — 7x»+6x2— lOx+12  x-3. 

1_7+   6-10  +  12[3^ 
3-12-21-93 

1-4-   7-31-81 
.'.  The  qaotient  is  a^  —  42:*  —  7a;  —  31,  and  the  remainder  is  —  81. 

3.  2x*  +  3x»-6a:2-4x-24  x-2. 

2  +  3-   6-   4-24[2 

4  +  14  +  16  +  24 


2  +  7+   8  +  12+   0 
.-.  Tiie  quotient  is  2ar*  +  7x*  +  8aj  +  12,  and  the  remainder  is  0. 

4.  x6-.3x»  +  2x2-6  J--4. 

1+0-  3+  2+   0-  6[4 
4  +  16  +  52  +  216  +  864 

1  +  4  +  13  +  54  +  216  +  859 

.*.  Tiie  quotient  is  x*  +  4x'  +  13x*  +  54x  +  216,  and  the  remainder 
is  859. 

6.  3x*-6x3+7x  — 10  x  +  3. 

3+0-  6+   7-   101-3 
-9  +  27-63  +  168 


3  -  9  +  21  -  56  +  158 
/.  The  quotient  is  3  x»  -  9x'  +  21  x  -  66,  and  the  remainder  is  158. 
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6.   a:«+3x2  +  3r+4  x+V^. 

1+3  +1  +4I-V3 

-V=n;  -i-3V=n;-3 


1  +  (3_V-1)-        3V-1  +  1 
.-.  The  quotient  is  x*  +  (3 — V^)x— 3^/^,  and  the  remainder  is  1. 
Are  the  following  numbers  roots  of  the  equations  opposite  them? 

7.  (2)  x»-3x2  +  4x  +  4  =  0. 

l-3  +  4  +  4|2 
2-2  +  4 

1-1+2+8 
.'.  2  is  not  a  root. 

8.  (-3)  x*-3x«  +  7xa-9x  +  84  =  0. 

1_3+    7-   9+   841-3 
-3  +  18-75  +  252 

1-6  +  25-84  +  336 
.-.  —  3  is  not  a  root. 

9.  (-6)  x*  +  6x*  +  7x«  +  9x2-5  =  0. 

1  +  6  +  7+   9  +  0-  5|-5 
-5-5-10  +  5-25 

1  +  1  +  2-    1  +  5-30 

.-.  —  5  is  not  a  root. 

10.  (0.2)  a!8_2.2x2  +  3.4x-0.6  =  0. 

1-2.2  +  3.4-0.610.2 
+  0.2  -  0.4  +  0.6 


1  -  2.0  +  3.0  +  0 


.-.  0.2  is  a  root. 
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Find  the  values  of  the  following  expressions,  when  for  x  we 
pat  the  nmnbers  opposite  the  expressions. 

11.  2x»  +  3xa  +  6x-10  (2). 

2  +  3+   5~10|2 
4  +  14  +  38 

2  +  7  +  19  +  28 
.'.  The  required  value  is  28. 

12.  3a*-5j*  +  2x3  +  3x-16  (3). 

3-5+   2+    3-    15[3 
9  +  12  +  42  +  135 

3  +  4  +  14  +  46  +  120 
.'.  The  required  value  is  120. 

13.  x*-4a:«  +  7x3  +  9x  +  12  (-3). 

1-4+    7+   9+    121-3 

-3  +  21-84  +  225 

1  -  7  +  28  -  75  +  237 
.-.  The  required  value  ia  237. 

Exercise  133. 

Solve  the  equations : 

1.   a:«  — 3x  +  2  =  0. 

1  is  obviously  a  root.     Dividing  by  aj  —  1,  we  have 

1+0-3  +  21+1 
1  +  1-2 

l+l_2+0 

The  reduced  equation  is  a:*  +  a?  -  2  =  0,  of  which  the  roots  are  1 
and  -  2. 
.'.  The  roots  of  the  given  equation  are  1,  1,  —  2. 
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+ 1  and  —  1  are  not  roots.    Try  +  2. 

1  +  1_16  +  20|2 
2+   6-20 


1+3-10+   0 


.'.  +  2  is  a  root.    The  reduced  equation   is  x'  +  3  a;  —  10  =  0,  of 
which  the  roots  are  2  and  —  5. 

.*.  The  roots  of  the  given  equation  are  2,  2,  —  6. 

3.  a«-8a:2  +  21x-18  =  0. 

+  1  and  —  1  are  not  roots.     Try  +  2. 

1_8  +  21-18[2 
2-12  +  18 

1_6+   9+   0 

.*.  +  2  is  a  root.     The  reduced  equation   is  a^  — 6«  +  9  =  0,  of 
which  the  roots  are  3  and  3. 

.-.  The  roots  of  the  given  equation  are  2,  3,  3. 

4.  a:8  — ar2_8x+12  =  0. 

+  1  and  —  1  are  not  roots.     Try  +  2. 

1_1_8  +  12[2 
2  +  2-12 


1+1-6+    0 

.'.  +  2  is  a  root.    The  reduced  equation  is  x*  +  a;  —  6  =  0,  of  which 
the  roots  are  2  and  —  3. 
.-.  The  roots  of  the  given  equation  are  2,  2,  —  3. 

5.  x»  +  3x2-4  =  0. 

+  1  is  a  root.     Divide  by  x  —  1. 

1+3  +  0-411 

1  +  4  +  4 

1+4+4+0 

.*.  +1  is  a  root.      The  reduced  equation   is  ir*  +  4a;  +  4  =  0,  of 
which  the  roots  are  —  2  and  —  2. 

.*.  The  roots  of  the  given  equations  are  1,-2,-2. 
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6.  x*  +  2i:«-llxa--12x  +  36  =  0. 

+  1  and  —  1  are  not  roots.    Try  +  2. 

14.2-11-12  +  361  +  2 
2+   8-   6-36 

l+4_   3-18+   0 

.-.  +  2  is  a  root.     The  redaced  equation  is  a:*  +  4  x*  —  3  a;  —  18  =  0. 

Try  2  again. 

l+4_   3-18[2 

2  +  12  +  18 

1+6+   9+   0 

.*.  +  2  is  again  a  root.    The  reduced  equation  is  a:'  +  6a;  +  9  =  0, 
of  which  the  roots  are  —  3  and  —  3. 

.-.  The  roots  of  the  given  equation  are  2,  2,  —  3,  —  3. 

7.  a:*  — jr8  — 10T»  +  4a;  +  24  =  0. 

+  1  and  —  I  are  not  roots.    Try  2. 

1^1_10+   4  +  2412 
2+    2-16-24 


1  +  1-   8-12+   0 


.'.  +  2  is  a  root.     The  reduced  equation  is  a^  +  a:*- 8a:— 12  =  0. 

Try  3. 

1  +  1_    8-12|3 

3  +  12  +  12 

1  +4+    4+0 

.*.  +  3  is  a  root.     The  reduced   equation  is  a;^  +  4a;  +  4  =  0,  of 
which  the  roots  are  —  2  and  —  2. 
.•.  The  roots  of  the  given  equation  are  2,  3,  —  2,  —  2. 

8.  a^  - 4x» - 18 ar2+108ar- 136  =  0. 

+  1  and  —  1  are  not  roots.    Try  3. 

1_4_18  +  108-135|3 
3-   3_   63  +  135 

1^1 -21+   46+     0 
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.'.  +  3  is  a  root.    The  reduced  equation  is  a*  —  a^  —  21  x  +  45  =  0. 
Try  3  again. 

l«.l-.2l4-46[3 
3+   6-46 

1  +  2-15+   0 

.'.  +  3  is  again  a  root.     The  reduced  equation  is  2*  +  2x  —  15  =  0, 
of  which  the  roots  are  3  and  —  5. 

.'.  The  roots  of  the  given  equation  are  3,  3,  3,  -  5. 

9.  a* - 40ar«  +  160x2 -240x+ 128  =  0. 

+  1  and  —  1  are  not  roots.    Try  2. 

1+0-40  +  160-240+ 128  [2 
2+4-   72  +  176-128 

1+2-36+88-64+     0 

.*.  +  2  is  a  root.   The  reduced  equation  is 

x*  +  22^  -  36x»  +  88x  +  64  =  0. 

Try  2  again.  1  +  2  -  36  +  88  -  64  [2 

2+   8-56  +  64 

1+4-28  +  32+    0 

.-.  +  2  is  again  a  root.    The  reduced  equation  is 

aJ'  +  4a:»- 28a: +  32  =  0. 

Try  2  again.  1  +  4  -  28  +  32[2 

2  +  12-32 

1+6-16+    0 

.'.  +  2  is  again  a  root.     The  reduced  equation  is  x'  +  6  a;  —  16  =  0, 
of  which  the  roots  are  2  and  —  8. 
.'.  The  roots  of  the  given  equation  are  2,  2,  2,  2,  —  8. 

10.  x»-4ar*-.13ar8+52a:3  +  36a:-.  144  =  0. 
+  1  and  —  1  are  not  roots.    Try  2. 

l-4_13  +  52  +  36-144[2 
2-  4-34  +  36  +  144 

1-2-17  +  18  +  72+     0 
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.*.  +  2  is  a  root.    The  reduced  equation  is  a:*— 2a^— 17a:*+18a;+72=0. 
Try  3. 

1_2-17  +  18  +  72|3 
3+    3-42-24 

l4.1_14_24+   0 

.*.  +  3  is  a  root.    The  reduced  equation  is  a^  +  a:*  —  14  a;  —  24  =  0. 
Try  4 

1  +  1_14_24|4 
4  +  20  +  24 

1+5+   6+   0 

/.  +  4  is  a  root.    The  reduced  equation  is  a;'  +  5  a?  +  6  =  0,  of  which 
the  roots  are  —  2  and  —  3. 
.-.  The  roots  of  the  given  equations  are  2,  3,  4,  —  2,  —  3. 

11.  a:*  +  2a:8-5a^»-12a:-.4  =  0. 
+  1  and  —  1  are  not  roots.     Try  —  2. 

1  +  2-5-12-41-2 

-2  +  0  +  10  +  4 


1 +0-5-   2+0 


.-.  —  2  is  a  root.    The  reduced  equation  isar^-  5ac  —  2  =  0.    Try  —  2 
again. 

14-0-5-21-2 

-2+4+2 

l_2-l+0 

.*.  —  2  is  again  a  root.    The  reduced  equation  is  a*  —  2a;  —  1  =  0,  of 
which  the  roots  are  1  +  V2  and  1  —  V2. 

.-.  The  roots  of  the  given  equation  are  —  2,  —  2,  1  +  \/2,  1  —  V2. 
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Exercise  134. 
Form  the  equations  of  which  the  roots  are : 

1.  2,3,-6.  4.  3,4,-6. 

(a:  -  2){x  -  3)(x  +  5)  =  0, 


or 


a;»- 19a +  30  =  0. 


2.  3,1,-2. 

(x  -  3)(a;  -  l){x  +  2)  =  0, 
or    ar»-2a;»-5a;  +  6-0. 

3.  2,-3,-2. 

{x  -  2)(x  +  3)(x  +  2)  =  0. 
orx-3  +  3x2-4x-12  =  0. 


(x  -  3)(a;  -  4)(a;  +  6)  =  0. 
or      a;»-x»- 30a; +  72  =  0. 

B.  3,0,-4. 

(x-3)x(a;  +  4)  =  0, 
or  x*  +  x'-12x  =  0. 

o.   2,  3,  2« 

(x  -  2Xa;  -  3Xa;  -  §)  =  0, 
or  r»-J/x»  +  V«-3  =  0. 
or2r»-llx»  +  17x-6  =  0. 


7.  3+  V2,  3- V2,  -6. 

(x  -  3  -  y/~2)(x  -  3  +  \/2)(x  +  6)  =  0. 
or  x»-29x  +  42  =  0. 

8.  1  +  V3,  1  -  V3,  }. 

(x  -  1  -  y/'i){x  -  1  +  V3)(x  -  J)  =  0, 
or  x»-|x^-x  +  l=0, 

or  2x*-5x«-2x  +  2  =  0. 


9.   1,3,-2,-4. 


or 


(x  -  l)(x  -  3)(x  +  2)(x  +  4)  =  0, 
a;4  +  2r»  -  13x»  -  14x  +  24  =  0. 


10.  2,  i,  -  2,  -  J. 


or 


or 


(x  -  2)(x  -  J)(x  +  2)(x  +  J)  =  0. 

(x»  -  4)(x^  -  i)  =  0. 

x*--yx«  +  l  =  0, 

4x*- 17x^  +  4  =  0. 


11.  i,iJ,~J. 


or 
or 


(x  -  i){x  -  h){x  -  i)(x  +  i)  =  0, 

a^-Aa,''-ix«  +  Ax-A  =  0. 
48x*  -  28x*  -  8x2  +  7x  -  1  =  0. 
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12.  1  +  v^,  l->/2,  V3+1,  -V3+1. 

{x-l-  V2){x-1  +  V2)(a;  -  >/3  -  l)(a;  +  Va  -  1)  =  0, 


or 


ar*-4a:*  +  jc*  +  6a;  +  2  =  0. 


13.  2  +  V'in[,  2  -  Vin^,  1  +  2V^,  1  -2\/^. 

(a;  _  2  -  V^){x  -  2  +  V^Xx  -  1  -  2  V^Xa?  -1  +  2  \/^) 


or 


0, 
ar*  -  6ar»  +  18x»  -  30a;  +  25  =  0. 


or 


14.   1,  -  2,  3,  -  4,  6. 

(a;  -  IXaJ  +  2)(aj  -  3)(a;  +  4Xx  -  5)  =  0, 
a*  -  3ar*  -  23a:»  +  51a;»  +  94a;  - 120  =  0. 


or 


16.  J,J,i2,3. 

(^-iX^-JXa' 

a;*-6a;*  + V^a;» 


i){x  -  2Xx  -  3)  =  0, 
¥a^  +  tta;-i  =  0. 


Exercise  135. 

Construct  the  graphs  of  the  following  functions  : 
1.  x2^3j._io. 

Put  y  =  a;'  +  3a;-10. 


a;  = 

y  = 

x  = 

y  = 

0 

-10 

-J 

-lU 

-Si 

-1 

-12 

1 

-6 

-} 

-12i 

i 

-3} 

-2 

-12 

2 

0 

-1 

-lit 

i 

3i 

-3 

-10 

3 

8 

-i 

-8t 

-4 

-6 

-1 

-31 

-5 

0 

-¥ 

31 

-6 

8 

-0^ 


I 

k 

I 

I 


y 


V 


^ 


i 


i/' 


«- 
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The  curve  crosges  the  axis  X'Xat  the  points  for  which 

x2  +  3x-10  =  0 
or  (a:+6)(x-2)=0 

/.  X  =  2,  or  —  5 
a.  x«-2xa+l. 
Tut  tf  =  x^-2T^^l.  - 


x  = 
0 

i 

1 

1 
f 

0 

x  = 

-i 
-1 

-i 

f 

-2 
-6 

f 
2 

-J 
1 

-2 

-1 

i 

41 

X' 


I" 

The  curve  crosses  the  axis  -X'Xat  the  points  for  which 

x«-2x3+l  =  0 
or  (x-.l)(x2-.x-l)  =  0 

1  i\/5 


X  =  1,  or 


3.  X*- 20x2 +  64. 
Put  y  =  x*-20xa  +  64. 
x  = 
0 

±1 

±t 
±2 

±3 

±J 

i:4 

±5 


y  = 

64 

45 

24tV 
0 

41  15 

-35 
-30H 
0 

69tV 
189 


J- 


^; 


iv* 


■'^-^ 


.\- 


The  curve  cuts  the  axis  X'Xin  the  points  for  which 

X*- 20x2 +  64  =  0 
or  (x«-16)(xa-.4)  =  0 

/.  X  =  ±  2,  or  ±  4 
The  curve  is  evidently  symmetrical  with  respect  to  the  axis  Y'Y, 
In  the  figure  the  curve  has  heen  shortened  vertically.    Each  division 
on  the  F'Faxis  represents  10  units. 
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4.    x3-4r+10. 


Let 


^  =  x2  — 4x+10 


x  = 

y  = 

x=^ 

y  = 

0 

10 

-1 

15 

1 

7 

-2 

22 

2 

6 

3 

7 

4 
6 

10 
16 

The  curve  does  not  cut  the  axis  X'X. 
For      x2-4x-»-10=(x-2)2  +  6, 
and  this  is  neyer  negative. 

5.  x*-6x3  +  4. 

Let  y  =  x*  — 6x^  +  4 


x  = 

y  = 

0 

4 

*i 

3H 

±1 

0 

±1 

-2A 

±2 

0 

±i 

llti 

The  curve  cuts  the 

axis  X'Xin  the  points 

for  whicli 

x^ 

-6x2  +  4 

=  0 

or             (x2- 

l)(x2 

-4) 

=  0 

.-.  X 

=  ±  1,  or  ±  4 

-x- 


•^x 


V 


rX- 


r 


The  curve  is  evidently  symmetrical  with  respect  to  the  axis  T'  T. 

*In  the  figure  the  curve  has  heen  magnified  horizontally  and  shortened 
vertically. 

Thus  4  divisions  of  the  X'X  axis  represent  1  unit,  while  1  division 
of  the  r'Faxis  represents  10  units. 


6.    x8  — 4x2-^-x- 
Let 

-1. 

y  =  x8  — 4xa  +  x  — 1 

x  = 
0 

i 

I 

y=                 x  = 

-11                  -1 
-3                    -} 

y  = 

-2f 
-7 

-14* 
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3 
2" 

2 

y  = 

-5J 
-7 

i 

4 

y- 
-3f 

3 

i 

3 

-7 

i 

13t 

The  curve  cats  the  axis  X^X  in  the  -o^ 
points  for  which 

x*  — 4x* +  «  —  !=- 0. 

From  the  figure  it  appears  that  two  of  

these  points  are  imaginary,  while  the 
third  lies  between  }  and  4. 

The  figure  is  magnified  horizontally. 
Two  divisions  of  the  X^X  axis  represent 
1  unit. 


V 


r 


\ 


V 


r 
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EXERCISE    136. 

Find  the  derivatives  with  respect  to  x  of : 
1.  x^.         2.  x8.         3.  X*.         4.  Sjfi.         5.  x-3. 


'■i- 


2x. 


3x». 


4«». 


15  ar*. 


-2a;-». 


6 
I*" 


7.  x»  +  2x.        8.  a:«  +  3x  +  4. 
3a;«  +  2.  2a; +  3. 

10.  (x  +  sy, 

2(a;  +  3). 
12.   (x+l)"«. 

V(x  +  A+1)*     (a;  +  l)V 


Put  h 

Then  the  derivative  -  -^i^Ltll 

{x  +  1)* 


9.   3j:*  +  2j:8  +  6x2  +  6j:  +  4. 

12a:«  +  6a;»  +  10aj  +  6. 

11.    (x  +  a)». 
3{a;  +  a)». 


(x-\-lf-(x-^k  +  1)« 
A(a;  +  ^  +  l)'{aj  +  l)» 
-2^(g  +  l)-^' 
A(aj  +  A  +  l)«(a;  +  l)» 

-2(x  +  l)  +  h 
{x  +  h  +  l)»(a;  + 1)»* 

0. 

2 


(a;  +  l)> 
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xa-l 


x^-l-(x  +  hY-\l 

h[{x  +  hy-l](3^-l) 

--2hx  +  h^ 

kKx-^-hy-mx^-i) 

2x-h 
[(aj  +  A)»-l](^»-l) 
2x 

(^  -  If* 


-r-A. 


Exercise  137. 

The  following  equations  have  multiple  roots.    Find  all  the 
roots  of  each  equation. 


1.  a*-6xa+7a:-3  =  0 

. 

/(x)  =  a;»-5»«  +  7a;-3, 

/(a;;  =  3x»-10a;  +  7. 

Find  the  H.  C.  F. 

3-10  +  7 

1_  6+    7-   3 

3-   3 

3 

-   7  +  7 

3-15  +  21-   9 

-   7  +  7 

3-10+    7 

-   5  +  14-   9 

3 

-15  +  42-27 

-15  +  50-35 

-8)-   8+    8 

1-    1 

1 


-5 


.  3-7 
..  x-l  is  the  H.  C.  F. 

We  find  a^  -  5a^  +  7 X  -  3  =  (a;  -  l)\x  -  3). 

.-.  The  three  roots  are  1,  1,  3. 

2.  aH»-3a:3  +  4  =  0. 

/(re)  =  jc»  -  3a;«  +  4,  f{x)  =  3x»  -  6a;  =  3a:(aj  -  2). 
If  there  is  a  H.  C.  F.,  it  must  be  a;  -  2. 
We  find  a:»  - 3a;«  +  4  =  (a; - 2)«(a;  +  1). 

/.  The  roots  are  2,  2,  -  1. 
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3.   a:*-2a:8-7a:2  +  20x~12  =  0. 

f(x)  =  X*  -  2x3 -  7a;''  +  20 .T  -  12,  f{x)  =  4j:»  -  6x»  -  14x  +  20. 
Find  the  H.  C.  F. 


2)4-      6-14+    20 


2 

-     3- 

7+10 
17 

34 
34 

-51- 

-106-f 

119  +  170 
76 

5)55- 

195  +  170 

11- 

39+    34 
17 

187- 
187- 

663  +  578 
583+418 

80)- 

80+  160 

1-     2 


1_2-   7  +  20-12 

2 


2 

9 


4-14  +  40 
3-    7  +  10 


-24 


-1-    7  +  30- 


24 
o 


2-14  +  60-48 

2+    3+    7-10 

_  17  +  53-38 

-17  +  34 


19 
19 


38 
38 


-1 

-2-11 
-17  +  19 


.-.  The  H.  C.  F.  is  X  -  2. 

We  find        X*-  2x»-  7x»  +  20x  - 12  =  (x  -  2)«(x»  +  2x 

The  roots  of  r*  +  2x  -  3  =  0  are  1  and  -  3. 

.*.  The  roots  of  the  given  equation  are  1,  2,  2,  —  3. 


-3). 


4.  x*-2a*-llx3+12x+36  =  0. 

/(x)  =  X*  -  2x»  -  11  x^  +  12x  +  36,  fix)  =  4x»  -  6x«  -  22x  +  12 
Find  the  H.  C.  F. 


2)4-6-22  + 
2-3-11  + 

12 
6 

6 
6 

1_2-11  +  12+    36 

2 

2-2-12 
-1+    1  + 

2-4-22  +  24+    72 
2-3-11+    6 

-1+    1  + 

-1-11  +  18+    72 

2 

-2-22  +  36  +  144 

-2+   3  +  11-     6 

-25)- 25 +  25 +  150 

1-    1-     6 

1 


-1 


2-1 


.-.  The  H.  C.  F.  is  x«  -  X  -  6  =  (x  +  2)(x  -  3). 

Therefore     x*-2x»- llx»  +  12x  +  36  =  (x  + 2)2(x-3)». 

.*.  The  roots  of  the  given  equation  are  —  2,-2,  3,  3. 
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6.  a*-24:E3  +  64x-48  =  0. 

/(x)  =  ar*  -  24»«  +  64a;  -  48,    /(a;)  =  4ar»  -  48a;  +  64. 
Find  the  H.  C.  F. 


4)4  +  0-48  +  64 
1  +  0-12+16 
1  -  4  +    4 

4-16+16 
4-16  +  16 


1+0-24  +  64-48 
1+0-12  +  16 
-12)-  12  f  48-48 
1-4+4 


1+4 


.-.  The  H.  C.  F.  is  a;'  -  4a;  +  4  =  (a;  -  2y. 

We  find  a;*  -  24a;»  +  64x  -  48  =  (x  -  2f(x  +  6). 

.'.  The  roots  of  the  given  equation  are  2,  2.  2,  -6. 

6.   aJ^  +  i*-17j:»-21x2+72x+108  =  0. 

f{x)  =  x*  +  x*  -  17ar»  -  2lar»  +  72a;  +  108, 
/  (x)  =  5  X*  +  4  ar»  -  51  a^"  -  42  X  +  72. 

Find  the  H.  C.  F. 


5+     4_    5i_    42+ 


72 
29 


145+116-1479-1218+  2088 
145+220-1235-2190 
_4)_104-  244+  972+  2088 


26+     61-  243- 


522 
29 


754+1769-7047-15138 

754+1144-6422-11388 

625)625-  625-  3750 

1-      1-        6 


1+1- 

17-  21+    72+  108 

5 

5+5- 
5+4- 

85    105+  360+  540 
51-  42+    72 

1- 

34-  63+  288+  540 

5 

5- 
5+ 

170-315+1440+2700 
4-  51-    42+     72 

-6)- 

174-264+1482+2628 

29+  44-  247-  438 
29-  29-  174 

73)73-     73-  438 

1-      1-      6 
1-      1-      6 

1+26 
29 


/.  TheH.C.  F.i8x»-x-6  =  (x-3)(x  +  2). 
We  find 

x^  +  X*  -  17x»  -  21  x»  +  72x  +  108  =  (x  -  S)\x  +  2)\x  +  3). 
.-.  The  roots  of  the  given  equation  are  3,  3,  —  2,  —  2,  —  3. 
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7.  a:«-5a^  +  6a:*  +  9jr»-14a;2-4x  +  8  =  0. 

/(x)  =  aj»  -  5ar^  +  Oar*  +  gr' -  14a:»  -  4x  +  8. 
fix)  ==Q7^~  25ar*  +  20a:»  +  27a:»  -  28a;  -  4. 

Find  the  H.  C.  F. 

6-    25+     20+     27-    28-      4 

65 


390-1625+1300+1755-1820-  260 
390-1572+1206+1560-1608 

-  53+     94+  195-  212-  260 

-  53+  742-1749-  212+2332 

- 648)-  648+1944+      0-2592 
1-      3+      0+       4 


1_  5+    5+    9-  14-    4+ 


8 
6 


6-30+  30+  54-  84-  24+  48 
6-25+  20+  27-  28-     4 

-  5+  10+  27-  56-  20  f  48 

6 

-30+  60+ 162-336-1 20 +  2S.S 
-30  +  125-100-135+U0+  20 


-  65+260-201- 260  r2h8 

-  53+  94  +  195-212-260 


-12)- 

12+168-35)6- 

48+528 

1-  14+  33+ 
1-     3+     0+ 

4-  44 
4 

-  11+  33  + 

-  11+  33+ 

0-  44 
0-  44 

-5 

-6 
1 


-53 
1 

-11 


.-.  The  H.  C.  F.  is  a^s  -  3a;2  +  4  =  (a;  +  l)(x  -  2)^. 

We  find  a*-5ar^  +  5a;*  +  9ar«-14a;2-4a;  +  8  =  (a:  +  l)2(a;-2)3(a;-l). 

.-.  The  roots  of  the  given  equation  are  —  1,  —  1,  2,  2,  2,  1. 

Exercise  138. 

Multiply  the  roots  of  each  of  the  following  equations  by  the 
number  placed  opposite  the  equation. 

1.  a:3_5a42^.2a:-3  =  0  (-1) 
ar»  +  5a;2  +  2a;  +  3  =  0. 

2.  x*  +  4ar2+3a:  +  5  =  0  (2). 

a;*  +  4(2)2^2  +  3  (2)3  a;  +  5(2)*  =  0, 
or.  a;*  +  16a;'^  +  243:  +  80  =  0. 

3.  2a^-3a:2  +  5T-7  =  0  (-2). 

2ar»  -  3  (-  2) x2  +  5 (-  2yx  -  7  (-  2)*, 
or  2ar»  +  6a;2  + 20a; +  56  =  0. 
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4.  6a:*-3x»  +  2x-6  =  0  (6). 

5a;* -  3(5)aj»  +  2(5)».t  -  6(5)*  =  0, 
or  5a^  -  15x»  +  250a;  -  3150  =  0. 

Write  the  equations  which  have  for  their  roots  the  reciprocals 
of  the  roots  of  the  following  equations : 

5.   2aJ»  +  32r2-a:-2  =  0.        6.   3a;*  + 6aJ»-x2+ 2a:+ 3  =  0. 

2  +  3a;  -  x»  -  2x»  =  0,  3  +  5a;  -  x'  +  2ar»  +  3 a;*  =  0, 

or        2a;»  +  a;«-3a;-2  =  0.        or     3x*  +  2ar^  -  a;*  +  5a;  +  3  =  0. 

7.  2x6+3r*-6aH»  +  6T^-3ir-2  =  0. 

2  +  3a;  -  6x*  +  6a;»  -  3a;*  -  2ar^  =  0. 
or  2x'*  +  3a;*-6a;»  +  6a;»-3a;-2  =  0. 

Diminish  the  roots  of  each  of  the  following  equations  by  the 
number  opposite  the  equation : 

8.  x»  +  4x2-l2ar-17  =  0        (2). 

1  +    4-12-17|2^ 

2  +  12+   0 

1+   6+   0-17 
2  +  16 


1+   8  +  16 
2 


1  +  10 

aJ»  +  10ar»  + 16a; -17  =  0. 

9.   3a^-10a;8  +  2a^2-5a:  +  6  =  0        (3). 
3_10+    2-    5+   6[3 
9-   3-   3-24 


3- 

1-   1- 

9  +  24  + 

8- 
69 

-18 

3  + 

8  +  23-r 

9  +  51 

61 

3  + 

17  +  74 
9 

3  +  26 

3a;*  +  26ar»  +  74a;*  +  61  a;  -  18  =  0. 
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10. 

X6- 

-6ar» 

-4x«+8 

It+10  = 

0 

(- 

2). 

1  + 

0-   5- 

2+   4  + 

4+    8  +  10[- 
2+    4-24 

-2 

, . 

2-    1- 

2+    8- 

2+12- 
14  +  32 

-14 

^^_ 

4+    7- 
2  +  12- 

16  +  44 
38 

54 

,^_ 

6  +  19- 
2  +  16 

_^ 

8  +  35 
2 

1  — 

10 

a* 

-10 

a:*  + 

35ar»-54 

x*+  44x- 

-14  = 

=  0. 

Exercise  139. 

All  the  roots  of  the  equations  given  below  are  real ;  determine 
their  signs. 

1.  ar*  +  4aJ»-43x2-68x  +  240  =  0. 

Tbe  order  of  signs  is        +     +     —    —+. 

There  are  two  variations  and  two  permanences. 

.•.  Tliere  are  two  positive  roots  and  two  negative  roots. 

2.  aH»-22ar2+155x-360  =  0. 

The  order  of  signs  is        +        —        +        — 

There  are  3  variations.        .'.  There  are  3  positive  roots. 

3.  a:*  +  4ar«-35ar2-78a:  +  360  =  0. 

The  order  of  signs  is         +     +     —    —+■ 

There  are  two  variations  and  two  permanences. 

.*.  There  are  two  positive  roots  and  two  negative  roots. 

4.  a:»-12x2-.43ar-30  =  0. 

The  order  of  signs  is         +     —    —    — 

There  are  one  variation  and  two  permanences. 

.*.  There  are  one  positive  root  and  two  negative  roots. 
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The  order  of  signs  is        +    —    —    +     +    — 

There  are  three  variations  and  two  permaneQces. 

/.  There  are  three  positive  roots  and  two  negative  roots. 

6.  :t«-12a^  +  47x-60  =  0. 

The  order  of  signs  is        +    —    +    — 

There  are  three  variations.        .*.  There  are  three  positive  roots. 

7.  Show  that  the  equation 

a:«-3a.2-x+l 
has  at  least  two  imaginary  roots. 

The  order  of  signs  is        +000    —    —    + 
If  we  take  the  0  terms  as  all  positive,  we  have 

+     +    +     +    —    —    +        two  variations, 

so  that  there  are  not  more  than  two  positive  roots ;  and  if  we  take 
the  first  two  negative  and  the  third  positive,  we  have 

+    —    —     +    —    —     +        two  permanences, 

80  that  there  are  not  more  than  two  negative  roots. 

.'.  There  are  then  not  more  than  two  positive  roots,  and  not  more 
than  two  negative  roots. 

.*.  There  are  at  least  two  imaginary  roots. 

8.  Show  that  the  equation 

a:*+15x2+7T-ll  =  0 
has  two  imaginary  roots,  and  determine  the  signs  of  the  real  roots. 

The  order  of  signs  is 

+    0    +     +    - 
We  may  write  the  signs 

either  +     +     +     -f     —    one  variation, 

or  +    —     +     +    —    one  permanence. 

.*.  There  is  not  more  than  one  positive  root,  and  not  more  than  one 
negative  root. 

.'.  There  are  at  least  two  imaginary  roots. 

There  cannot  be  four  imaginary  roots.  For  if  o  +  jSi,  o  —  jSi,  y  +  5i, 
and  7  —  8i  are  roots,  their  product  is  {a?  +  jS^Xt*  +  8*),  which  is  posi- 
tive, whereas  —  11  is  negative. 

.*.  There  is  one  positive  root,  one  negative  root,  and  two  imaginary 


roots. 
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9.  Show  that  the  equation  j:*  •  1  =  0  has  bat  two  real  roots, 
+  1  and  —  1 ,  when  n  is  even ;  and  bat  one  real  root,  +  1 1  when  n 
is  odd. 

The  order  of  signs  is 

+    00    - 

If  we  take  the  zeros  all  positive,  we  have 

+     +     +    +     - 

This  gives  only  one  variation,  and  conseqneDtly  only  one  positive 
root,  namely  + 1. 

If  n  is  even,  the  equation  is  unchanged  when  we  put  —  x  for  x. 

There  will  therefore  be  only  one  negative  root,  namely  —  1. 

But  if  n  is  odd,  the  sign  of  xl^  is  changed  when  we  put  —  x  for  x, 
and  the  order  of  signs  becomes 

-000---- 
which  we  may  take 


Here  there  is  no  variation,  and  consequently  the  equation  a:**-  1  =»0 
has  no  negative  root  in  this  case. 

10.  Show  that  the  equation  x*  +  1  =  0  has  no  real  root  when  n 
is  even ;  and  but  one  real  root,  —  1 ,  when  n  is  odd. 

The  order  of  signs  is      +00    + 

This  may  be  taken  as    +     +     +    +     + 

There  is  then  no  variation,  and  therefore  no  positive  root. 
Or,  if  n  is  even,  we  may  take 

+    -     +     -     +     -     -     + 

There  is  then  no  permanence,  and  consequently  no  negative  root. 
But  if  n  is  odd,  we  have 

+    —     +    —     +    —    —     +     + 

There  is  only  one  permanence,  and  therefore  only  the  one  negative 
root,  —  1. 
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Exercise  140. 

Find  the  commensurable  roots  and,  if  possible,  all  the  roots 
of  the  following  equations  : 

1.  x«  +  2x2-40x  +  64  =  0. 

The  factors  of  6 1  are  ±  1,  ±  2,  i  4,  db  8,  ±  16,  ±  32,  ±  64. 
±  1  are  not  roots.    Try  2. 

1+2-40  +  64(2 

2+    8-61 
1+4-32+    0 

2  is  a  root.    The  reduced  equation  is  x*  +  4x  —  32  =  0,  of  which 
the  roots  are  4  and  —  8. 
.-.  The  roots  of  the  given  equation  are  2,  4,  —  8. 

2.  .T»-3x2-10a:  +  24  =  0. 

The  factors  of  21  are  ±  1,  ±  2,  ±  3,  ±  4,  ±  6,  ±  8,  ±  12,  ±  24. 
±  1  are  not  roots.     Try  2. 

1 -3-10  +  2412 
2-   2-24 


1_  1-12+    0 

2  is  a  root.    The  reduced  equation  is  a:*  —  jr  —  12  =  0,  of  which  the 
roots  are  4  aad  —  3. 

.'.  The  roots  of  the  given  equation  are  2,  —  3,  4. 

3.  3:4  +  x3  -  36x2 -24x- 72  =  0. 

The  factors  of  72 are  ±1,  ±2,  ±3,  ±4,  ±6,  ±8.  ±12,  ±24,  ±36,  ±72. 
±  1  are  not  roots.    Try  6. 

1  +  1-36 -24 -72  [6 
6+42  +  36  +  72 

1  +  7+    6  +  12+    0 
6  is  a  root.     The  other  roots  are  incommensurable. 

4.  x*-7x8-6x2-18a5+-16  =  0. 

The  factors  of  16  are  ±  1,  ±  2,  ±  4,  ±  8,  ±  16. 
±  1  are  not  roots.    Try  8. 

1-7-6-18  +  16(8 

8  +  8  +  16-16 
1 +1 +2-    2+0 
8  is  a  root.     The  other  roots  are  incommensurable. 
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5.  x*-9x8+17x3  +  27.r-.60  =  0. 

The  factors  of  60  are  ±1,  ±2,  ±3,  ±4,  ±  5,  ±  6,  i  10,  dt  12,  ±  15, 
±  20,  ±  30,  ±  60. 
±  1  are  not  roota.    Try  4. 

1-9  +  17  +  27-60(4 
4-20-12  +  60 

1_5-    3  +  15+   0 

4  is  a  root.    Try  5. 

l_5-3  +  15[5 
5  +  0-15 


1+0-3+    0 


5  is  a  root.     The  reduced  equation  is  a?^  —  3  =  0,  of  which  the  roots 
are  +  V3  and  —  V3. 
.'.  The  roots  of  the  given  equation  are  4,  5,  +  V3,  —  V3. 

6.   18x*-33i:8- 13x2+ 12ar  + 4  =  0. 

Multiply  the  roots  by  6.     The  resulting  equation  is 

ISoj*  -  33  •  6  jr»  -  13  •  3Gx«  +  12  •  210  j:  +  4  •  1206  =  0, 

or  aj*  -  11  r*  -  26a;2  +  144a;  +  288  =  0. 

The  factors  of  288  are  ±1,  ±2,  ±3,  ±4,  ±  6,  i  8,  db  9,  ±  12,  ±  10, 
±  18,  ±  24,  ±  32,  ±  48,  ±  72,  ±  90,  ±  144,  ±  288. 
±  1  are  not  roots.    Try  4. 

1-11 -26 +  144 +  288  Li 
4-28-216-288 


1_7_54_72+     0 

4  is  a  root.     Try  12. 

1_    7_54-72|12 
12  +  60  +  72     ' 

1+5+6+0 

12  is  a  root. 

The  reduced  equation  is  a;^  +  5a:  +  6  =^  0,  of  which  the  roots  are  —  2 
and  —  3, 

.-.  The  roots  of  the  given  equation  are  |,  V»  ~  f »  ~  h  ^^  }»  ^»  ~  h 
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7.  27a:*-72a:»  +  33xa^.8x-4  =  0. 
Multiply  the  roots  by  3.    The  resulting  equation  is 
27aj*  -  72.3  »»  +  33.9  «»  +  8.27  a;  -  4.81  =  0. 
or  {t*-8«»  +  ll«*  +  8a;-12  =  0. 

The  factors  of  12  are  i:  1,  ±  2,  i:  3,  db  4,  ±  6,  ±  12. 
+  1  is  a  root.    —  1  is  a  root. 

1_8  +  11+    8-12[l 
1-   7+   4  +  12 


1_7+   4  +  12+   0|-1 

-1+    8-12 
1-8  +  12+   0 
The  reduced  equation  is  a?'  —  8a;  +  12  =  0,  of  which  the  roota  are 
2  and  6. 
.'.  The  roots  of  the  given  equation  are  J,  —  },  J,  J,  or  J,  —  J,  f .  2. 

8.  36arfi-60x*-167z8  +  62x2+57x-18  =  0. 

Multiply  the  roots  by  6.     The  resulting  equation  is 

36a;6-60-6a;*-167-36ar»  +  52-216a;»  +  57-1276a;-18-7776  =  0, 

or     «6  -  lOx*  -  167 a:*  +  312a:«  +  2052x  -  3888. 

The  simplest  factors  of  3888  are  ±  1,  ±  2,  i  3,  ±  4,  ±  6,  ±  8,  ±  12, 
±  16,  ±  18. 
±  1  are  not  roots.     Try  2. 

1  _  10  _  167  +  312  +  2052  -  3888  [2^ 

2-    16-366-    108-3888 
1_    8-183-   54  +  1944+       0 

2  is  a  root.    Try  3. 

1_8-183-   54  +  1944[3 
3_    15-594-1944 


1  _  5  _  198  _  648 

3  is  a  root.     Try  18. 

1_   5-198-648[18 

18  +  234  +  648 
1  +  13+36 

18  is  a  root.  The  reduced  equation  is  a*  +  13  a;  +  36  =0,  of  which 
the  roots  are  —  4  and  —  9. 

.*.  The  roots  of  the  given  equation  are  |,  J,  ^^-,  —  |,  —  f ,.  or  J,  J,  3, 
-I-  f . 
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Exercise  141. 

Determine  the  first  significant  figure  of  each  real  root  of  the  follow- 
ing equations : 

1.   x«  — j:2  — 2j:+1  =  0. 

There  are  not  more  than  two  positive  roots  and  not  more  than  one 
negative  root. 

/CO)      =1 

f(OA)     =  0.104  .-.  one  root  is  +  0.4  + 

/(0.6)     =  0.126 

/m      =-1 

yi^2)        =  +  1  .••  one  root  is  +  1.  + 

/(-I)  =1 

J[—  2)    =  —  7  .*.  one  root  is  —  1.  + 

a.  x8  — 5x-3  =  0. 

There  are  not  more  than  two  negative  roots  and  not  more  than  one 
positive  root. 

/(O)  =-3 
/W  =-7 
A2)  =-6 
f(S)        =  9  .-.  one  root  is  +  2.  + 

yX- 0.6)  =  -0516 

/(-0.7)  =  0.157  .-.  one  root  is  -  0.6  + 

/(—  2)    =  —  1  .-.  one  root  is  —  1.  + 

8.   0^-6x2+7  =  0. 

There  are  not  more  than  two  positive  roots  and  not  more  than  one 
negative  root. 

AO)        =7 

Al)        =3 

/(2)        =  —  6  .*.  one  root  is  +  1.  + 

.A3)       =-"    - 

Ai}       =-9 

yT(6)        =  7  /.  one  root  is  +  4.  + 

/r-i)  =1 

f{—2)    =  —  21  .-.  one  root  is  —  1.  + 
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4.  x«  +  2x3-30x  +  39=-0. 

There  are  not  more  than  two  positive  roots  and  not  more  than  one 
negative  root 


one  root  is  +  1.  + 
one  root  is  +  3.  + 


AO) 

=  39 

A^) 

=  12 

A2) 

=  -6 

AS) 

=  -0 

A*) 

=  15 

A- 1) 

=  70 

A-i) 

=  99 

A-S) 

=  120 

A-*) 

=  127 

A- 6) 

=  114 

A- 6) 

=  75 

A-1) 

=  4 

A-») 

=  -105 

/.  one  root  is  —  7.  + 


6.  x»  — 6x«  +  3x  +  6  =  0. 

There  are  not  more  than  two  positive  roots  and  not  more  than  one 
negative  root. 

/(O)  =  5 
/(I)  =3 
/(2)        =  —  5  .•.  one  root  is  +  1.  + 

/(3)  =  - 13 

/(4)  =  - 16 

/(6)  =  -  6 

/(6)  =  23  .-.  one  root  is  +  6.  + 

/(_!)    =_5 

/(-0.7)  = -0.383 

/(-  0.6)  =  +  0.824  .-.  one  root  is  -  0.6  + 

6.  x»  +  0i»  +  24i  +  17  =  0. 
There  is  no  positive  root. 

/(O)        =  17 

/(-I)    =1 

/(— 2)    =  —  3  .-.  one  root  is  —  1. -f 
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/(-3)    =-1 

/(—  4)    =1  /.  one  root  is  —  3.  + 

/(—  6)    =  —  3  /.  one  root  is  —  4.  + 


7.   x8-16r^  +  63a:-50  =  0. 
There  is  no  negp.tiye  root. 


/(O) 

=  -» 

fW 

=  — 1 

/(2) 

=  24 

/(3) 

=  31 

/(4) 

=  26 

/(6) 

=  16 

/(6) 

=  4 

/(7) 

=  -1 

.*.  one  root  is  +  1.  + 


.'.  one  root  is  +  6.  -f 
/(8)        =  6  .-.  one  root  is  +  7.  + 


8.   X*  — 8a:»+ 14x2+ 4ar -8  =  0. 

There  are  not  more  than  three  positive  roots  and  not  more  than  one 
negatiye  root. 

/(O)        =  -  8 

/(0.7)     =  -  0.8439 

/(0.8)     =  +  0.4736  .-.  one  root  is  +  0.7  + 


/(I) 

/(2) 
/(3) 

CO  oo     1 

II  II  II 

/(5) 
/(6) 

=  -24 
=  -13 

=  88 

one  root  is  +  2.  + 


.•.  one  root  is  +  6.  + 

/(- 0.7)  =  -.9559 

/(-  0.8)  =  +  2.2666  .'.  one  root  is  -  0.7  + 
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Exercise  142. 

Compute  for  each  of  the  following  equations  the  root  of  which  the 
first  figure  is  the  number  in  parenthesis  opposite  the  equation.  Carry 
out  the  work  to  three  places  of  decimals  : 


1.  j*  +  3x-5  =  0 

1        +   0 
+    1 

+    1 
+    1 


+  3450 

± 4 

+  3454 

± 4 

+  3458 

+ 1 

+  3462 


(1). 

+  3 

+  i 
+  4 
+  2 


-5  I  1.164  + 

+  4 


-1000 
+    631 


+  2 
+  1 

+  600 
+  31 

-369000 
+  339875 

+  30 
+  1 

+  631 
+  32 

-  29125000 
+  27925264 

+  81 
+  1 
+  82 
+  1 

+  66300 
+  1675 

+  67975 
+  1700 

• 

-  1199736 

+  330 
+  5 
+  335 
+  5 

+  6967600 
+   13816 

+  6981316 
+   13832 

+  340 
+   5 

6995148 
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2.  a*-6jr-12  =  0 


(3). 


+  0          -  6 
+  3          +9 

-12  3.134  + 
+  9 

+  3 
+  3 

+  3 

+  18 

-3000 
+  2191 

+  6 
+  3 

+  2100 
+  91 

-809000 
+  693297 

+  90 
+  1 

+  2191 
+  92 

- 116703000 
+  93713104 

+  91 
+  1 
+  92 
+  1 

+  228300 
+  2799 

+  231099 
+   2808 

-  21989896 

+  930 
+  3 
+  933 
+  3 

+  23390700 
+   37676 

+  23428276 
+   37692 

% 

+  936 
+  3 

+  23466868 

+  9390 
+   4 
+  9394 
+   4 
+  9398 
+   4 

+  9402 
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S.  x»  +  aa  +  x-100  =  0 


(4). 


+  1 

±i 
+  6 

±i 
+  9 
+  4 


+    1 
+  20 

+  21 
+  36 


+  6700 
+   264 


~  100  I    4.264  + 

+    84 


-16000 
+  11928 


-  4072000 
+  3788376 


+  130 
+  2 

+  5964 
+  268 

-  283624000 
+  266071744 

+  132 
+  2 
+  134 
+  2 

+  623200 
+  8196 

+  631306 
+  8232 

-  27562266 

+  1360 
+   6 
+  1366 
+   6 

+  63962800 
+   56136 

+  64017936 
+   66152 

+  1372 
+   6 

+  64073088 

+  13780 
+    4 
+  13784 
+    4 
+  13788 
+    4 

+  13792 
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4.   x»+10:fa  +  6x-120  =  0 


(2). 


+  10 
+    2 

+  12 
+   2 


+  18490 

+ 3 

+  18493 

± 3 

+  18496 

± i 

+  18499 


+   6 
+  24 

+  30 
+  28 


- 120  I  2.833+ 
+    60 


-   60000 
+    57162 


+  14 
+  2 

+  5800 
+  1344 

-  2848000 
+  2582187 

+  160 
+  8 

+  7144 
+  1408 

-  265813000 
+  260046537 

+  168 
+   8 
+  176 
+  8 

+  855200 
+   5529 

+  860729 
+   5538 

-   5766463 

+  1840 
+   3 
+  1843 
+   3 

+  86626700 
+   66479 

+  86682179 
+   65488 

+  1846 
+   3 

+  86737667 
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ft.   j^  +  92r2  +  24x+17  =  0  (-4). 

Change  the  sign  of  the  roots. 

The  resulting  equation  is  j?^  —  9  x^  +  24  a:  — 17 

1-9 

±± 
-6 
+  4  


+  4590 

+ 2 

+  4592 

+ 2 

+  4594 

+ 2^ 

+  4596 


+  24 
-20 


+    4 
-   4 


=  0. 

-17  I  4.532+ 
+  16 


-   1000 
+     875 


-1 

+  4 

000 
+  175 

-125000 
+  116577 

+  30 
+  6 

+  175 
+  200 

-  8423000 
+   8063768 

+  36 
+  6 
+  40 
+  6 

+  37500 
+  1359 

+  38859 
+  1368 

-   359232 

+  450 
+  3 
+  453 
+  3 

+  4022700 
+   9184 

+  4031884 
+   9188 

+  456 
+  3 

+  4041072 

Boot  is  -  4.532+ 
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6.  x4-12x«+12x-3  =  0 

Change  the  sign  of  the  roots. 
The  resultiDg  equation  is  x*  + 


+  12 
±_l 
+  13 
+  1 
+  14 
+  1 
+  16 
+  1 


+  1600 

+ 6 

+  1606 

± 6 

+  1612 

± 6 

+  1618 
+   6 


+  16240 
+ 4 

+  16244 

± 4 

+  16248 

± 4 

+  16262 

+ 1 

+  16256 


+  0 
+  13 

+  13 
+  14 

+  27 
+  16 


(-1). 


12z«-12x-3  =  0. 

-12 
+  13 


+  420000 
+   9636 

+  429686 
+   9672 

+  439308 
+  9708 


+  44801600 
+ 64976 

+  44866676 
+   64992 

+  44931568 
+   65008 


+  44996676 


-31  1.064+ 
+  1^ 


+  1 

+  27  _ 

+  28000000 
+  2577816 

+  30577816 
+  2635848 


-200000000 
+  1 834668  J)6 


-  166;W1040000 
+  133572526216 

-  31758614784 


4-  33213064000 
+   179467304 

+  33393131304 
4-   179726272 


+  33572857576 


Root  is  - 1.064+ 
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7.  Jt*  — 8a:«+14a:2_|.4jf_8  =  0 
Change  the  sign  of  the  roots. 
The  resulting  equation  is 

x*  +  8aJ»+14.TS 


(-0). 


+ 
+ 


80 

7 


+ 
+ 


87 
7 


+ 
+ 


94 
7 


+  101 
+  7 


+  1080 

± 3 

+  1083 

+ 3 

+  1086 

± 3 

+  1089 
+   3 


+  10920 

± 2 

+  10922 

+ 2 

+  10924 

± 2 

+  10926 

+ l_ 

+  10928 


+  1400 
+  609 

+  2009 
+  658 

+  2667 
+  707 


-4x-8  =  0. 

-  4000 
+  14063 

+  10063 
+  18669 


+  337400 
+  3249 

+  340649 
+  3258 

+  343907 
+   3267 


+  34717400 
+   21844 

+  34739244 
+   21848 

+  34761092 
+   21852 


+  34782944 


+  28732000 
+  1021947 

+  29753947 
+  1031721 


+  30786668000 
+   69478488 

+  30866146488 
+   69522184 


+  30924668672 


-80000  I  0.732  + 
+  70441 


-95590000 
+  89261841 


-  63281590000 
+  61710292976 


-  1571297024 


Root  is -0.732  + 
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Exercise  148. 


Calculate  to  six  places  of  decimals  the  positiTe  roots  of  the  following 
equations : 

1.  x«  — 3ar-l  =  0. 

There  is  not 
The  positiTe 

1    +0 
+  1 

+  1 
±i 
+  2 
+  1 


more  than  one  positire  root, 
root  lies  between  1  and  2. 


+  30 
4-  8 
+  38 
+  8 

+  46 
+  8 


+  640 
+  7 
+  547 
+  7 
+  554 
+   7 


+  5610 

t ? 

+  5619 

+ ? 

+  5628 
+   9 


+  5637 
+  56 
+  1 


-3 
±1 
-2 
+  2 


000 
+  304 

+  304 
+  368 


+  67200 
+  3829 

+  71029 
+  3878 


+  7490700 
+   50671 

+  7541271 
+   50652 


+  7691923 
+  769192 
+ 168 

+  759360 
+   168 


+  759528 
+  75953 

± 8 

+  75961 

+ 8 

+  75969 
+  7597 


-1  I  1.879386  + 
-2^ 


-3000 
+  2432 


-668000 
+  497208 


-  70797000 
+  67871439 


-   2926661 
+    2278080 

-647481 
+  607688 

-  39793 
+   87986 

-  1808 
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2.  a*  +  2«a-4x-43  =  0. 

There  is  only  one  positive  root.    It  lies  between  3  and  4. 


+  2 
+  3 


+  1160 

± 6 

+  1166 

+ 6 

+  1172 
+       6 


+  1178 
+  12 


-   4 
+  16 


+  409228 
+  40923 
+ 36 

+  40969 
+ 36 

+  40995 
+  4099 
+  410 
+  41 


-43 
+  33 


3.263389  + 


+  5 
+  3 

+  11 
+  24 

-10000 
+    7448 

+  8 
+  3 

+  3600 
+    224 

-   2662000 
+    2413176 

+  110 
+     2 
+  112 
+     2 
+  114 
+     2 

+  3724 
+    228 

- 138824 
+  122877 

+  396200 
+     6996 

+  402196 
+      7032 

-16947 
+  12297 

-3660 
+  3280 

-370 
+  369 

-1 
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S.    3a:»  +  3a«»+8a--32  = 


There 
3 


'  +  3a«»+8a--32  =  0. 

is  only  one  positiye  root.    It  lies  between  1  and  2. 
mS{  X    ft  _  32    I    1  AM 


+  3 
+  3 


+ 
+ 


8 
0 


-32    I    1.580947  + 
+  14 


+  0 
+  3 

+  14 
+    9 

-18000 
+  14875 

+  9 
+  3 

+  2300 
+    675 

-3125000 
+  3087136 

+  120 
+    15 
+  135 
+    15 
+  150 
+    15 

+  2975 
+    760 

-378(»4 
+  36065 

+  372600 
+    13392 

+  385802 
+    13684 

-1900 
+  1500 

-313 
+  280 

+  1650 
+ 24 

+  1674 
+ 24 

+  1698 
+      24 


+  399476 
+  39948 
+  3996 
+  399 
+  40 


-33 


+  1722 
+      17 


4.  2x8-26x2+ 131a:-202  =  0. 

There  is  only  one  positive  root.     It  lies  between  2  and  3. 
2  -26  +131  -202    |_2 


26 
+  4 
-22 
+    4 

-18 
+    4 


-  44 

+    87 

-  36 


-202    I    2.656116  + 
+  174 


-28000 
+  26992 


-140 
+  12 
-128 
+  12 
-116 
+    12 


+  6100 

-  768 

+  43.32 

-  696 


+  363000 

-  6160 

+  368-i50 

-  5100 


-1040 
+ 10 

-  1030 
+ 10 

-1020 
+      10 


-1010 
-10 


+  353360 
+  35335 
-- 60 

+  36276 
- 60 

+  36215 
+  3621 
+  362 
+  36 


-2008000 
+  1792260 


-215760 
+  211660 

-4100 
+  3621 

-679 
+  352 

-227 
+  210 

-17 
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6.  **-12x+7  =  0. 

There  are  two  positive  roots,  one  between  0  and  1,  and  one  between 
2  and  3. 


1 


+  00 
+   6 


+  2:i6 


+  000 
+   26 


-12000 
+     125 


-111636 


+  70000  I  0.693685+ 
-  69376 


+    5 
+   5 

+   26 
+    60 

- 11876 
+     376 

+  106260000 
- 102132639 

+  10 
+   6 

+    76 
+    76 

-11600000 
+      161929 

+  4117361 
-  3361663 

+  16 
+   6 

+  16000 
+    1881 

-11348071 
+      169687 

+    766698 
-  669882 

+  200 
+     9 
+  209 
+     9 
+  218 
+     9 
+  227 
+     9 

+  16881 
+    1962 

+  18843 
+   2043 

-11178484 
627 

-1117221 
627 

-96816 
+  89304 

-6612 
+  6680 

+  20886 
+  209 

+  2 

- 1116594 
12 

-111647 
12 

-932 

+  0 
+  2 


+  800 
+ 4 

+  804 
+     4 


+    0 
+    4 


-12 
+    8 


+  7  I  2.047276  + 
-8 


+  2 
+  2 

+    4 
+   8 

-   4 

+  24 

-100000000 
+    83891466 

+  4 
+  2. 

+  12 
+  12 

+  20000( 
+     972J 

XK) 
r92 

16108644 
+  16493768 

+  6 
+  2 

+  24000( 
+     321( 

) 
J 

+  20972J 
+     986' 

-  614786 
+  446296 

+  243216 
+     3232 

+  246448 
+     3248 


+  808 
+     4 

+  249696 
+  2497 

+  812 
+  1 

+       7 
+  2604 
+       7 
+  2611 
+       7 

+  2518 
+  26 


+  21958666 
+  2196866 
+      17628 

+  2213394 
+      17677 

+  2230971 
+  223098 
+ 50 

+  223148 
+  22316 
+  2231 


- 168490 
+  166205 

- 12286 
+  11166 

-1130 
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6.  ar*--5r8  +  2:r«  —  13T  +  66  =  0. 

There  are  two  positiye  roots,  one  between  2  and  3,  and  one  between 
4  and  5. 


-6 

+  2 

+  2 

-6 

-3 

-4 

+  2 

-2 

-1 

~6 

+  2 

+  2 

+  1 

+  2 


+  30 
4-    3 

+  33 
+  3 
+  36 
+  3 
+  39 
+   3 


+  420 
+  8 
+  428 
+  8 
+  436 
+  8 
+  444 
+  8 
+  462 


-400 
+    99 

-301 
+  108 

-193 
+  117 


-7600 
+  3424 

-4174 
+  3488 

-   686 
+  3562 


+  2866 
+  29 


-13 

-   8 

-21 
-12 


-33000 

-  903 

-33903 

-  679 


-  34482000 

-  33392 

-  34616392 

-  6488 


-  34620880 

-  3462088 
+ 29 

-  3462069 
+ 29 

-  3462030 

-  346203 

-  34620 
-3462 


+  56  I  2.38UX)6+ 
-42 


+  130000 
-101709 


+  282910000 
-276123136 


+  0786864 
-  346^9 

+  3334865 
-3106827 

" +  227978 
-207120 

+  20858 
-20712 

+  146 
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-6         +2         -13 
+  4         -  4         -  8 

+  56  4.618035+ 

-84 

-1         -  2 

+  4         +12 

-21 
+  40 

-290000 
+  275856 

+  8 

+  4 

+  10 

+  28 

+  19000 
+  26976 

- 141440000 
+  77944941 

+  7 
+  4 

+  3800 
+  606 

+  45976 
+  31368 

-  63495059 
+  63216592 

+  110 
+  0 
+  116 
+  6 

+  4496 
+  732 

+  5228 
+  768 

+  77344000 
+  600941 

+  77944941 
+  602283 

-  278467 
+  238524 

-  39943 
+  39765 

+  122 
+  6 

+  609600 
+   1341 

+  78547224 
+   47352 

-   188 

+  128 
+  6 

+  600941 
+   1342 

+  7902074 
+  48'416 

+  1340 
+   1 

+  602283 
+   1343 

+  7950490 
+  79506 

+  1341 
+   1 

+  60362( 
+   8 

5 

+    3 

+  79508 

+  1342 
+   1 

+  6044 
+   8 

+    3 
+  79511 
+  7951 

+  1343 
+   1 

+  6052 
+   8 

+  1344 
1 

+  6060 
+  61 
+  1 
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7.  x3  =  35^499. 

There  is  only  one  real  root.  It  lies  between  30  and  40. 

1+0           +0           -35499  1  32.865383  + 
+  30           +900           +  27000 

+  30 
+  30 

+  900 
+  1800 

-  8499 
+  5768 

+  60 
+  30 

+  2700 
+  184 

-  2731000 
+  2519552 

+  90 
+  2 

+  2884 
+  188 

-211448000 
+  194005656 

+  92 
+  2 
+  94 
+  2 

+  307200 
+  7744 

+  314944 
+  7808 

- 17442344 
+  16199170 

-1243174 
+  972108 

+  960 
+  8 
+  968 
+  8 

+  32275200 
+   59076 

+  32334270 
+   59112 

-271006 
+  269232 

-11834 
+  9720 

+  976 

+  8 

+  32393388 
+  3239339 

-  2114 

+  9840 

+    495 

+   6 
+  9846 

+  3239834 
+    495 

+   6 
+  9852 
+   6 

+  3240329 
+  324033 
+    3 

+  9858 
+  99 
+  1 

+  324036 
+     3 
+  324039 
+  32404 
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8.  Jt3  =  242,970.624. 

There  is  only  one  real  root  It  lies  between  600  and  700. 


+ 

+ 


0 
600 


+  1860 

+ 4 

+  1864 


+     0 
+  360000 


-  242970624 
+  216000000 


624 


+  600 
+  600 

+  360000 
+  720000 

-  26970624 
+  22328000 

+  1200 
+  600 

+  1080000 
+  36400 

-  4642624 
+  4642624 

+  1800 
+  20 

+  1116400 
+  36800 

0 

+  1820 
+  20 

+  1163200 
+   7466 

+  1840 
+  20 

+  1160666 

9.  a:*  =  707,281. 

There  is  only  one  positive  root.    It  lies  between  20  and  30. 
There  is  only  one  negative  root.    It  lies  between  —  20  and 


-30. 


+   0 
+  20 


+  80 
+  9 
+  89 


+ 
+ 


0 
400 


+         0 
+    8000 


-707281    [29 
+  160000 


+  20 
+  20 

+  400 
+  800 

+  1200 
+  1200 

+  8000 
+  24000 

-  647281 
+  647281 

+  40 
+  20 

+  32000 
+  28809 

0 

+  60 
+  20 

+  2400 
+  801 

+  60809 

+  3201 


±  29  are  the  only  real  roots 
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10.    x«  = 
There  is 


+ 

+ 


0 
40 


+  200 
+  3 
+  203 


+  40 
+  40 

+  1600 
+  3200 

+  4800 
+  4800 

+  9600 
+  6400 

+  64000 
+  192000 

+  256000 
+  384000 

+  2560000 
+  10240000 

+  80 
+  40 

+  12800000 
+  2069481 

+  120 
+  40 

+  640000 
+  49827 

+  14869481 

+  160 
+  40 

+  16000 
+  609 

+  689827 

+  16609 


11.  x«  +  2x  +  20  =  0. 

There  is  only  one  real  root.    It  lies  between  —  2  and  —  3. 


+  0 

+  2 


+  720 
+ 6 

+  726 
+  6 
+  732 
+  6 


+  738 
+  7 


+  2 

+  4 


+  201548 
+  20156 
+ 63 

+  20218 
+ 63 

+  20281 
+  2028 
+  203 
+  20 


-20  I  2.469647+ 
+  12 


+  2 
+  2 

+  6 

+  8 

-8000 
+  6624 

+  4 
+  2 

+  1400 
+  256 

-1376000 
+  1182936 

+  60 
+  4 
+  64 
+  4 
+  68 
+  4 

+  1666 
+  272 

-  193064 
+  181962 

+  192800 
+  4356 

+  197166 
+  4392 

-11102 
+  10140 

-962 
+  812 

-160 
+  140 

-    10 


The  real  root  is  -  2.469647+ 
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1».   x»-10jta  +  8r+ 120  =  0. 

There  is  only  one  real  root.    It  lies  between  —  2  and  —  3. 


+  10 
+   2 


+  1810 

+ 6 

+  1816 

+ 6 

+  1822 
+       6 


+  1828 
+  18 


+   8 
+  24 


+  860628 
+  86063 
+      144 


+  86197 
+ 144 

+  86341 
+  8634 
+  863 
+  86 


120  I  2.768346+ 
64^ 


+  12 
+  2 

+  32 
+  28 

-  66000 
+  60183 

+  14 
+  2 

+  6000 
+  1169 

-6817000 
+  6097676 

+  160 
+   7 

+  167 
+   7 

+  174 
+   7 

+  7169 
+  1218 

-  719424 
+  689676 

1 

+  838700 
+  10896 

+  849696 
+  10932 

-29848 
+  26902 

-  3946 
+  3462 

-494 
+  430 

-  64 


The  real  root  is  -  2.768345+ 


I 
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EXEBCISE    144. 

Determine  by  Storm's  Theorem  the  namber  and  situation  of 
the  real  roots  of  the  following  equations : 

1.      8-4x2_iia:  +  43  =  0. 

/(aj)  =  «»-4«"-lla;  +  43, 
/(a;)-.3x*-8x-ll. 


3-  8-11 
6-16-22 
6-21 


5- 

-22 

10- 

-44 

10- 

-35 

1-  4-11+  43 
3-12-33  +  129 
3-   8-11 


-   4- 

■22  + 

129 

-12- 

66  + 

387 

-12  + 

32  + 

44 

1-4 


_   9  -98  +  343 

+   9  2-7 

.•./(a;)  =  i»-4x»-lla;  +  43, 
/(a;)  =  3a;«-8aj-ll, 
/,(.T)  =  2a:-7, 


/W 


J  =  —00 

x  =  0 

T=  +  00 


f(x) 

+ 


/,w 


+ 
+ 


+ 
+ 
+ 


3  variations. 
2  variations. 
0  variations. 


.-.  There  is  one  negative  root  and  two  positive  roots. 
Again  /(-  4)  =  -  41,  /(_  3)  =  +  1 3. 

.-.  The  negative  root  hes  between  —  3  and  —  4. 

/(3)  =  +  1,  /(4)  =  -  1,  /(5)  =  +  13. 

.*.  One  positive  root  lies  between  3  and  4,  the  otber  between  4  and  5. 

2.   j:8  — 6a:2+7a:-3  =  0. 

/(a;)  =  (B»-6»»  +  7a;-3, 
f{x)  =  3x'-l2x  +  7. 
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3-12+  7 
6-24  +  14 
6-   3 


-21  +  14 

-  6  + 

4 

-  6  + 

3 

+  1 
-  1 


1_  6+  7-  3 
3-18  +  21-  9 
3-12+   7 

-   6  +  14-   9 
T-   6  +  24-14 


-10  + 
2- 


5 
1 


1-2 


3-3 


2=3  —  00 

x  =  0 

X=  +  00 


flx)  =  S3i^-12x  +  1, 
Mx)^2x-h 

/W  /(^)  /.W  /sW 

-  +  -  - 

-  +  -  - 

+             +  +  - 


2  variations. 
2  variations. 
1  variation. 


.'.  There  is  one  positive  root  and  no  negative  roots. 
Again  /(4)  =  -  7,  /(5)  =  +  7. 

.'.  The  only  real  root  lies  between  4  and  5. 

3.  X*  — 4x»  +  x2  +  6x  +  2  =  0. 

/  (a;)  =  or* - 4ar^  +  jc*  +  6a;  +  2, 
/(a;)  =  4aJ»-12a:«  +  2a;  +  6. 

1-4+1+    6+    2 

2-8  +  2  +  12+    4 
2-6+1+    3 


4 

2 

10 

10 


12+2+6 
6+    1+    3 
30+    5  +  15 
20-14 


10  +  19  +  15 
10  +  20  +  14 


-   1+    1 
1-   1 


-2  +  1+   9  + 

4 

_2  +  6-   1- 

3 

-5  +  10  + 

7 

5-10- 

7 

5-   5 

-   5- 

7 

-   5  + 

5 

-12 
+  X2 


1-1 


2 
5 


2 
5 
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.•./(x)  =  a:*-4a» 

+  a:'  +  6a 

•  +  2, 

/(a;)-4a;»-12 

a:*  +  2x  +  6. 

/,(a;)  =  5a:»-10 

x-7. 

/aW-^-1. 

/,(x)-  +  12. 

• 

m 

/w    /,w 

/,W 

/4W 

a?  =  — 00 

+ 

-             + 

— 

+ 

4  variations 

a;  =  0 

+ 

+             - 

— 

+ 

2  variations 

X=  +  00 

+ 

+             + 

+ 

+ 

0  variationn 

.'.  There  are  two  positive  roots  and  two  negative  roots. 
Again,  /(0)-2.    /(-J)- -A.   /(-I) -2. 

.*.  One  negative  root  lies  between  0  and  —  J,  and  one  between  —  J 
and  —  1. 

Also,  /(2)  =  2,    /(21)-- 0.1875,    /(3)  =  2. 

.*.  One  positive  root  lies  between  2  and  2^,  and  one  between  2\ 
and  3. 


4.   j:*-5a:8+10x2-6x-21  =  0. 

/  (x)  =  z*  -  5a:»  +  10x«  -  Ga:  -  21, 
/(x)  =  4x»-15x»  +  20x-6. 


4-15+  20-  6 
20-  75+  100-  30 
20  +  112-    1464 


-187  + 

1564  -       30 

935  + 

7820  -     150 

-935- 

5236  +  68442 

13056  -  68592 
272+    1429 


1_5  +  10-  6-21 
4-20  +  40-  24-  84 
4  -  15  +  20  -  6 


-   5  + 

20- 

18- 

84 

-20  + 

80- 

72- 

336 

-20  + 

75- 

100  + 

30 

5+  28-366 
-  5-  28  +  366 
1360-  7616  +  99552 
1360+  7145 

- 14761  +  99552 


+ 


1-5 


-4  +  187 

+  5 
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.-.  fix)  =»  x*  -  5r»  +  lOrc*  -  6a;  -  21, 
/(x)  =  4r»-15aj»  +  20a;-6, 
/,(a;)  =  -5a;«-28a;  +  366, 
/,(V)  =  - 272  aj  + 1429, 

m       /W      /^W       /sW      Ux) 

X  =  — 00  +  —  —  +  — 

a:  =  0  -  _  +  +  _ 

x=i  +  oo  +  +  —  —  — 

/.  There  is  one  poBitive  root,  one  negative  root,  and  two  imaginary 
roots. 
Again.  /(O)  -  -  21.  /(- 1)  =  +  5. 

.'.  The  negative  root  lies  between  0  and  —  1.      » 
Also.  /(3)  =  -  3.  /(4)  =  +  51. 

.".  The  positive  root  lies  between  3  and  4. 


3  variations. 
2  variations. 
1  variation. 


6.   a:*  — aH»  — x2  +  6=0. 

/  (a;)  =  or*  -  o^s  -  a:«  +  6, 
/(.T)  =  4ar»-3.x»-2a;. 


4-     3- 

2  + 

0 

44-   33- 

22  + 

0 

44+      8- 

384 

41+  362+  0 
451  +  3982  +  0 
451  -  82  +  3936 

4064  -  3936 
-  127+  123 


1_1_  1+0+  6 
4-4-  4  +  0  +  24 
4-3-   2  +  0 


-1- 

2  +  0  +  24 

-4- 

8+0  +  96 

-4  + 

3  +  2+    0 

-11-2  +  96 
11  +  2-96 
1397+    254-12192 
1397-1353 


1007  - 12192 


+ 

.-.  /  (jc)  =  ar*  -  ar»  -  a;*  +  6, 
/(a;)  =  4ar»-3a:«-2a;, 
/a(a:)  =  lla;«  +  2a;-96, 
/3(a;)  =  -127a;  +  123, 

/4W  =  +. 


1-1 


4-41 
-11 
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/W 

/(«) 

fM 

Aix) 

/iW 

a;  =  _  00 

+ 

— 

+ 

+ 

+ 

2  variations. 

a;  =  0 

+ 

— 

— 

+ 

+ 

2  variations. 

a;=  +  00 

+ 

+ 

+ 

— 

+ 

2  variations. 

/.  There 

are  four 

imaginary  roots. 

/(a;)  =  x*-2r»-3x«  +  10a;-4, 
f(x)  =  iar^~6x^-6x-^l0. 


4-   6-   6  +  10 
2-    3-   3+    5 

18-27-27  +  45 

18  -  54  +  22 

27  -  49  +  45 
27-81  +  33 

32  +  12 
-8-3 


+  10. 

1-2-3  +  10-  4 
2-4-6  +  20-  8 
2-3-3+    5 

-1-3  +  15-  8 
-2-6  +  30-16 
-2  +  3+    3-    5 

-9  +  27-11 
9-27  +  11 
72-    216+      88 
72+      27 


-    243  + 

88 

-  1944  + 

704 

-  1944  - 

729 

+  1433 
-1433 


1-1 


2  +  3 
-9  +  243 


.-./  (ar)=aj*-2ar»-3a;2  +  10a; 
/'(a:)  =  4ar»-6a:»-6a:  +  10, 
/3,(.i')  =  9x2-27a:+ll, 
/sW  =  -8ar-3, 
/^(ar)  =  -1433. 


-4. 


aj  =  — 00 
a;  =  0 

X=  +  00 


+ 
+ 


/w 


+ 
+ 


/2W 

+ 

+ 
+ 


+ 


/4W 

—  3  variations. 

—  2  variations. 

—  1  variation. 


.*.  There  is  one  positive  root,  one  negative  root,  and  two  imaginary 
roots. 
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Again.  /(_2)=.-4.       /(-3)=+74. 

.'.  The  negative  root  lies  between  —  2  and  —  3. 

Also.  AO) 4,  /(I)  =  +  2. 

.'.  The  positive  root  lies  between  0  and  1. 


/  {x)  =  afi  +  2x*  +  Sa^  +  Sx^  -I, 
f(x)  -  5a;*  +  8a:»  +  9x«  +  6x. 

Both /(a;)  and/'(a;)  vanish  when  a;  =  —  1. 
a;  =  —  1  is  therefore  a  double  root  oif{x)  =  0. 
Divide /(a:)  by  {x  +  1)». 
The  depressed  equation  is 

a:»4-2a;-l=0. 

Now  let  /  (a;)  =  ar*  +  2a:  -  1. 

Then  /  (a;)  =  3  a:«  +  2. 


a;  =  — 00 
x  =  0 
a;  =  -|-  GO 


3+    0 

+    2 

1+0+2-1 

12+0 

+    8 

3  4-0  +  6-3 

12-9 

3+0  +  2 

9 

+    8 

4-3 

36 

+  32 

-4  +  3 

36 

-27 

+  59 
-59 

.•./(a:)  =  a:»  +  2a:-l. 

/(a;)  =  3a;2  +  2, 

/2(ar)  =  -4a:  +  3, 

/3W  =  ~59. 

/W 

/W        /^W 

— 

+             + 

— 

+             + 

+ 

- 

f             - 

-3-9 


/,W 


2  variations. 
2  variations. 
1  variation. 


.'.  There  is  one  positive  root  and  two  imaginary  roots. 

Again.  /(O)  =  -  1,        /(I)  =  +  2. 

.-.  The  incommensurable  real  root  lies  between  0  and  1. 
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8.  a:6  +  x«-2.x24.3ar-2  =  0. 

/(a:)  =  aJ^  +  a^-2x«  +  3x-2. 
/(x)=-5a?*  +  3aj»-4aj  +  3. 


5+   0+     3-     4  + 
5-15+    30-    25 


15- 
15- 

27+   21  + 
45+   90- 

3 

75 

18-   69+  78 

6+23-  26 

210  +  805-  910 
210  +  372 


433- 

-     910 

15155  - 

. 31850 

15155- 

-  26896 

1+0  +  1-  2+  3-  2 
5  +  0  +  5-10  +  15-10 
6+0+3 -4+3 


2-   6  +  12-10 

_1+    3-   6+   5 

-6-15 

-6  +  18-36  +  30 

1  +  1 

-6  +  23-26 

-   5 

-10  +  30 

-   6 

-12  +  36 

-   6 

+  23  -  26 

-35  +  62 
35-62 


/{a:)  =  aj*  +  a^-2a:*  +  3a;-2. 
/(.T)  =  5a:*  +  3a;«-4.T  +  3. 
/2(x)  =  -a:»  +  3x«-6a;  +  5, 
/3(a:)  =  -6i»  +  23a;-26, 
/Ja;)  =  35a;-62. 

/(«)  /W  /,W  /.W  fi(.')  M') 

X  =  —  co  —+  +  —  —  + 

a;=iO  -+         +         --         + 

a:=  +  oo  +        +         —         —         +         + 

.*.  There  is  one  positive  root  and  four  imaginary  roots. 
Again,      .  /(0)  =  -2,  /(1)-  +  1. 

/.  The  real  root  lies  between  0  and  1. 


1 


-6  +  433 


3  variations. 
3  variations. 
2  variations. 
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Exercise  145. 


Prove  the  following  relations  by  expanding : 


1. 


6, 


t\ 

= 



a,    < 

= 

6, 
a. 

4 

»        \ 
I        «1 

• 

X 

=  «A-«»^ 

a. 

=  «A 

I 

M^ 

.) 

6, 

r     0 

1 

1 

=  «A 

^«A 


6, 


ft. 


Oj    a. 


fll 


6i     6,     6j 


6. 


a. 


a. 


a.    a. 


6,     6,     6, 


fti 


ft. 


a. 


ftj    c. 


=  ajftjC,  +  a,6jCi  +  05610,  —  fliVt  —  ".fti^s  ~  ''sftj^i 


fljCjft,  +  o^jCi  +  O1C56,  —  ajCifc,  —  ajCgft,  —  aycj)^ 

—  (fti<^s"«  +  ^^1^9  +  ^J>^i "~  <^afti«3  —  "afts^i  ~  ^ft»0 


3. 


12    3 

2  4    4 

3  4    6 


In  the  expansion  of 
a. 


a. 


a. 


fti     ftj     ftjj 


k^i 


12    3 

2  4    4 

3  4    6 


put  tti  =  1,  a,  =  2,  a3  =  3,  61  =  2,  etc. 


=1x4x6+2x4x3+3x2x4-1x4x4 

-2x2x6-3x4x3 
=  -4 


4. 


3  2  4 
7  6  1 
6  3  8 


=3x6x8+2x1 X6+4x7x3-3x3xl 

-2x7x8-4x6x6 
=  -3 


6. 


4  6  2 
1  2-3 
6-4  6 


=4x2x6-6x3x6+2x1x4-4x4x3 

+6X1X6-2X2X6 
=  -89 
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6.  Coant  the  inversions  in  the  series : 

6413  2.       761486  2.       d  a  c  e  b. 
4162  3.      664213  7.      c  e  b  d  a, 

6  4  1  3  2  has    8  inyersions,  64,  61,  63,  62,  41,  43,  42,  32. 

4  1  6  2  3  has   6  inyersions,  41,  42,  43,  62,  63. 

7514362  has  13  inversions,  76,71,74,73,76,72,61,64,63,62,43,42,62. 
6542  1 3  7  has  13  inversions,  66,64,62,61,63,64,62,61,63,42,41,43,21. 

d  a  c  e  b  has    6  inversions,  da,  dc,  db,  cb,  eb. 

c  e  b  d  a  has    7  inversions,  cb,  ca,  tb,  ed,  ea,  ba,  da, 

7.  In  the  determinant  JAiVs^/sl  ^^^  ^^®  signs  of  the  following 
terms. 

"iVft^s^a-  fls^iCgrf^tfj.  e^c^aj)^d^. 

«A*^8^1*4'  V6<*i*s^a-  ^^i^sVA- 

Oib^c^d^^  has  6  subscript  inversions,  43,  42,  63,  62,  32. 
.*.  Its  sign  is  — . 

ajijp^d^e^  has  6  subscript  inversions,  21,  63,  61,  64,  31. 
.*.  Its  sign  is  — . 

aji^c^d^e^  has  6  subscript  inversions,  61,  63,  64,  62,  32,  42. 
.'.  Its  sign  is  +. 

h^Cffiye^d^  =  a^b^c^d^^ 

CLjbfC^d^^  has  4  subscript  inversions,  42,  43,  62,  63. 
.'.  Its  sign  is  +. 

e^c^ajy^d^  =  a^^^c^d^^ 

ajk^c^d^i  has  7  subscript  inversions,  21,  64,  53,  61,  43,  41,  31. 
/.  Its  sign  is  — . 

aj}^yd^e^  has  6  subscript  inversions,  53,  51,  62,  64,  31,  32. 
.'.  Its  sign  is  + 

8.  Write,  with  their  proper  signs,  all  the  terms  of  the  determinant 

—  OjjiiCjrf^  +  aj)^c^d^  +  aJ)^Cjd^  —  aj)^^d^  —  a,Vi*^8  +  "iVs^i 

—  aJ^iC^dj  4-  a4Vs^a  +  «4Vi*^3  ~  «4V3<'i "~  ^4!*^ A  +  ^4Vi^i 
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9.  Write,  with  their  proper  signs,  all  the  terms  of  the  deter- 
minant \a^b^^d^e^\  which  contain  both  a^  and  b^;  all  the  terms 
which  contain  both  6,  and  Cy 

(2)  6^5(—  a^c^d^  +  fljC^rf,  +  a^idt  —  a«c^</i  —  a^Cirf,  +  a^c^d^) . 


10. 


a  5  0  0 

6  a  0  0 

0  a  a  b 

0  b  b  a 


0 

0 

0 

a 

0 

0 

6 

0 

a 

a 

& 

6 

b 

b 

a 

a 

Since  a„  a^,  A,,  64,  c,,  and  </]  are  here  all  0,  the  formula  of  Ex- 
ample 8  reduces  to 

=  (a2  -  62)3. 


11. 


The  formula  of  Example  8  reduces  to 

-  a^b.j^c^d.i  +  ajb^^di  =  —  a%^  +  o«62  =  0. 


12. 


The  formula  of  Example  8  reduces  to 

Ojb^c^d^  —  Ojb^^d^  —  aJ>yC^d^  +  ajy^^d^  +  a^b^c^d^  —  c'sVi''* 

=  a*  —  a6c  —  6ca  +  6^  +  c*  —  coi 
=  a8  +  6»  +  c8  — 3a6c. 


a 

b 

c 

0 

c 

a 

b 

0 

b 

c 

a 

0 

a 

b 

c 

1 

Show  that : 

0    a    b 
1.      a    0    c 
b     c    0 


Exercise  146. 


0    a    b 
=  2  abc,  a    0    c 

b    c    0 


=  abc  +  abc  =  2  abc. 
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aba 
baa 
b    a     b 


=  aab  +  bab  +  aba  —  aaa  —  bhb  —  aab 

=  a%  +  a6«  +  a26  -  a»  —  ft8  —  o«6 

=  -(a«  +  ft8-a26-a62) 

=  -  [(a  +  6)(a2  -  a6  4.  62)  _  0^(0  4.  fc)] 

=  -(a  +  6)(a«-2a6  +  62) 
=  -(a4.6)(a-6)2. 


64-  c      a         a 
b      c  •{■  a      b 

c  c  a  +  6 

6  +  c      a  a 

b      c  ■{■  a      b 

c         c  a  +  6 


=  4abc, 

—  (b  -^  c){c  •{■  a)  (a  +  6)  +  a6c  +  abc 

—  (6  +  c)6c  —  a6(a  +  ^)  —  '''^(c  +  o) 
=  4a6c. 


4. 


1    a    a» 
1     6    62 


1 
1 


=  (a-6)(6-c)(c-a). 


a    a* 

b    62 

C      c2 


0  a-6  a2-62 
0  6-c   62-c2 


=  (a-6)(6-c) 


0   1   a  +  6 

0  1   6  +  c 

1  c      c2 


=  (a-6)(6-c) 


0  0  a  — c 

0  1    6  +  c 

1  C    c2 


=  (a-6)(6-c)(c-(i). 


Process :  Subtract  the  second  row  from  the  first,  and  the  third 
row  from  the  second.  Take  out  the  factors  a  —  b  and  6  —  c  from 
the  first  and  second  rows.  Subtract  the  second  row  from  the 
first,  and  expand  the  resulting  determinant. 


3  5    7 
2    13 

4  3    7 


3  6-1 
2    10 

4  3      0 


=  -1X2X3  +  1X4X1 

=  -6  +  4  =  -2. 


Process:  Subtract  the  sum  of  the  first  and  second  columns 
from  the  third.    Expand  the  resulting  determinant. 


6. 


2 

13    20 

3 

9     18 

=  3 

5 

10    23 

0      7        8 
13        6 
0    -6    -7 
=  3(1x7x7-1x5x8)  =  3(49-40)  =  27. 


2 

13 

20 

1 

3 

6 

=  3 

6 

10 

23 
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Process :  Take  out  3  as  a  factor  from  the  second  row.  Sub- 
tract twice  the  second  row  from  the  first.  Subtract  5  times  the 
second  row  from  the  third.    Expand  the  resulting  determinant. 


19  13   16 

6   13     3 

2   13  1 

0 

0      1 

25   16  28 

^ 

9   16   12 

=  9 

3   16  4 

=  9 

-1 

-36  4 

28  10  19 

18   10     9 

6   10  3 

3 

-24  3 

7. 


=  9(1X1X29+ 1x3x36)  =  9(29  + 108)=  1233. 

Process :  Subtract  the  second  column  from  the  first  and  from 
the  third.  Take  out  3  as  a  factor  from  the  first  column  and  the 
third.  Subtract  2  times  the  third  column  from  the  first,  and  13 
times  the  third  column  from  the  second.  Expand  the  resulting 
determinant. 


a 

a2     6c  1 

8.  Show  that 

h     h^    ac 

c     c2    ah 

a     a^    he 

a-h 

h     l^    ac 

= 

h-c 

c     c^    ah 

c 

=  —  (a  —  6)  (6  —  c)  (c  —  a)  (ah  +  6c+ca) . 


a2  -  62 
62_c2 


=  (a-.6)(6-c) 


=  («-6)(6-c) 


he  —  ae 

ac  —  ah 

ah 

a  +  6 
6  +  c 


0 
1 


a-^c 
6  +  c 


=  (a-6)(6-c)(a-c) 


=  (a''h)(h-c)(a-'c) 


0 
1 
c 
0 
1 
0 


—  c 

—  a 
ah 
a  —  c 

—  a 
ah 
1 
6  +  c 

1 

6  +  c 
-he 


1 
—  a 
ah 
1 
—  a 
ah  +  ac 


=  (a  —  6)  (6  —  c)  (a  —  c)  [—  (ah  +  ac)  —  6c] 
=  (a  —  6)  (6  —  c)  (c  —  a)  (a6  +  6c  +  ca) . 

Process :  Subtract  the  second  row  from  the  first,  and  the  third 
row  from  the  second.  Take  out  the  factor  a  —  6  from  tlie  first 
row,  and  the  factor  6  — c  from  the  second  row.  Subtract  the 
second  row  from  the  first.  Take  out  the  factor  a  —  c  from  the 
first  row.  Subtract  c  times  the  second  row  from  the  third. 
Expand  the  resulting  determinant. 
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a  +  2&    a  +  46    a  +  Qb 
b  b  b 

b  b  b 


=  0. 


a  +  2&    a  +  46    a  +  Qb 
9.      a  +  36    0  +  66    a  +  76 
a  +  4&    a  +  6&    a  +  8& 
since  two  rows  are  identical. 

Process :  Subtract  the  first  row  from  the  second,  and  the  sec- 
ond from  the  third. 


10. 


(a  +  6)2 


a' 


=  (a  +  6  +  c)2 


=  (a  +  6  +  c)2 


a^  (6  +  cy         a^ 

6»  62  (c  +  a)2 

(a  +  6)2  -  c2  0 

0  (64-c)2-a2 

62_j(c  +  o)a    62-(c  +  a)2     (^c  +  a)- 
a  +  6  —  c  0  c2 

0  6  +  c  —  o         a2 

6  —  c  —  a     6  —  c  —  a     (0  +  a)2 
a+6— c  0 

0  6+c— o 

—  2a  -2c 

=  (a+6+c)2{(a+6— c)  [(6+c-a)2  ac+2  a2c]+2  ac2(6+c-a)} 
=  2a6c(a  +  6  +  c)8. 

Process :  Subtract  the  third  column  from  the  first  and  second. 
Remove  the  factor  a  +  6  +  c  from  the  first  and  second  columns. 
Subtract  the  sum  of  the  first  and  second  rows  from  the  third  row. 


a* 


2ac 


Exercise  147. 
1.  In  the  determinant  laitjCjrf^l  write  the  co-factors  of  Og,  6^, 


64*  ^ij  C^»  "2>  "3* 


Write  out  the  determinant 


a, 


a.,    ih 


a. 


b,  b. 


rfi    rf,     rfj     d^ 


Then  A,= 


C.= 


61    62    6^ 

1  2  4 

C?i      C?2      rf^ 

Oj    03    a^ 
6. 


^2  = 


a, 


-a 
a 


a. 


c?i    rfj    <f^ 


63     63 


^2     ^3    ^4 
a^     a. 


c,=- 


a. 


«2 

6„ 


«3 

6, 


rfl      ^2      ^3 


A  =  - 


1 

c. 


"2 


a' 


». 


B.= 


D,= 


a,     a.,    au 


«?i    <^2    ^3 


fli     a. 


Oi 


61     63     h^ 
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2.  Express  as  a  single  determinant 


^    f  9 

beg 

6    9    f 

b    f    e 

f    h    k 

+ 

c    /    k 

+ 

c    k    h 

+ 

c    h    f 

9     i-     I 

d    g     I 

d     I    k 

d    k    g 

The  sum  may  be  written : 


^    f   9 

beg 

h   f    9 

b     e   f 

f    h    k 

+ 

c    f   k 

— 

c    h    k 

— 

c    f   h 

9     ^     I 

d    g     I 

d    k     I 

d    g    k 

^    f    9 

b   f    9 

h    e    g 

b    e    f 

f    h    k 

— 

c    h    k 

+ 

c   f    k 

— 

c   f    h 

9     k     I 

d    k     I 

d   g    I 

d    g    k 

These  four  determinants  are  evidently  the  co-factors  of  the 
first  row  of  the  determinant : 
1111 


b    ^    f    9 
c  f    h    k 

d    g    k     I 


,  which  is  therefore  the  required  sum. 


Expand : 

abba 
b    a    a     b 
a    a     b     b 
0    a     b     b 
Subtract  the  fourth  row  from  the  third. 
abba 
b    a    a     b 
a    0    0    0 
0    a     6     6 

Subtract  the  second  row  from  the  first,  and  the  third  from  the 
second. 


The  result  is 


b 

b 

a 

=  a 

a 

a 

b 

a 

b 

b 

b-a 

b-a 

a-b 

The  result  is  a 

0        a-6        0 

abb 

=  a(a 

-by 

-1     1 
a       b 

=  —  a 

=  a(^a  -  by 


-1     -1 


0 
a 


1 

b 


1 
0 

b 


0 

d 

d 

d 

a 

0 

a 

a 

b 

b 

0 

b 

c 

c 

c 

0 

4. 


Multiply  the  first  column  by^,?,  and  subtract  from  it  the  sum 
of  the  other  three  columns. 
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The  result  is    ) 


=  —  j  abed 
^  —  Sabcd 


-Sd  d 
0  0 
0        b 

0        c 

d  d 

a     a 
0     b 

c     0 

=  i 

abed 

-3     1     1 
0    0     1 
0     10 
0     1     1 

1 
1 
1 
0 

0  1     1 

1  0  1 
1     1    0 

=  I  abed 

1     1 
1     0 

—  I  abed 

1     1 
0     1 

5. 


1  a  a  a 

1  b  a  a 

1  a  b  a 

1  a  a  b 

Subtract  the  second  row  from  the  first. 

0  0-6    0    0 

1  baa 
I  •  a  b  a 
1        a        a     b 


The  result  is 


=  -(a-ft) 


1 
1 
1 


a 
b 
a 


a 
a 
b 


Again,  subtract  the  second  row  from  the  first. 

0    a-6    0 
The  result  is    —(a  — 6) 


1 
1 


b 
a 


a 
b 


1 
1 


a 
b 


=  (a-6)2 

=  -(a-6)8  =  (6 


—  fl^« 


ay 


6. 


3  2  2  2 

2  3  2  2 

2  2  3  2 

2  2  2  3 


Subtract  the  fourth  row  from  each  of  the  others. 


The  result  is 


10  0-1 
0  10-1 
0  0  1-1 
2    2    2        3 


Add  the  sum  of  the  first  three  columns  to  the  fourth. 


The  result  is 


10  0  0 
0  10  0 
0  0  10 
2    2     10 


=  9 


7. 


3  2  14 

15  29  2    14 

16  19  3     17 
as  39  8    38 


Subtract  twice  the  first  row  from  the  second,  3  times  the  first  row 
from  the  third,  and  8  times  the  first  row  from  the  fourth. 


576 


ALGEBRA. 


The  result  is 


3 

2 

1 

4 

0 

26 

0 

6 

7 

15 

0 

5 

^^^ 

9 

23 

0 

6 

0  26  6 
7  13  6 
9    23    6 


Subtract  the  third  row  from  the  first. 


The  result  is 


0  2  0 
7  13  6 
9    23    6 


=  -2 


7    6 
9    6 


=  6 


8. 


2  13  4 
7    4    6  9 

3  3    6  2 
17     7  6 


Subtract  twice  the  second  column  from  the  first,  3  times  the  second 
column  from  the  third,  and  4  times  the  second  column  from  the  fourth. 

7      7 
3    10 


The  result  is 


0 

-1 

-3 

-13 


10  0 

4      -7  -7 

3      -3  -10 

7-14  -23 


1 

3 

13 


14    23 


Subtract  7  times  the  first  column  from  the  second  and  third. 


The  result  is 


10  0 

3    _18    -111  = 
13    -.77    -68 


18  11 

7  11 

77  68 

9  68 

-4y  +  2^=      n 
+  3y-32  =  — 1  y 
-6y  +  4z=      7) 


3x  — 4y  +  2«=      1 
9.    2x 
6x 


The  solutions  are 


1 

-4 

2 

-1 

3 

-3 

^  '^^ 

7 

-5 

4 

3 

-4 

2 

2 

3 

-3 

6 

-6 

4 

y  = 


3 
2 
6 


1 
-1 

7 


3 
2 
6 


-4 

3 

-6 


2 

3 

j4 

2 
3 
4 


z  = 


But 


1 

-4 

2 

1 

0 

0 

-1 

3 

-3 

=r 

-1 

-1 

-1 

7 

-5 

4 

7 

23 

-10 

3 

1 

2 

0 

1 

0 

2 

-1 

-3 

^ 

6 

-1 

-1 

6 

7 

4 

-16 

7 

-10 

3 

-4 

1 

0 

0 

1 

2 

3 

-1 

dr 

5 

-1 

-1 

6 

-5 

7 

-16 

23 

7 

3 

2 
5 


8 
2 
6 


=  33 


=  66 


=  99 


=  377 


4 
3 
5 


4 
3 
6 
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3 
2 
6 


-4 

3 

-6 


2 

3 
4 


1 
5 
1 


0 
3 
3 


2 

-3 

4 


1  0  0 
5  -3  -13 
13  2 


=  83 


...  x=H  =  l.        y  =  H  =  2.        *  =  ff  =  3. 


4x-7y+    z 

10.    3x+    y-2z 

6x  — 6y  —  3« 

The  solutions  are : 


=  10  J 


ar  = 


But 


16 
10 
10 


-0 


4 
3 
6 

16 
10 
10 

4 
3 
6 

4 

3 
6 

4 
3 
6 


1 
-2 
-3 


1 
-2 
-3 

1 
-2 
-6    -3 


16 
10 
10 

-7 

1 

-6 

-7 

1 

-6 


1 
-2 
-3 


'.  X  — 


-380 
-76 


4 

16 

1 

3 

10 

-2 

6 

10 

-3 

4 

-7 

1 

3 

1 

-2 

5 

-6 

-3 

2  = 


4 

-7 

16 

3 

1 

10 

5 

-6 

10 

4 

-7 

1 

3 

1 

-2 

5 

-6 

-3 

0 
42 
68 

0 
11 
17 

26 

3 

23 

0 
11 
17 


=  6,      y  = 


16 

10 

Z^Z 

10 

1 

-2 

','" 

-3 

0 
-13 
-27 

0 
42 
68 

0 
1 
0 

0 
-13 
-27 

-76 
-76 


1 
-2 
-3 

1 
-2 
-3 

86 
10 
70 

1 
-2 
-3 

=  1, 


=  -380 
=  -76 
=  -228 

=  -76 

•     -228 
-76 


=  3. 


S' 


